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What is Ramsey theory?

«Accordingto a 3500-year-old cuneiformtext, an ancientSumerican
scholaronce lookedto the starsin the heavensand sawa lion, a bull and
a scorpion. A modernastronomerwouldbe more likelyto describea
constellationasa temporarycollectionof stars, whichweearthlings
observefrom the edgeof an ordinarygalaxy. Yetmoststargazerswould
agreethatthe night skyappearsto be filledwith constellationsin the
shapeof straightlines, rectanglesand pentagons. Coulditbe thatsuch
geometricpatternsarisefrom unknownforcesin the cosmos?

Mathematicsprovidesa muchmore plausibleexplanation.»

(1990, Graham R. L., Spencer J.H.)
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What is Ramsey theory?

‘Frank PlumptonRamsey(Cambridge, 1903-Londra, 1930) provedthat
patternslikethoseweseein the starsare alwayspresentin anylarge
enough structure.
‘Ramseytheoryisan entirebranchof mathematicswhosepurposeisto
findorderedsubstructurein arbitrarystructures.
*First contributionto Ramseytheorygivenby Ramseyin 1928; other

contributionsgivenby the HungarianmathematiciansPaul Erdos
(Budapest, 1913-Warsaw, 1996) and George Szekeresh(Budapest,
1911-Adelaide, 2005).
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RamseyTheoryand graphs: a historical
example

*William Gasarch, a computer scientist, studied
the work of a scholarof Pre-Christian

England, namedSir WoodsorKneading, who
observeda strange phenomenon.
577 b. C.: 5 lordsin Wessex, allwith armies.
No war.
A sixthlord settledand war brokeout.
552 b. C. : 5 lordsin whatisnowSoutWales.
No war.
*A sixthlord settledand war brokeout.

B Celtic kingdoras

‘Phenomenonobserved42 timesby Kneading.
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Whydo sixlordsalwaysmeanwar?

Oneof the followingholds:

1 Thereare 3, 4 or 5 allies, and theyattackthe otherkingdoms.

Thereare 3 or more of themwhoare pairwiseenemies, so a «pairwisewar»
breaks out.

3. (Rare case) Allthe 6 kingdomsforman allianceand thereispeace.

Conjecture: wheneverthereare 6 lords, notallin alliance, theremust eitherbe
3, 4 or 5 lordsalliedonewith eachother, or 3, 4, 5 or 6 lordswhoare pairwise
enemies.
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Formalizingthe problemin termsof graphs

- Complete graph(K6), whoseedgesare
A allthe possible«relationships»
@ Bt 4, betweenthe 6 lords.
. Select onelord (onevertex).
. Suppose thereare atleast3 lords

alliedwith the selectedone. Colur
with redthe edgeslinkingthese

m w allies. So the selectedvertexhasat

——— least3 incidentrededges.

. Case 1: for someij<12,3Ai,
are allies. Thenwehave(atleast) 3
lordswhoare pairwiseallied.

Case 2: alldi,Ajare enemies.

w B W Colourthe edgesbetweenenemies
3

—— . with blue. ThenA1A2A3are pairwise
enemies.
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Formalizingthe problemin termsof graphs

Definition 1. A k-edge colouring of a graph G is a labeling f : E(G) — [K]

The previousconjectureprovesin factthe followingresult.

Theorem 1. For every 2—colouring of K¢, there is a monochromatic (with respect to edge

colourings) subgraph of at least 3 vertices.

et
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[

Central question

howbig a

structurehasto

be, in orderto
contain ordered
substructures?

~

/
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f Edge colourings
Given an integerr>0, | askif
thereexistsan integernsuchthat
Kncontainsa monochromatickr,
for any2-edge coluringof Kn.

| 4

fCquues and independentsets\

Giventwointegersk,I[>0, | askif
thereexistsan integernsuchthat
everygraphGon atleastn

verticescontainseitherKkor KiQl.

| 4




Ramsey's answer

Ramsey gavepositive answerto thisquestion, provingthe following
theorem, whichhereisstatedin termsof cliguesand independentsets.

Theorem 2. Given any integers k.l > 0 there exists a smallest integer, denoted as R(k.l),
such that every graph on (at least) R(k,l) vertices contains either a clique of k vertices or an

independent set of | vertices.

