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Easy But Weak Lower Bounds
on R(k).



R(k) = Ω(k2)

Thm R(k) > (k − 1)2.
Proof We color the edges of K(k−1)2 so there is no homog set of
size k.
Here is our coloring:

Partition the vertices of K(k−1)2 into k − 1 blocks of k − 1 vertices.
1) Within each block color every edge RED.
2) Color every edge between blocks i and j BLUE.

Exercise Show that there is no homog set of size k.
End of Proof
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Lemma Needed For R(k) = Ω(k log4 17)

Lemma R(a) > u and R(b) > v) implies R(ab) > uv .
Proof We first show that (R(a) > u and R(b) > v) implies
R(ab) > uv .

Assume
1) R(a) > u via a coloring COL1 of the edges of Ku.
2) R(b) > v via a coloring COL2 of the edges of Kv .

We define a coloring of the edges of Kuv with no homog set of size
ab.

Color the edges of Kuv as follows:

Partition the vertices of Kuv into u blocks of v vertices.

1) Within each block use COL2.

2) Color every edge between blocks i and j with COL1(i , j).
Exercise Show that there is no homog set of size ab.
End of Proof
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R(k) = Ω(k log4 17)

Thm R(k) = Ω(k log4 17). Hence R(k) = Ω(k2.0437).
Proof Since R(4) > 17 we obtain, from the Lemma,

For all m ≥ 1, R(4m) > 17m = (4m)log4 17.

Exercise Show that R(k) = Ω(k log4 17).
End of Proof

Exercise Show that if R(k0) > m0 then R(k) = Ω(k logk0 m0).

Exercise Use the last exercise to obtain a better lower bound than
R(k) = Ω(k log4 17).
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Combinatorial Lemmas



Convention

We will often have sets w ⊆ [n].

We will use w for both

I the set, and

I the bit vector.

We use linear algebra with those vectors over F2 or Fp or R.

If I have (∀i , j) it is understood that i 6= j .

If I have w1, . . . ,wm then these are all distinct.
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Oddtown

All ≡ are mod 2.
1) Oddtown has n people

2) They form clubs w1, . . . ,wm which are not necessarily disjoint.

3) Each club has an odd number of people. (∀i)[|wi | 6≡ 0].

4) Every two clubs have an even-sized intersection. So
(∀i , j)[|wi ∩ wj | ≡ 0].
Next slide is examples.
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Examples of Oddtown

(∀i)[|wi | ≡ 1].
(∀i , j)[|wi ∩ wj | ≡ 0].

w1 = {1}, . . ., wn = {n}.
Hence m = n.

w1 = {1, 2, 3}, w2 = {1, 2, 4}, . . ., wn−2 = {1, 2, n}.
Hence m = n − 2.

Is it possible to have m > n?

Vote: Y, N, Unknown to Megan.
Answer on next slide.
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Oddtown Theorem

Thm Let n ∈ N. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | ≡ 1].
(∀i , j)[|wi ∩ wj | ≡ 0].
Then m ≤ n.
Proof View w1, . . . ,wm as vectors in Fn

2. ≡ is mod 2.
wi · wi ≡ |wi | ≡ 1.
wi · wj ≡ |wi ∩ wj | ≡ 0.

Rest of proof on next slide. (So write down theorem.)
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Proof of Oddtown (cont)

We show that w1, . . . ,wm are linearly independent.

Assume α1w1 + · · ·+ αmwm ≡ 0. We show (∀i)[αi ≡ 0].
DOT both sides by wi .
α1(w1 · wi ) + · · ·+ αm(wm · wi ) ≡ 0.
For i 6= j , wi · wj ≡ 0, so only the ith term remains.
αi (wi · wi ) ≡ 0.

Since wi · wi ≡ 1:
αi ≡ 0.
So (∀i)[αi ≡ 0]. Hence w1, . . . ,wm are linearly independent.

Since w1, . . . ,wm ∈ F2
n are linearly independent, m ≤ n.

