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The questions raised in these slides are due to Paul Erdos.

The Theorem in these slides are due to
Ronald Graham, and
Shen Lin.
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A Variant of R(3) =6

Recall Let G = (V, E) = Kb.
(*) for all COL: E — [2], 3 mono A.

Question Is there some other graph G such that (*) holds.
Stupid Question Any graph that has Kg as a subgraph works.

Better Questions

Is there a graph G w/o a Kg-subgraph such that (*) holds?
Is there a graph G w/o a Ks-subgraph such that (*) holds?
Is there a graph G w/o a Ki-subgraph such that (*) holds?



Terminology

Def Let G = (V, E) be a graph. RAM(G) means that
For all COL: E — [2] there exists a 3-homog set.
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There a graph G such that RAM(G) and K is NOT a
subgraph.

Vote on the Size of the Smallest Known G
< 100.
between 103 and 10%.
Over A(10, 10) vertices where A is Ackerman'’s function.

Answer on next slide.
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The Size of G

The smallest known graph has

(Graham) 8 vertices! We show this.

(Shen) There is no such graph on 7 vertices. We skip this.
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G Such That RAM and No K

Let G = (V, E) be the graph
V =1{1,2,3,4,5,6,7,8}
E= (%) - {(45),(5,6),(6,7),(7,8),(8,4)}
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What We Need To Prove

G does not have Kg as a subgraph.
This may be a HW.

RAM(G) (V COL: [E] — [2] 3 mono A.)
We will show this.
Assume that 3 COL: E — [2] has no mono As.
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We show that, for all 4 < <8, COL(3,/) = B.
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If COL(1,6) = R then 1 —3 — 6 is RA. So COL(L,6) = B.



COL(3,i) =B

Assume, BWOC, COL(3,6) = R.
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If COL(2,6) =R then 2 —3 -6 is RA. So COL(2,6) =
If COL(1,6) = R then 1 —3 —6is RA. So COL(1,6) =
Sol—-2—-6isa BA.

B.
B.
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Lots of B Edges

1

Recall that (4,6), (4,7),(5,7),(5,8),(6,8) are edges of G
They must all be R.
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Lots of R Edges

Claim At most 2 of (1,x) are R. Assume 3 are R.

Can assume COL(1,4) = R.

If COL(1,6) =R thenl1—4—6is A.

If COL(1,7) =R thenl1—4—7is A.

Since 3 are R COL(1,5) = COL(1,8) =R. So1—-5—8is A.
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Lots of R Edges: Recap and Extend

At most 2 of (1, x) are R. Sim At most 2 of (2, x) are R.
At most 3 of (1, x) are B. At least 3 of (2, x) are B.
Can assume COL(1,6) = COL(2,6) = B.
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RAM(G),
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We Skip But Its On The Slides

This result is in the category of

Awful for a slide talk.

Might or might not be a good whiteboard talk Thats a tautology.
Best understood by reading it yourself.

My slides are the best source to read this.

Upshot We will skip this; however, you can read my slides if you
are curious.



G = (V,E). We Will 2-Color E w/No Mono As



G = (V,E). We Will 2-Color E w/No Mono As

We do an example of a coloring of G = (V/, E) with no mono As.



G = (V,E). We Will 2-Color E w/No Mono As

We do an example of a coloring of G = (V/, E) with no mono As.

10 (9) (8)

7&

(5)
©

()

6

/1
Ve

3 4




G = (V,E). We Will 2-Color E w/No Mono As

We do an example of a coloring of G = (V/, E) with no mono As.

6
i
N

N N%

Partition. into Ind Sets:

(5)
©

=
N

G,



G = (V,E). We Will 2-Color E w/No Mono As

We do an example of a coloring of G = (V/, E) with no mono As.

