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Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.

Thm ∀COL :
(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.
Thm ∀COL :

(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.
Thm ∀COL :

(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.
Thm ∀COL :

(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.
Thm ∀COL :

(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We restate Ramsey’s Theorem over N in a different way.
Thm ∀COL :

(N
2

)
→ [2] ∃ homog set H such that |H| = |N|.

Here is natural generalization to R:

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

VOTE True, False, Ind of Set Theory, Other.

Answer on next page.



Ramsey Over the Reals

We will show that the statement

Thm? ∀COL :
(R
2

)
→ [2] ∃ homog set H such that |H| = |R|.

is false.

But there is a caveat.

The proof uses AC by using WOP.

Is that a problem?

We will see later that its a problem for me!
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Recall The Well Orderings Principle

The Well Ordering Principle
For all X there is an ordinal α and a bijection from α to X .

Note You can take α to be the least ordinal with cardinality |X |.
The Reals Let ω1 be the least uncountable ordinal.
ω1 can be identified with the set of all countable ordinals.

By WOP there is a function R→ ω1.
This map induces a well-ordering ≺ on R
R can be well ordered. Is that strange?
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Consequences of R Being Well Ordered

� is a well ordering of the reals.
Let ω1 be the first ordinal with |ω1| = |R|.
There is a bijection f : ω1 → R.
WO the R by f (1) < f (2) < · · · f (ω) < · · · < f (ωω) < · · · .
Odd Fact 1: Since every element of ω1 has a countable number of
elements LESS than it,
∀x ∈ R, the set {y : y ≺ x} is countable.

Odd Fact 2:
(∀x ∈ R)(∃x+) such that x ≺ x+ and ¬∃y[x ≺ y ≺ x+].

Odd? Do these two odd facts make your doubt WOP?
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What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:

0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.

This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.

Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.

Note: R =
⋃∞

i=1 Ai .



What Does x+ Look Like

Lets look at

An =

{
x ∈ R : |x+ − x | > 1

n

}
.

How big can An be? We look at A1/2.

The following is possible:
0.5+ = 1.5, 1.5+ = 0.5001, 0.501+ = 10, 10+ = 0.499, . . . (no
pattern).

(0, 1) ⊆ A =

{
x : |x+ − x | > 1

2

}
.

so |A1/2| is uncountable.
This is possible since � has no connection to the usual ≤.
Our counterexample to Ramsey will make � and ≤ relate.
Note: R =

⋃∞
i=1 Ai .



Ramsey over R Does Not Hold

Thm ∃COL :
(R
2

)
→ [2] s.t. there is NO homog set of size |R|.

Here is the coloring

COL{x , y} =

{
R if � and ≤ agree on {x , y}
B if � and ≤ disagree on {x , y}

(1)

Examples
If 1 � 2 then {1, 2} is R.
If 2 � 1 then {1, 2} is B.
We show that any homog set is countable.
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Ramsey over R Does Not Hold

COL{x , y} =

{
R if � and ≤ agree on {x , y}
B if � and ≤ disagree on {x , y}

(2)

Let H be a homog set. We show |H| is countable.
We assume the color is R. (B case is similar.)

New Notation For this proof, if x ∈ H then x+! is least element

in H that is bigger than x . x+! exists since R is well ordered.

Key (∀x ∈ H)[x < x+!].

Ai =

{
x ∈ H : x+! − x >

1

i

}
.

Clearly H =
⋃∞

i=1 Ai .
We show ∀i , Ai is ctble, so H is ctble. Look at intervals.
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H is Countable Via Intervals

Note If x ∈ H then x+! ∈ H then both x ≺ x+! and x < x+!.
We show |A1/i ∩ ( ji ,

j+1
i )| ≤ 1. We do an example.

A0.1 = {x : |x+! − x | > 0.1} = {x : x+! − x > 0.1}
Consider A0.1 ∩ (0.7, 0.8). Assume 0.72 is �-least elt.

First Key {x ∈ A0.1 ∩ (0.7, 0.8) : x ≺ 0.72} = ∅.
Hence {x ∈ A0.1 ∩ (0.7, 0.8) : x < 0.72} = ∅.
Second Key Since 0.72 ∈ A0.1, 0.72+! − 0.72 > 0.1.

Hence 0.72+! > 0.7 + 0.1 = 0.8. So 0.72+! /∈ A0.1 ∩ (0.7, 0.8)

Upshot |A0.1 ∩ (0.7, 0.8)| = 1.
Generally, (∀i , j)[|A1/i ∩ ( ji ,

j+1
i )| ≤ 1].

