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What is Ramsey theory?

(1990, Graham R. L., Spencer J.H.)

«Accordingto a 3500-year-old cuneiformtext, an ancientSumerican
scholaronce lookedto the starsin the heavensand sawa lion, a bull and
a scorpion. A modernastronomerwouldbe more likelyto describea
constellationasa temporarycollectionof stars, whichweearthlings
observefrom the edgeof an ordinarygalaxy. Yetmoststargazerswould
agreethatthe night skyappearsto be filledwith constellationsin the
shapeof straightlines, rectanglesand pentagons. Coulditbe thatsuch
geometricpatternsarisefrom unknownforcesin the cosmos?

Mathematicsprovidesa muchmore plausibleexplanation.»



What is Ramsey theory?

•Frank PlumptonRamsey(Cambridge, 1903-Londra, 1930) provedthat
patternslikethoseweseein the starsare alwayspresentin anylarge 

enough structure.

•Ramseytheoryisan entirebranchof mathematicswhosepurposeisto 
findorderedsubstructurein arbitrarystructures.
•First contributionto Ramseytheorygivenby Ramseyin 1928; other
contributionsgivenby the HungarianmathematiciansPaul Erdös
(Budapest, 1913-Warsaw, 1996) and George Szekeresh(Budapest, 
1911-Adelaide, 2005).



RamseyTheoryand graphs: a historical
example

•William Gasarch, a computer scientist, studied
the work of a scholarof Pre-Christian 

England, namedSir WoodsorKneading, who
observeda strange phenomenon.
•577 b. C. : 5 lordsin Wessex, allwith armies. 
No war.
•A sixthlord settledand war brokeout.
•552 b. C. : 5 lordsin whatisnowSoutWales. 
No war.
•A sixthlord settledand war brokeout.

•Phenomenonobserved42 timesby Kneading.

Today’
s
Wales



Whydo sixlordsalwaysmeanwar?
Oneof the followingholds:

Thereare 3, 4 or 5 allies, and theyattackthe otherkingdoms.

Thereare 3 or more of themwhoare pairwiseenemies, so a «pairwisewar» 
breaks out.
(Rare case) Allthe 6 kingdomsforman allianceand thereispeace.

Conjecture: wheneverthereare 6 lords, notallin alliance, theremust eitherbe

3, 4 or 5 lordsalliedonewith eachother, or 3, 4, 5 or 6 lordswhoare pairwise

enemies.
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Formalizingthe problemin termsof graphs

•

•

•

•

Complete graph(𝐾6), whoseedgesare
allthe possible«relationships» 
betweenthe 6 lords.
Select onelord (onevertex).
Suppose thereare atleast3 lords
alliedwith the selectedone. Colur
with redthe edgeslinkingthese
allies. So the selectedvertexhasat
least3 incidentrededges.
Case 1: for some 𝒊,𝒋∈𝟏,𝟐,𝟑𝑨𝒊,𝑨𝒋
are allies. Thenwehave(atleast) 3 
lordswhoare pairwiseallied.
Case 2: all𝑨𝒊,𝑨𝒋are enemies. 
Colourthe edgesbetweenenemies
with blue. Then𝐴1𝐴2𝐴3are pairwise
enemies.
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Formalizingthe problemin termsof graphs

The previousconjectureprovesin factthe followingresult.



Central question
howbig a 

structurehasto 
be, in orderto 

contain ordered
substructures?

Edge colourings
Given an integer𝑟≥0, I askif
thereexistsan integer𝑛suchthat
𝐾𝑛containsa monochromatic𝐾𝑟, 
for any2-edge coluringof 𝐾𝑛.

Cliques and independentsets
Giventwointegersk,l≥0, I askif
thereexistsan integer𝑛suchthat
everygraph𝐺on atleast𝑛
verticescontainseither𝐾𝑘or 𝐾ഥ𝑙.



Ramsey’s answer
•

•
diagonal Ramsey number.

Ramsey gavepositive answerto thisquestion, provingthe following

The number isthe so calledRamseynumber. If

theorem, whichhereisstatedin termsof cliquesand independentsets.

isa 𝑅(𝑘, 𝑙) 𝑘=𝑙, 𝑅(𝑘, 𝑘)



Propertiesof Ramseynumbers









Ramseynumbersare in
general difficultto calculate.
Onlyfewof themhavebeen
found, with the help of the
previouspropertiesand of
some special graphs, called
Ramsey graphs. Ramseynumbersknownto date (BondyJ.A.,

MurtyU.S.R, 2008)



Example: proofof with the help of the -𝑅 (3,3) 3,3
Ramsey graph

•

• Conclusion: 

•The graphcontainsno 3-cliques and no 3-independent sets. 

So 𝑅(3,3)≥6.

𝑅 3,3 = 6.

By property(4) wehave 𝑅 3,3 ≤ 𝑅 2,3 +𝑅 3,2 =3+3 =6.

(3,3)-Ramseygraph. (BondyJ.A.,
MurtyU.S.R, 2008)



A -Ramsey graph A -Ramsey graph A -Ramsey graph(3,4) (3,5) (4,4)



Ramsey’sresultfor diagonalRamsey
numbers



Construction of the
sequencewith the
requiredproperties.
(Diestel, 1997)

Sucha sequencecan be constructedinductively.





Observe thatthe theoremgivesan upperboundfor diagonalRamsey
numbers, i. e. 
𝑅  𝑟 , 𝑟  ≤2 2𝑟−3



A lowerboundfor Ramseynumbers





Conclusions

«Yetworkershaveonlybegunto explorethe implicationsof the theory. It
suggeststhatmuchof the essentialstructureof mathematicsconsistsof
extremelylarge numbersand sets, objectsso hugethattheyare difficult
to express, muchlessunderstand. 
Aswelearnto handletheselarge numbers, wemayfindmathematical
relations thathelp engineersto buildlarge communicationsnetworks or 
help scientiststo recognizepatternsin large-scale physicalsystems.»

(1990, Graham R. L., Spencer J. H.)
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