End of Proof
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Fisher’s Inequality (sorry, no cute name)

n, λ, v ∈ N, with v ≥ 1.
1) Fishtown has n people

2) They form clubs w1, . . . ,wm which are not necc disjoint.

3) Every club has v people, where v ≥ 1. So (∀i)[|wi | = v ].

4) Every 2 clubs have intersection λ. So (∀i , j)[|wi ∩ wj | = λ].
Next slide is examples.
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Examples of Fishtown

(∀i)[|wi | = v ]
(∀i , j)[|wi ∩ wj | = λ].

v = 2, λ = 1
w1 = {1, n}, w2 = {2, n}, . . ., wn−1 = {n − 1, n}. So m = n − 1.

Is it possible to have m > n?

Vote: Y, N, Unknown to Gary.
Answer on next slide.
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Fisher’s Inequality

Thm Let n, λ, v ∈ N, v ≥ 1. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | = v ].
(∀i , j)[|wi ∩ wj | = λ].
Then m ≤ n.
Proof There are four cases but three of them are easy.
Case 1 λ = 0. All wi disjoint so m ≤ n.

Case 2 v < λ: λ = |wi ∩ wj | ≤ |wi | = v < λ. Cannot occur.

Case 3 v = λ implies wi ∩ wj = wi so wi ⊆ wj . By symmetry
wj ⊆ wi . Hence wi = wj contrary to convention.

Case 4 1 ≤ λ < v . Next slide.
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Proof of Fisher’s Inequality Case 4

Case 4 1 ≤ λ < v . Let µ+ λ = v .
We view w1, . . . ,wm as vectors in Rn.
wi · wi = v wi · wj = λ.
We show that w1, . . . ,wm are linearly independent.

Assume α1w1 + · · ·+ αmwm = 0. We show (∀i)[αi = 0].
DOT both sides by wm.
α1(w1 · wm) + · · ·+ αm−1(wm−1 · wm) + αm(wm · wm) = 0.
w1 · wm = · · · = wm−1 · wm = λ. wm · wm = v = µ+ λ.
λ
∑m−1

i=1 αi + (µ+ λ)αm = 0.
Add λαm to the first sum and subtract from the last term.
λ
∑m

i=1 αi + µαm = 0.

αm =
−λ

∑m
i=1 αi

µ (Used µ 6= 0).

Proof continued on next slide.
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Finishing up the Proof of Fisher’s Inequality

αm =
−λ

∑m
i=1 αi

µ (Used µ 6= 0).
What we did for αm we could have done for any αk .

αk =
−λ

∑m
i=1 αi

µ
Key All of the αk ’s are the same. Call them α.
α1w1 + · · ·+ αmwm = 0.
α(w1 + · · ·+ wm) = 0.
Since v ≥ 1, every wi is nonzero, so w1 + · · ·+ wm 6= 0.
Therefore α = 0.
Hence every αi = 0, so w1, . . . ,wm are linearly independent.
Since they lie in Rn, we obtain m ≤ n.

End of Proof
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Constructive Lower Bounds on R(k)

We Will Show
R(k) = Ω(k3)



R(k) = Ω(k3)

Thm R(k) >
(k−1

3

)
= k3

6 − k2 + 11k
6 − 1.

Proof We color the complete graph on
(k−1

3

)
vertices. Identify its

vertices with
([k−1]

3

)
.

COL(x , y) =

{
R if |x ∩ y | ≡ 0 (mod 2)

B if |x ∩ y | = 1
(1)

Let H = {w1, . . . ,wm} be a homog set. Note that each wi is a set.
We show m ≤ k − 1.
Case 1 H is R.
We show that w1, . . . ,wm satisfy the premise of Oddtown.
(∀i)[|wi | = 3 ≡ 1 (mod 2)], (∀i , j)[|wi ∩ wj | ≡ 0 (mod 2)].
By Oddtown m ≤ k − 1.

Case 2 on next slide.
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R if |x ∩ y | ≡ 0 (mod 2)

B if |x ∩ y | = 1
(1)
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Notes on the Proof that R(k) = Ω(k3)

1) The proof used both the Oddtown Theorem and Fisher’s
inequality.

