There Is a 2-Coloring Of R" Without a
mono Red 2-Stick or a mono Blue Big-Stick

Exposition by William Gasarch-U of MD
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Notation Let a, b > 2. R? — ({,,£;) means

For all COL: R2 — [2] there exists Red /, or Blue /.
What about R? — (£, £5) with b > 3.

We show the following (mod some lemmas):

There exist d, for all n, R" — ({2, f54n)) (Szlam 2001).
There exists d, for all n, R? /4 ({2, {34) (Conlon-Fox, 2017).
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Let S C R” be all of the vectors such that

n—2q — 1 of the components are 0, and

_1
2g — 1 of the components are NeTh

Let F: S — (2!,@1) by viewing each vector in S as a bit vector
though with ﬁ instead of 1.
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Claim Let u,v € S. If |[F(u)N F(v)| = f then d(u,v) =2 — %1_
Hence d(u,v) = 1iff |[F(u)N F(v)| =q — 1.

Assume |F(u) N F(v)| = f then:

There are f coordinates where u and v both have ﬁ.

There are 2g — 1 — f coordinates where u has r and v has 0.

2
There are n — 4qg + f + 2 coordinates where u and v are both 0.

Hence d(u,v) =2x (29 —1—f) x 5. = 2qq1 29-1-F _ 5 ’”51.

There are 2g — 1 — f coordinates where v has \ﬁ and u has 0.
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Restrict COL to S.

Since |S| = (an—l) and there are ¢ colors, RED must occur

n n
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Let S’ be the subset of S that has that color.

Since S’ C (2‘5@1) and |§'| > (qzl) +1.

By Lemma there exists two elements of S with intersection of size
qg—1, say F(u) and F(v).

Since |F(u) N F(v)| = g — 1, by the Claim, d(u, v) = 1.
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From

n
c(n) > _max (,,2‘]7_1)
g prime power (q_l) +1

1) One can show there exists d, for all n, c(n) > 2. (KELIN-
HAVE WE DONE THAT YET?)

2) Kelin plotted the graph and it seems that c(n) > 2.54 x 20-266n,
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There exists d, c(n) > 29" Let m = 29"

1 is the vector (1,0,...,0) in R",

Case 1 There is a BLUE /,,. Done

Case 2 There is no BLUE /,,. See next slide.
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Case 2 There is no BLUE /,,. We form a coloring
COL: R" — [m] as follows:
Given point p € R" look at

p+f,p+2f,...,p+mf.

Since there is no BLUE £,,,, there exists i such that COL(p 4 i1)
is RED.

Color p with the least such ;.

Since ¢(n) > 29", 3 u,v € R" and 1 < i < m such that

d(u,v) =1, and

u, v are the same color.

Hence u + i1 and v + i1 are both RED. They form a RED /5.