- The number Rr(k, 1) isthe so calledRamseynumber. If (=], R(k, k) isa
diagonal Ramsey number.

et
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Propertiesof Ramseynumbers

Proposition 1. The following properties for Ramsey numbers hold:

et
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2.

3.

N

. B 1) =Rk 1)=1, for every k.1 = 0;
R(2, 5 =1, R(k,2) =k for every k;1 =0;
R(k,l) = R(l,k) for every k,1 > 0;

. for every k,l > 2
R(k,1) < R(k,1— 1) + R(k — 1,1);
strict inequality holds if R(k,l — 1) and R(k — 1,1) are both even;

for every k.l > 2
kt1—2
R(k.D) < (179,




Proof. (1), (2), (3) can be easily verified.
(4) Let G be a graph on R(k,l — 1)+ R(k — 1,1) vertices. Let v € V(G).
The number of vertices adjacent to v, plus the number of vertices nonadjacent to v is
HEI=1)tRE—11 =1

Case 1 There exists a set of vertices S of at least R(k,l — 1) elements, to which v is

nonadjacent;
Case 2 there exists a set of vertices T" of at least R(k — 1,1) elements, to which v is adjacent.

If case 1 holds, G[S] contains either a k-clique or an [ — 1-independent set.

Then G[S U v] contains either a k-clique or an l-independent set.

If case 2 holds, G[T] contains either a k — 1-clique or an l-independent set.

Then G[T' U v] contains either a k-clique or an l-independent set.

In any case I can find either a k-clique or an l-independent set.

~ Then R(k,l) < R(k,l —1)+ R(k — 1,1).
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Now suppose R(k,l — 1) and R(k — 1,1) are both even.
Consider a graph G on R(k,l — 1)+ R(k —1,1) — 1 vertices.

The number of vertices is odd, so there exists a vertex v of even degree.

Observe that v cannot be adjacent to R(k — 1,1) — 1 vertices, or to R(k,l —1) —1

vertices, hence case 1 or case 2 must hold.

Repeating the argument used before, I can find a k-clique or an [-independent set in

(-, thus proving the claim.

Case 1 There exists a set of vertices S of at least R(k,I — 1) elements, to which v is
nonadjacent;

Case 2 there exists a set of vertices T' of at least R(k — 1,1) elements, to which v is adjacent.

-’\,-,',-"y
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(5) We prove the claim by induction on k + L.
Observe it holds if &k + 1 < 5.

Suppose the claim is true for every k,[ such that 5 < k+[ <m + n.

Let’s show it holds for m + n.

Apply (4) to R(m,n), then apply the inductive hypothesis and compute.
R(m,n) < R(m,n — 1)+ R(m — 1,n) < (™" %) + (™t"3) = (™72

m—1 m—2 m—1

Corollary 1. For all k,1 > 0, R(k,1) < 2k+1—2,

et
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Ramseynumbersare in
general difficultto calculate.
Onlyfewof themhavebeen
found, with the help of the
previouspropertiesand of
some special graphs, called

Ramsey graphs.

k 1333 3 3 3

3

f 348 & & 8

0 1 5

r(k,£)|69 14 18 23 28 36 18 25

Ramseynumbersknownto date
MurtyU.S.R, 2008)

(BondyJ.A.,

Definition 2. A (k.l)-Ramsey graph is a graph on R(k,1)—1 vertices, containing no k-cliques

and no l—independent sets.

et
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Example: proofof g (3,3)with the help of the(3,3)-
Ramsey graph

‘The graphcontainsno 3-cliques and no 3-independent sets.
So R(3,3)=6.

- By property(4) wehave R@,3E R 2@3 +R 3,2(=3#3 =6.

- Conclusion: R(3,3)= 6.

\ f/ (3,3)-Ramseygraph.  (Bondy].A,,
\ {  MurtyU.s.R 2008)
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A (3,4)-Ramsey graph A (3,5)-Ramsey graph A (4,4)-Ramsey graph
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Ramsey'sresultfor diagonalRamsey
numbers

Theorem 3 (Ramsey, 1930). For every integer r > 0 there exists an integer n > 0 such that

every graph on at least n vertices cointains either K, or K.