2) The proof is constructive.
A constructive proof that R(k) > f (k) is an algorithm that will, on
input k , output a 2-colored graph on f (k) vertices in time p(f (k))
where p is some polynomial.
Exercise Show that our proof that R(k) >

(k−1
3

)
is constructive.

3) There is a nonconstructive proof that shows R(k) = Ω(k2k/2).
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Chromatic Number of Rn

We Will Show
χ(Rn) = Ω(n2)



Chromatic Number of R2

Easy Thm For all 2-colorings of R2 there exist two points, an inch
apart, that are the same color.
Slightly Harder Thm For all 3-colorings of R2 there exist two
points, an inch apart, that are the same color.
Needed a Computer For all 4-colorings of R2 there exist two
points, an inch apart, that are the same color.
Fairly Easy There is a 7-coloring of R2 where no two points, an
inch apart are the same color.

Rephrasing Let G = (V ,E ) be the graph V = R2 and
E = {(x , y) : d(x , y) = 1}.
The above results can be summarized as 5 ≤ χ(G ) ≤ 7.
We take a shortcut and write 5 ≤ χ(R2) ≤ 7.
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Chromatic Number of Rn

Let n ∈ N. Let G = (V ,E ) be the graph V = Rn and
E = {(x , y) : d(x , y) = 1}.
We take a shortcut and call the graph Rn.

What is χ(Rn)? The next slide gives some information.
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What is Known About χ(Rn)

1) Upper and lower bounds on χ(R2), χ(R3), χ(R4).

5 ≤ χ(R2) ≤ 7
6 ≤ χ(R3) ≤ 15
9 ≤ χ(R4) ≤ 49

2) Upper & lower bounds are known for all χ(Rn) but are far apart.

3) Frankl-Wilson proved an exp lower bound. We will show some
of the ideas later.

4) The best known results asymptotically are

(1.239 + o(1))n ≤ χ(Rn) ≤ (3 + o(1))n.
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Re-Look at Oddtown. n ∈ N throughout

Thm Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | ≡ 1] and (∀i , j)[|wi ∩ wj | ≡ 0].
Then m ≤ n.

Let’s look at a special case.
Thm Let w1, . . . ,wm ⊆ [n] such that
(∀i)[|wi | = 3] and (∀i , j)[|wi ∩ wj | ∈ {0, 2}].
Then m ≤ n.

Take the contrapositive:
Thm Let w1, . . . ,wm ⊆ [n]. Assume (∀i)[|wi | = 3]. If m > n then
(∃i , j)[|wi ∩ wj | = 1].

Notation We call that last theorem Oddtown’.
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Easy Algebra Lemma

We will need a value of c such that(n
3

)
c

> n

n(n − 1)(n − 2)

6
> nc

(n − 1)(n − 2)

6
> c

We will use c < (n−1)(n−2)
6 .
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Lower Bound on χ(Rn)

Thm Let c < (n−1)(n−2)
6 . ∀COL : Rn → [c]

∃ two points, same color, an inch apart.

Proof For 1 ≤ i < j < k ≤ n let wijk be

(0, . . . , 0,
1

2
, 0, . . . , 0,

1

2
, 0, . . . , 0,

1

2
, 0, . . . , 0).

The 1
2 ’s are at the ith, jth, and kth spots.

We look at W = {wijk : 1 ≤ i < j < k ≤ n}.
|W | =

(n
3

)
. By the pigeonhole principle, there is an X ⊆W such

that
|X | ≥

(n
3

)
/c > n, and

X is monochromatic.

Proof continued on next slide.
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Lower Bound on χ(Rn) Using X

W = {wijk : 1 ≤ i < j < k ≤ n}.
X ⊆W , |X | > n.
We identify X with S = {supp(w) : w ∈ X}.
S ⊆

([n]
3

)
and |S | = |X | > n.

