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What is a Mono Unit Square?

Def a Mono Unit Square is a unit square with all four corners
the same color.

Def A coloring is proper if there is no unit square.
Question Is there a proper 2-coloring of R??

Answer Yes. We leave this for an exercise.
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What About Higher Dimensions?

Here is all that is known:
» There is a proper 2-col of R?.
» There is no proper 2-col of R%.
The problem is open in R3.

Darling That's to bad. We live in R3.
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We Will Prove. ..

In this slide packet we will show that
For all COL: R'2 — [2] there exists a Mono Unit Square.

In a later slide packet we will show

For all COL: R® — [2] there exists a Mono Unit Square.
For all COL: R® — [2] there exists a Mono Unit Square.
The R result is really an observation about the R® proof.
We will also have comments about the proof of:

For all COL: R* — [2] there exists a Mono Unit Square.
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Vectors We Need

Notation

e=(500 e&=(0%0 &=(001%)
E= {61562563}-

1= (\[70 0,...,0) 9 coordinates,

= (0, é,o,...,O) fg:(ow.’o’%)_
F={f,...,fo}.

Notation If 1 < i <3 and 1 < k <9 then ¢if, € R'? is the concat
of the coordinates.

Example
er7 — (07 %307070707 O) 0)07 %70) O)
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Lemma Left To Reader

Lemmaletl << j<3and1<k</{<09.
Then the following points form a unit square as shown:

eify eify

e,-fk ejfk
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We assume f4 and 7 map to the same color.
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Hence
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Thm For all ¢, there exists n such that, forall COL: R" — [c]
there exists a mono unit square.
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The R'?> Theorem: More Dimension

Def

A 1-dim unit cube is congruent to the 2 points {0,1}.

A 2-dim unit cube is congruent to the 22 points {0,1} x {0, 1}.
A 3-dim unit cube is congruent to the 28 points {0,1}3.

An m-dim unit cube is congruent to the 2™ points {0,1}™.

Def Given a coloring COL: R"” — [c], a A mono unit m-cube is
a set of 2™ points, all the same color, that form a mono m-cube

You should be able to prove the following.
Thm For all ¢, m, there exists n such that, forall COL: R" — [c]
there exists a mono unit m-cube.
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Ramsey Sets

Def Let X CR™. X is a Ramsey Set if,
for all ¢, there exists n such that
for all COL: R" — [c] there exists a mono copy of X.



Ramsey Sets: Only need a finite subseteq of R"



Ramsey Sets: Only need a finite subseteq of R"

Examples



Ramsey Sets: Only need a finite subseteq of R"

Examples
X = {0}, {1} C R! is Ramsey.



Ramsey Sets: Only need a finite subseteq of R"

Examples
X = {0}, {1} C R! is Ramsey.
For all COL: R+ — [c] there is a mono X:



Ramsey Sets: Only need a finite subseteq of R"

Examples
X = {0}, {1} C R! is Ramsey.
For all COL: R+ — [c] there is a mono X:

elz(%,o,...,O), ec+1:(0,---,0,\%).



Ramsey Sets: Only need a finite subseteq of R"

Examples
X ={0},{1} C R! is Ramsey.
For all COL: R+ — [c] there is a mono X:

elz(%,O,...,O), ecﬂz(o,...,o,%).

Two of them are the same color and are a copy of X.



Ramsey Sets: Only need a finite subseteq of R"

Examples
X ={0},{1} C R! is Ramsey.
For all COL: R+ — [c] there is a mono X:

e = (%,0,...,0), C eyl = (o,...,o,%).
Two of them are the same color and are a copy of X.
Note We wanted an n such that YVCOL: R"” — [c] there would be

a mono X.



Ramsey Sets: Only need a finite subseteq of R"

Examples

X ={0},{1} C R! is Ramsey.

For all COL: R+ — [c] there is a mono X:

e =(75:0,...,0), 1 ecr1 = (0,...,0, ).

Two of them are the same color and are a copy of X.

Note We wanted an n such that YVCOL: R"” — [c] there would be

a mono X.

e got a finite set of points in R” such that just coloring those
points you get a mono X.



Ramsey Sets: Only need a finite subseteq of R"

Examples
X ={0},{1} C R! is Ramsey.

For all COL: R+ — [c] there is a mono X:
e = (%,0,...,0), C eyl = (o,...,o,%).

Two of them are the same color and are a copy of X.

Note We wanted an n such that YVCOL: R"” — [c] there would be
a mono X.

e got a finite set of points in R” such that just coloring those
points you get a mono X.

Theorem (AC) Let X C R™, finite. Assume
VCOL: R" — [c] there exists a mono X.



Ramsey Sets: Only need a finite subseteq of R"

Examples

X ={0},{1} C R! is Ramsey.

For all COL: R+ — [c] there is a mono X:

e =(75:0,...,0), 1 ecr1 = (0,...,0, ).

Two of them are the same color and are a copy of X.

Note We wanted an n such that YVCOL: R"” — [c] there would be
a mono X.

e got a finite set of points in R” such that just coloring those
points you get a mono X.

Theorem (AC) Let X C R™, finite. Assume
VCOL: R" — [c] there exists a mono X.
Then there is a finite set Z C R” such that



Ramsey Sets: Only need a finite subseteq of R"

Examples

X ={0},{1} C R! is Ramsey.

For all COL: R+ — [c] there is a mono X:

e =(75:0,...,0), 1 ecr1 = (0,...,0, ).

Two of them are the same color and are a copy of X.

Note We wanted an n such that YVCOL: R"” — [c] there would be
a mono X.

e got a finite set of points in R” such that just coloring those
points you get a mono X.

Theorem (AC) Let X C R™, finite. Assume
VCOL: R" — [c] there exists a mono X.
Then there is a finite set Z C R” such that
VCOL: Z — [c] there exists a mono X.



Ramsey Sets: Only need a finite subseteq of R"

Examples
X ={0},{1} C R! is Ramsey.

For all COL: R+ — [c] there is a mono X:
e = (%,0,...,0), C eyl = (o,...,o,%).

Two of them are the same color and are a copy of X.

Note We wanted an n such that YVCOL: R"” — [c] there would be
a mono X.

e got a finite set of points in R” such that just coloring those
points you get a mono X.

Theorem (AC) Let X C R™, finite. Assume
VCOL: R" — [c] there exists a mono X.
Then there is a finite set Z C R” such that
VCOL: Z — [c] there exists a mono X.

We won't prove this.
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We Showed That

We showed that the unit square is a Ramsey set.

We showed that, for all m, the unit m-cube is Ramsey.
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Obtaining More Ramsey Sets

1) If x € R™ and y € R™ then x x y € R™*™ is formed by
concatenating the coordinates.

2) Let X CR™ and Y CR™. Then
XxY={xxy:xe XANyeY}

The unit square is the product of {0,1} and {0, 1}.
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Obtaining More Ramsey Sets

We showed the mono Unit Square is Ramsey.
The unit square is the product of {0,1} and {0, 1}.
Our proof was a scaled down version of the proof of this theorem:

Thm If X and Y are Ramsey then X % Y is Ramsey.