10 (9) (8)
/6
/5>

7\
G

(1
Partition. into Ind Sets:
{1.3,7,9), {2,4,10}, {5.8}, {6,12}, {11}.
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Plan: View Ind Sets As Vertices of Kj

A

COL(i, ) is the color between the supernodes containing i, ;.
Within a supernode there are no edges.
Easy to see there are no mono As.
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This is the coloring guided by the Ks-supernode coloring.
There are no Mono As.
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General Theorem

Thm Let G = (V,E). If V can be partitioned into 5 ind. sets
then 3 COL: E — [2] with no mono A.
Left to the reader, though easy given the example.

This thm generalize easily:

Thm Let G = (V,E). If V can be partitioned into R(k) — 1 ind.
sets then 3 COL: E — [2] with no mono Kj.
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Thm Let G be a graph on 7 vertices that does not have a Kg
subgraph. Then

a) V can be partitioned into 5 ind. sets.

b) (Using Theorem) 3 COL: E — [2] with no mono As.

V ={1,2,3,4,5,6,7}.

2,3,4,5,6,7: Since NOT Ks can assume {6,7} is Ind Set.
Case 1 3i,j € {1,2,3,4,5}, {i,j} is Ind Set. Can assume
{i,j} ={4,5}.

Use {4,5}, {6,7}, {1}, {2}, {3}.

Case 2Vi,j€{1,2,3,4,5}, {i,j} € E.

So {1,2,3,4,5} is a Ks. cont on next slide.
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We know that {6,7} are an Ind Set.
No assumption about how vertices 6,7 conntect to 1,2,3,4,5.
Those will be our cases.
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Case 2b: 3i,j,{i,6},{j,7} Both Ind Set

Case 2b 3i,j € {1,2,3,4,5} with {/,6} and {j,7} both Ind Sets.
Assume i =1 and j = 2.

Use {1,6}, {2,7}, {3}, {4}, {5}.
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(1) vi e {1,2,3,4,5}, {i,6} € Eor {i,7} € E.

(2) Vi,j € {1,2,3,4,5}, {i,6} € E or {7} € E.

(The next step does not use the premise.)

3i, {i,6} is an ind set else 1,2,3,4,5,6 is a Ks. Assume j = 1.
By (1) {1,7} € E.
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Case 2c Negation of Case 2a and 2b.

(1) vi e {1,2,3,4,5}, {i,6} € Eor {i,7} € E.

(2) Vi,j € {1,2,3,4,5}, {i,6} € E or {7} € E.

(The next step does not use the premise.)

3i, {i,6} is an ind set else 1,2,3,4,5,6 is a Ks. Assume j = 1.
By (1) {1,7} € E. By (2) {2,7},...,{6,7} € E.



Case 2c: Negation of Cases 2a, 2b

Case 2c Negation of Case 2a and 2b.

(1) vi e {1,2,3,4,5}, {i,6} € Eor {i,7} € E.

(2) Vi,j € {1,2,3,4,5}, {i,6} € Eor {j,7} € E.

(The next step does not use the premise.)

3i, {i,6} is an ind set else 1,2,3,4,5,6 is a Ks. Assume j = 1.
By (1) {1,7} € E. By (2) {2,7},...,{6,7} € E.
So01,2,3,4,5,7 is a Kg. Contradiction. Case 2c can't happen.
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Upshot: Matching Upper and Lower Bounds

(Graham) There is a graph G such that
RAM(G) (V COL: [E] — [2] 3 mono A.)
Ke is not a subgraph of G.

G has 8 vertices.

(Lin) There is no graph G such that
RAM(G): (V COL: [E] — [2] 3 mono A.)
Ks is not a subgraph of G.

G has < 7 vertices.
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Research Problem

Look into upper and lower bounds for the size of graphs with the
properties:

RAM(G): (V COL: [E] — [2] 3 mono A.)

(May look at diff number of colors, diff complete graph.)

Ky is not a subgraph of G (for appropriate L).

Note This will require some computer work to go through more
cases that we did in our proof.