S satisfies premise of Oddtown’, so ∃x , y ∈ S , |x ∩ y | = 1.

x , y are 3-subsets with |x ∩ y | = 1.
Let x ′, y ′ ∈ X be the vectors whose supports are x and y .
Since |x ∩ y | = 1, the supports differ in four coordinates.
Each coordinate where x ′, y ′ differ, one has a 0 and the other has
a 1

2 . Hence

d(x ′, y ′)2 = 4(
1

2
)2 = 1

So d(x ′, y ′) = 1.
End of Proof

Note Only used Oddtown.
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Asymptotic Lower Bound on χ(Rn)

Thm Let c < (n−1)(n−2)
6 . ∀COL : Rn → [c]

∃ two points, same color, an inch apart.

Hence χ(Rn) ≥ (n−1)(n−2)
6 = Ω(n2).
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Generalization of Oddtown

Oddtown Let n ∈ N. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | ≡ 1] and (∀i , j)[|wi ∩ wj | ≡ 0].
Then m ≤ n.

Generalized Oddtown Let n ∈ N and p be a prime. Let
L ⊆ {0, . . . , p − 1}. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | (mod p) /∈ L] and (∀i , j)[|wi ∩ wj | (mod p) ∈ L].

Then m ≤
∑|L|

a=0

(n
a

)
Note For p = 2 and L = {0}, the generic bound is m ≤ n + 1.
However, the polynomials have constant term

∏
`∈L(−`) = 0, so

the sharper dimension count gives m ≤ n, recovering Oddtown.

Note that, for all p, if 0 ∈ L then m ≤ (
∑|L|

a=0

(n
a

)
)− 1 .
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Proof of The Generalization of Oddtown

Generalized Oddtown Let n ∈ N and p be a prime. Let
L ⊆ {0, . . . , p − 1}. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | (mod p) /∈ L] and (∀i , j)[|wi ∩ wj | (mod p) ∈ L].

Then m ≤
∑|L|

a=0

(n
a

)
Proof Associate to wi the function fi : {0, 1}n → Fp defined by
fi (x) =

∏
`∈L((x · wi )− `) (mod p).

Example p = 5, L = {1, 3, 4}, n = 8. All ≡ are mod 5.
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∏
`∈L((x · wi )− `) (mod p).

Since x ∈ {0, 1}n we can replace every power of x ti with xi for
t ≥ 2. This gives a multilinear polynomial representing the same
function on {0, 1}n, of degree ≤ |L|.

Key The set of multilinear polys of degree ≤ |L| is a vector space

of dim
∑|L|

a=0

(n
a

)
. So need to show that the fi ’s are linearly

independent.

Proof continued on next slide.
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Linearly Independent: What We Need Ahead of
Time

All ≡ are mod p.

fi (x) =
∏
`∈L((x · wi )− `) (mod p).

Key fi (wj) =
∏
`∈L((wj · wi )− `) (mod p) = 0 because

wi · wj = |wi ∩ wj |, and |wi ∩ wj | (mod p) ∈ L.

Key fj(wj) 6= 0 because
wj · wj = |wj |, |wj | (mod p) /∈ L

We use all of this on the next slide.
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Linearly Independent

Linearly Independent: Assume
∑m

i=1 αi fi = 0.

Evaluate at wj and apply the two key points on the last slide to get
0 =

∑m
i=1 αi fi (wj) = αj fj(wj).

Since fj(wj) 6= 0, αj = 0.
Since j was arbitrary, all coefficients are zero; hence the fi ’s are
linearly independent.

Therefore m ≤
∑|L|

a=0

(n
a

)
End of Proof
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Generalization of Fisher

Fisher Let n, λ, v ∈ N. Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | = v ] and (∀i , j)[|wi ∩ wj | = λ].
Then m ≤ n.

Generalized Fisher Let n, v ∈ N. Let L ⊆ {0, . . . , v − 1}. Let
w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | = v ] and (∀i , j)[|wi ∩ wj | ∈ L].

Then m ≤
∑|L|

a=0

(n
a

)
.
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Proof of the Generalization of Fisher

Generalized Fisher Let n, v ∈ N. Let L ⊆ {0, 1, . . . , v − 1}. Let
w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | = v ] and (∀i , j)[|wi ∩ wj | ∈ L].

