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We will use k-AP’s

Our set A will be a set of k-AP’'s (k = Mc_1) with diff d".
We take k = 5 for our running examples. Diff is d.

Take two 5-APs with different differences, both powers of m.
ai, a1+ d1m7a]. + 2d{naal +3d1m7al +4d{n

ay,ax +dJ",ax +2dJ", ap + 3dy", ax + 4dy"
Is there an m such that they cannot intersect in two places?
Next Slide
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ap; 1, 3a fﬁq 1., o

3b;
Since a,B reI prime, « must have some g; as a factor.



Want m so they Cannot Intersect in Two Places?

at,a1 +d", a1 +2d]", a1 + 3d{", a1 + 4d{"
an,a» + d2m,ag +2d2m,32 +3d2m,ag +4d2m

ar + wd{" = ax + xdy’
a1 + yd{" = ap + zd" where w, x,y,z € {0,1,2,3,4}.

(W = y)di" = (x - 2)dg"

Let w—y = a and x — z = 3. We can assume «, 5 € {1,2,3,4}
and that they are rel prime.

Claim If m = 3 then (Vo, 8 € {1,2,3,4}) ad{” = BdJ" has no sol.
Pf Factor d3 and d3 and divide out common factors.

3a m 3b 3b
ap; 1, 3a fﬁq 1., o

Since 04,5 reI prime, « must have some q,-3b’ as a factor.
So some number > 23 = 8 divides a. But a € {1,2,3,4}.
End of Proof



An Easy Number Theory Lemma
Lemma Let k > 3. (3m = m(k)) such that:
Forall a, 8 € {1,..., k} there is no (d1, d») with di # d> such that

ad" = Bdy’.
Pf

For each o, 8 € {1, ..., k} we find cond on m so that ad]” = 5dJ
has no solution.
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An Easy Number Theory Lemma

Lemma Let k > 3. (3m = m(k)) such that:
Forall a, 8 € {1,..., k} there is no (d1, d») with di # d> such that

ad{" = pdy".

Pf
For each o, 8 € {1, ..., k} we find cond on m so that ad]” = 5dJ
has no solution.
Assume there is a di, d> such that ad]" = 3dJ".
Elim common factors of «, 8 so can assume rel prime.
Factor out any common factors of di” and dJ".
We have the following

Ozpflm agm _ /qulm . bgzm
Let r be a prime that diV|des «. Since a, § are rel prime r does not
divide 8. Hence r is some g;. Since there are no other g;'s on the
LHS, qf”'m must divide . The smallest this can be is 2™. Hence

take m such that 2™ > k for a contradiction.
...l - Dr



A Theorem about Intersecting APs

Thm Let k > 3 and m = m(k). If Ay is a k-AP with diff dj” and
Az is a k-AP with diff dj’, with di # db, then |A; N A < 1.
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Assume, BWOC, (a1, d1, a2, d) such that
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A Theorem about Intersecting APs

Thm Let k > 3 and m = m(k). If Ay is a k-AP with diff dj” and
Az is a k-AP with diff dj’, with di # db, then |A; N A < 1.
Pf

Assume, BWOC, (a1, d1, a2, d) such that
\{al,al—|—d{",al+2d1’",...,al—|—(k—1)d{”}ﬂ{ag+d§",az+
2457, .. a4 (k —1)df'}| > 2

Then (3w, x,y,z € {0,...,k — 1}) such that

ar + wd{" = a> + xdy"

a1+ yd{" = ap + zd"

(w—y)dr" = (x - 2)of

Next Slide
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We now have

(w—y)d" = (x = 2)d5"
where w, x,y,z € {0,...,k — 1} and m = m(k).



A Theorem about Intersecting APs

We now have

(w—y)di" = (x - 2)d"

where w, x,y,z € {0,...,k — 1} and m = m(k).
0) If w — y = 0 then you only have ond intersection, not two.



A Theorem about Intersecting APs

We now have

(w—y)di" = (x - 2)d"

where w, x,y,z € {0,...,k — 1} and m = m(k).

0) If w — y = 0 then you only have ond intersection, not two.
DIfw—y>landx—z>1thenleta=w—yand f=x—z.
Note that a, 5 € [k — 2] but we just assume [k — 1].



A Theorem about Intersecting APs

We now have

(w—y)di" = (x - 2)d"

where w, x,y,z € {0,...,k — 1} and m = m(k).

0) If w — y = 0 then you only have ond intersection, not two.
DIfw—y>landx—z>1thenleta=w—yand f=x—z.
Note that a, 5 € [k — 2] but we just assume [k — 1].
2)Ifw—y < —1land x —z < —1thenlet « =y — w and

B =z — x. Note that a, 5 € [k — 2] but we just assume [k — 1].



A Theorem about Intersecting APs

We now have

(w—y)di" = (x - 2)d"

where w, x,y,z € {0,...,k — 1} and m = m(k).

0) If w — y = 0 then you only have ond intersection, not two.
DIfw—y>landx—z>1thenleta=w—yand f=x—z.
Note that a, 5 € [k — 2] but we just assume [k — 1].
2)Ifw—y < —1land x —z < —1thenlet « =y — w and

B =z — x. Note that a, 5 € [k — 2] but we just assume [k — 1].
So we have a, § € [k — 1] with

ad{" = pd3y".

This contradicts the definiton of m = m(k).
End of Pf