Proof. Suppose r > 1, otherwise the assertion is trivial.
Define n = 2" and consider a graph G with |V (G)| > n.

We construct a sequence of subsets of V(G), say Vi, Vs, ..., Va,_2, and choose

¥ d

v1 € V1,...,v9,_2 € Vo,_9 satisfying the following properties:
(i) [Vi| =227, for1 <i < 2r—2;
(i) e C Ve aNivia) for2<¢< 29 -2

(iii) v;_1 is adjacent either to all the vertices of V;, or to no vertex of V;, for 2 <1i < 2r — 2.
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Construction of the
sequencewith the
requiredproperties.
(Diestel, 1997)

() Vi =2 fer1 £ i< %~ 2;
) Vi € Vi \ oty for 24 <20 =2

(iii) v;_1 is adjacent either to all the vertices of V;, or to no vertex of V;, for 2 <i < 2r — 2.

Sucha sequencecan be constructedinductively.
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Start by choosing V; C V(G), |Vi| = n. Pick v; arbitrarily.

Suppose to have constructed Vi, ..., V;_1 for some i. Let’s show I can define V.

Choose v;—1 € V;_1;
b}r (’i}, |Vé_1 - {1’1‘—1} ‘ - 221‘—2—(1’—1] B T

Vi1 — {vi—1}| is an odd number, then:

either v;_; is adjacent to more than a half of the vertices in V;_1,

or v;—1 is adjacent to less than a half of the vertices in V;_;.

In both cases I can select V; C V;_{ — {v;_1}, satisfying (1), (ii), (#i7).

We construct a sequence of subsets of V(G), say V1, Va, ..., Vo, -2, and choose

v € WV1,...,v2,—2 € Vo,_9 satisfying the following properties:
) [Vel=2"""frlcis-2
(i) ; € Via\{vi1},for2<i <2r—2;

ol (iii) w;—1 is adjacent either to all the vertices of V;, or to no vertex of V;, for 2 <i < 2r — 2.
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(iii) #;_7 is adjacent either to all the vertices of V;, or to no vertex of V, for 2 < i < 2r — 2.

Pick any v;. Observe that 2r — 2 is even.

Among vy, ..., v9,_3 there is a set of r — 1 vertices with same behaviour in the sense of (iii).

s r,

Together with v,_» they induce either a K, or a K,.

To understand this, observe that for every i, v;, vit1,...,v2r—2 € V;.

Observe thatthe theoremgivesan upperboundfor diagonalRamsey
numbers, i. e.

R(r,r<2 273
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et
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A lowerboundfor Ramseynumbers

Theorem 4 (Erdos, 1947). For all k > 2

R(k, k) > 23.

Proof. The case k£ = 2 is trivial.
If k=3 6=R(3,3) > 22.

Suppose k£ = 4.

k
We will show with a probabilistic method that there exists a simple graph on 22 vertices

with no k-cliques and no £—independent sets.




Claim: P(a simple graph on n vertices contains at least a K, or a K) < 1.

Let n < 2%.
In a simple graph we have that P(a selected set of k elements forms a K}, or a Kj) = —(2;‘7
242

Hence P(a simple graph on n vertices contains at least a K or a K},) < (}i) —({7

2\2
: k i
Now, (7)—2- = (7)21—(2) = 91-(3) _n!__ . _2n*_
(%) 5 (%) Hin—k)! < (%)

k
Computing (‘E)j and remembering that n < 22 we obtain

% < EH < 1 (for k! > 2F for k > 4). This proves our claim.

k1212
: E : : :
Then, there must exist a graph on at most 22 vertices with no k-cliques

and no Ak-independent sets.

So R(k.k) > 23.
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Conclusions

«Yetworkershaveonlybegunto explorethe implicationsof the theory. It
suggeststhatmuchof the essentialstructureof mathematicsconsistsof
extremelylarge numbersand sets, objectsso hugethattheyare difficult
to express, muchlessunderstand.

Aswelearnto handletheselarge numbers, wemayfindmathematical
relations thathelp engineersto buildlarge communicationsnetworks or

help scientiststo recognizepatternsin large-scale physicalsystems.»

(1990, Graham R. L., Spencer J. H.)
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