Then m ≤
∑|L|

a=0

(n
a

)
.

Proof
Let p be a prime, p > v .

We can apply Gen Oddtown to w1, . . . ,wm and L since
(∀i)[|wi | = v /∈ L] and (∀i , j)[|wi ∩ wj | ∈ L].

|wi ∩ wj | can’t be v since then wi = wj .

By Gen Oddtown m ≤
∑|L|

a=0

(n
a

)
.

End of Proof
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Better Lower Bound on R(k)

We use Gen of ODD and
FISH to get better Lower
Bound on R(k).



A Bound We Will Need

Lemma Let n, p ∈ N such that n ≥ 4p. Then
∑p−1

a=0

(n
a

)
< 2
( n
p−1
)
.

Proof Use 1 ≤ a ≤ p − 1 on the first inequality, and n ≥ 4p on the
second inequality to get:

( n
a−1
)(n

a

) =
a

n − a + 1
≤ p − 1

n − p + 2
≤ p − 1

4p − p + 2
=

p − 1

3p + 2
≤ 1

3
.

Hence
( n
a−1
)
≤ 1

3

(n
a

)
, so

(n
a

)
≤ 1

3p−a−1

( n
p−1
)

Therefore

p−1∑
a=0

(
n

a

)
<

(
n

p − 1

)(
1 +

1

3
+

1

32
+ · · ·

)
< 2

(
n

p − 1

)
.

End of Proof
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Lower Bound on R(k)

Thm Let p be a prime. Let n > 2p2. Let k = 2
( n
p−1
)
. Then

R(k + 1) >
( n
p2−1

)
.

Proof We color the complete graph on
( n
p2−1

)
vertices. Identify its

vertices with
( [n]
p2−1

)
.

COL(x , y) =

{
R if |x ∩ y | 6≡ p − 1 (mod p)

B if |x ∩ y | ≡ p − 1 (mod p)
(2)

Let H = {w1, . . . ,wm} be a homog set. We show m ≤ k.
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Case 1

COL(x , y) =

{
R if |x ∩ y | 6≡ p − 1 (mod p)

B if |x ∩ y | ≡ p − 1 (mod p)
(3)

Case 1 H is R. We show that H satisfies the premise of
Generalized Oddtown.

(∀i)[|wi | = p2 − 1] and (∀i , j)[|wi ∩ wj | 6≡ p − 1 (mod p)].
Let L = {0, . . . , p − 2}.
(∀i)[|wi | (mod p) /∈ L], (∀i , j)[|wi ∩ wj | (mod p) ∈ L].

By Generalized Oddtown m ≤
∑|L|

a=0

(n
a

)
=
∑p−1

a=0

(n
a

)
.

By Lemma, and n > 2p2 ≥ 4p, we have
∑p−1

a=0

(n
a

)
≤ 2
( n
p−1
)

= k .
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R(k) Grows Faster than Any Polynomial

We have Thm Let p be a prime. Let n > 2p2. Let k = 2
( n
p−1
)
.

Then
R(k + 1) >

( n
p2−1

)
.

Example Let p = 101. Then
Let k(n) = 2

( n
101−1

)
= 2
( n
100

)
.

R(k(n) + 1) >

(
n

10200

)
.

Since k(n) = Θ(n100) and
( n
10200

)
= Θ(n10200) = Θ(k(n)102) there

is a constant c > 0 such that, for sufficiently large n

R(k(n) + 1) ≥ ck(n)102.

Exercise Show that R(k) = Ω(k102).
Exercise For every fixed d ∈ N, prove that R(k)/kd →∞. Hint:
choose a fixed prime p > d and use an argument similar to ours.
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The Result in the Frankl-Wilson Paper

We have Thm Let p be a prime. Let n > 2p2. Let k = 2
( n
p−1
)
.

Then
R(k + 1) >

( n
p2−1

)
.

