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Ramsey’s Theorem for Infinite Bipartite
Graphs

Exposition by William Gasarch-U of MD



Infinite Ramsey Theory

for KN,N



Ramsey Theory for N× N

Def Let COL : N× N→ [1, 000, 000]. Let c ∈ N.
H1 × H2 ⊆ N× N is c-homog if
COL restricted to H1 × H2 takes on ≤ c values, and
H1,H2 both infinite.

We want a value of c such that the following is true:

Thm ∀COL : N× N→ [1, 000, 000] ∃ c-homog H1 × H2.

Thm ∃COL : N× N→ [c] no c − 1-homog H1 × H2.
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c ≥ 2

Thm ∃ COL : N× N→ [2] with no infinite 1-homog H1 × H2.

We use EVEN+ ×ODD+ instead of N× N.
We define COL(x , y) : N× N→ [2].

COL(x , y) =

{
1 if x < y

2 if x > y
(1)

There is no 1-homog H1 × H2 ⊆ N× N. Left to the reader.
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c ≤ 2

∀ COL : N× N→ [1, 000, 000] ∃ H1 ×H2, 2-homog.

We do an example. The formal construction is left to the reader.

Initially we have COL : N× N→ [1, 000, 000].
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Focus on Vertex 1 On The Left
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Let c be least color such that ∃∞x ,COL(1, x) = c . We assume R.
Kill All Those On The Right Who Disagree.
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Focus on Vertex 1 On The Left After The Massacre
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Focusing on 4 On The Right
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Let c be least color such that ∃∞x ,COL(x , 4) = c . We assume B.

Kill all those on the Left Who Disagree
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After Processing 4
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We Have Processed 1 and 4

...
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1 is colored R. 4 is colored B. 1,4 “immortal”
4 is B even though one of the edges out of it is R.
Key If x > 4 then COL(x , 4) = B.
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We Have . . ., Now What?
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Process 5, Color 5, Process 6, Color 6. Both “immortal”

Repeat Process.
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So You Thought You Were Immortal. HA!

...
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x2

x1
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y5

y4

y3

y2

y1

Finite number of colors (though could be large)
(∃c)(∃∞x)[COL′(x) = c]. Assume R.
(∃d)(∃∞x)[COL′(y) = d ]. Assume G .
Kill all those who disagree
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We Are Done!
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H1 = {w1,w2, . . .} H2 = {z1, z2, . . .}.
Began with finite COL : N× N→ [1, 000, 000].
COL : H1 × H2 uses only two colors.
Restate theorem we just proved on next slide.
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Recap

We have shown the following
Thm ∃ COL : N× N→ [2] such that there is no 1-homog
(H1,H2).
Thm ∀ COL : N× N→ [1, 000, 000] ∃ 2-homog (H1,H2).
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Theorem for ω + ω + ω

Thm ∀ COL :
(
ω+ω+ω

2

)
→ [1, 000, 000] ∃ XXX-homog

H ≡ ω + ω + ω.
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Edges Within an ω

Let COL :
(
ω+ω+ω

2

)
→ [1, 000, 000].

1) Use Inf Ramsey on the COL restricted to first ω. Homog set
H1. Color c1.

2) Use Inf Ramsey on the COL restricted to second ω. Homog set
H2. Color c2.

3) Use Inf Ramsey on the COL restricted to third ω. Homog set
H3. Color c3.

More to come!
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Edges Between ω’s

1-2) View the edges from H1 to H2 as a bipartite graph.
Use Bipartite Thm. Colors c1·2·1, c1·2·2

1-3) View the edges from H1 to H3 as a bipartite graph.
Use Bipartite Thm. Colors c1·3·1, c1·3·2

2-3) View the edges from H2 to H3 as a bipartite graph.
Use Bipartite Thm. Colors c2·3·1, c2·3·2

Colors: c1, c2, c3, c1·2·1, c1·2·2 c1·3·1, c1·3·2 c2·3·1, c2·3·2
9 colors.

Is this optimal? Yes. Next slide.
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A 9-Coloring

We define COL :
(
ω+ω+ω

2

)
→ [9].

We assume that the three ω’s used disjoint sets of N.

1) Pairs within the 1st (2nd, 3rd) ω are all colored 1 (2,3)

2) Edges between 1st and 2nd omega. Assume i in 1st ω, j in 2nd
ω.
COL(i , j) = 4 if i < j , 5 if i > j .

3) Edges between 1st and 3nd omega. Assume i in 1st ω, j in 3nd
ω.
COL(i , j) = 6 if i < j , 7 if i > j .

4) Edges between 2nd and 3nd omega. Assume i in 2nd ω, j in
3nd ω.
COL(i , j) = 8 if i < j , 9 if i > j .

Claim there are no 8-homog sets.
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No 8-Homog Sets
We show that any infinite subset of ω + ω + ω which is order
equivalent to ω + ω + ω must use 9 colors. Assume infinite set is:

1st ω: {0, 3, 6, 9, . . .}
2nd ω: {1, 4, 7, 10, . . .}
3rd ω: {2, 5, 8, 11, . . .}

We show this must use 9 colors.

1) Within 1st (2nd, 3rd) used colors 1 (2,3). So thats 3 colors.

2) Between 1st and 2nd: (0, 10) is diff color from (9, 1). So 2
colors.

3) Between 1st and 3nd: (0, 11) is diff color from (9, 2). So 2
colors.

4) Between 2nd and 3nd: (1, 11) is diff color from (10, 2). So 2
colors.

So 9 colors are used.
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What about nω?

Let n ≥ N, n ≥ 1.

Let COL be a FINITE coloring of
(nω
2

)
.

We find an X -homog set and figure out X later.

1) Use Infinite Ramsey on each of the n ω. Thats ≤ n colors.

2) For each pair use Bipartite Ramsey. There are
(n
2

)
pairs and

each one uses 2 colors. So 2
(n
2

)
.

Answer: X = n + 2
(n
2

)
.

Proof of optimality is similar to the ω + ω + ω case.
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