Using some number theory and approximations, and choosing p
carefully, Frankl-Wilson obtained

R(k) ≥ k
(1+o(1)) log k

4 log(log k)

Superpolynomial!
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Better Lower Bound on χ(Rn)

We use Gen of ODD to
get better Lower Bound
on χ(Rn)



Re-Look at Gen Oddtown. n ∈ N Throughout

Gen Odd Let n ∈ N. Let p be a prime. Let L ⊆ {0, . . . , p − 1}.
Let w1, . . . ,wm ⊆ [n] such that

(∀i)[|wi | (mod p) /∈ L] and (∀i , j)[|wi ∩ wj | (mod p) ∈ L].

Then m ≤
∑|L|

a=0

(n
a

)
Let’s look at a special case.
Thm Let n ∈ N and p be a prime. Let L = {0, 1, 2, 3, . . . , p − 2}.
Let w1, . . . ,wm ⊆ [n] such that (∀i)[|wi | = 2p − 1] and

(∀i , j)[|wi ∩ wj | 6≡ p − 1 (mod p)]. Then m ≤
∑|L|

a=0

(n
a

)
We take the contrapositive, noting that |L| = p − 1.
Thm Let n ∈ N and p be a prime. Let w1, . . . ,wm ⊆ [n] such that
(∀i)[|wi | = 2p − 1]. If m >

∑p−1
a=0

(n
a

)
then (∃i , j)[|wi ∩wj | ≡ p − 1

(mod p)]. Since |wi | = 2p− 1 and i 6= j we have |wi ∩wj | = p− 1.
Notation We call the above Theorem Gen-Oddtown’.
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Lower Bound on χ(Rn)

Thm Let n ∈ N and p be a prime. Let c <
( n
2p−1

)
/
∑p−1

a=0

(n
a

)
.

∀COL : Rn → [c]
∃ two points, same color, an inch apart.

Proof Let A =
( [n]
2p−1

)
. For A ∈ A define vA ∈ Rn by

(vA)i =

{
1/
√

2p if i ∈ A

0 if i /∈ A
(5)

Let V = {vA : A ∈ A}. By the pigeonhole principle there is a
monochromatic set X ⊆ V with

|X | ≥
( n
2p−1

)
c

>

p−1∑
a=0

(
n

a

)
.

Proof continues on next slide.
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Lower Bound on χ(Rn) (cont)

Recap
A =

( [n]
2p−1

)
.

V = {vA : A ∈ A}.

|X | ≥ ( n
2p−1)
c >

∑p−1
a=0

(n
a

)
, X is monochromatic.

New Material
Let S = {A ∈ A : vA ∈ X}.

Then |S| = |X | and every member of S has size 2p − 1.

Generalized Oddtown’ gives distinct A,B ∈ S with |A∩B| = p− 1.

Hence |A∆B| = 2p. On each coordinate where vA and vB differ,
one vector has entry 0 and the other has entry 1√

2p
. Therefore

d(vA, vB)2 = 2p( 1√
2p

)2 = 1. Hence d(vA, vB) = 1.

End of Proof

Note Only used Gen. Oddtown.
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Asymptotic Lower Bound on χ(Rn)

Thm Let n ∈ N and p be a prime such that n ≥ 4p. Let
c <

( n
2p−1

)
/
∑p−1

a=0

(n
a

)
. ∀COL : Rn → [c] ∃ two points, same color,

an inch apart.
By Lemma and n ≥ 4p we have

∑p−1
a=0

(n
a

)
≤ 2
( n
p−1
)
. Hence

χ(Rn) ≥ 1
2

( n
2p−1)

( n
p−1)

.

χ(Rn) ≥ (p − 1)!

2p+1(2p − 1)!
np.

End of Proof

Exercise For every fixed d , χ(Rn) = Ω(nd). The constant in the
Ω will depend on d .

Better is known. See next slide.
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The Result in the Frankl-Wilson Paper

Frankl-Wilson use prime powers instead of primes throughout their
paper.

Given n ∈ N there is a prime power q = (1 + o(1))2−
√
2

2 n.
They use this to show:
Thm χ(Rn) ≥ (1.2 + o(1))(1.2)n.
Note This lower bound is exponential.
Question From Bill Frankl-Wilson uses prime powers, not primes.
Does this improve the results?
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