Hence

H =
∞⋃
i=1

∞⋃
j=1

A1/i ∩
(
j

n
,
j + 1

n

)
is countable.
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Hence 0.72+! > 0.7 + 0.1 = 0.8. So 0.72+! /∈ A0.1 ∩ (0.7, 0.8)

Upshot |A0.1 ∩ (0.7, 0.8)| = 1.
Generally, (∀i , j)[|A1/i ∩ ( ji ,

j+1
i )| ≤ 1].

Hence

H =
∞⋃
i=1

∞⋃
j=1

A1/i ∩
(
j

n
,
j + 1

n

)
is countable.
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The Problems With
Set Theory



What are The
Right Axioms



Here at WCOZ · · ·

When I was ten years old I heard a Disc Jockey on the Radio say

Here at WCOZ we have an Axiom, which is like a saying
man, that Weekends should be seven days wrong

My Reaction If that axiom leads to Ramsey over the reals
being true then count me in!.

The Disc Jockey Suggested Examine, ZFC, the usual axiom
system, carefully.
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ZFC

ZFC (Zermelo-Frankl Set Theory with Choice, 1909) is a set of
axioms from which you can derive most theorems in math.

Here are three of the axioms:
If x , y are sets then x ∩ y is a set
If x is a set then the powerset of x is a set.
The Axiom of Choice.

There are three issues with ZFC

They will be on the next few slides.
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Is ZFC Consistent?

We would like to show that ZFC is consistent (cannot be used to
obtain a contradiction).

What axioms would we use to prove ZFC is consistent? ZFC?

It it is known that you cannot prove ZFC consistent from ZFC..

More generally, you can’t prove X consistent from X.

Early on mathematicians worried that maybe ZFC was inconsistent
(that happened to Frege’s system in the early 1900s).

People are less worried now since no contradiction has been found
from 1909 until now.
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ZFC Does Not Resolve Every Statement

There are a few math statements φ such that from ZFC you
cannot prove φ or ¬φ.

The best known such statement is

CH: There is no cardinality between N and R.
In 1940 Godel showed there is a model of ZFC where CH is true.
In 1963 Cohen showed there is a model of ZFC where CH is false.

Hence CH is Ind. of Set Theory

What to make of that?
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Cohen’s View of CH ind of ZFC

Cohen and others thought

ZFC is not strong enough to resolve CH (True)

Perhaps other axioms could be added to ZFC to resolve CH.

Also, Cohen thought CH was false.

Next slide for an axiom candidate.
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Inaccessible Cardinals

One candidate was to assume ∃ Large Cardinals.

Inaccessible Cardinals

If |x | < |N| then |2x | < |N|.
Is there a cardinal κ > |N| such that |x | < |κ| implies |2x | < |κ|?
If ∃ such a κ, then κ is a model for ZFC so ZFC is consistent.

Hence ZFC cannot prove that such a κ exists.

Argument For Inac. Cards Odd if N was the only such cardinal.
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What About
Ramsey’s Theorem

For Sets Bigger Than R?



Ramsey Cardinals (this is not quite standard but fine
for us)

There is a COL :
(R
2

)
→ [2] with no |R|-sized homog set.

Def κ is a Ramsey Cardinal if
For all COL :

(
κ
2

)
→ [2] there exists a |κ|-sized homog set.

VOTE Do there exist Ramsey Cardinals? TRUE, FALSE, IND,
SOMETHING ELSE

Answer on next slide.
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Ramsey Cardinals

Thm If κ is a Ramsey Cardinal then κ is inaccessible.

So one cannot proof Ramsey Cardinals exist.

Argument For Ram. Cards Odd if N was the only such cardinal.
Large Cardinals Inaccessible and Ramsey are two types of LCs.
There are many.
Even Within Ramsey There are Many RC , Ineffably RC,
Almost RC, Strongly RC, and more .
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Large Cardinals

Figure: Large Cardinals



What Do Most Set Theorists Think

After Cohen proved CH is ind of ZFC, set theorist still thought CH
had an answer.

Donald Martin in 1973 believed that CH has an answer and that it
is false. Here is a quote that as either aged well aged poorly.
Those that argue that the concept of a set is not sufficiently
clear to fix the truth-value of CH have a position that is
difficult to assail. As long as no new axiom is found which
decides CH, their case will continue to grow stronger, and
our assertions that the meaning of CH is clear will sound
more and more empty.

Donald Martin’s viewpoint has come true.

Now most set theorists think CH has no fixed value but are curious
what happens when you assume CH an also when you assume
NOT(CH).
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My Opinion of CH

My opinion Nobody argues which Geometry is
correct—hyperbolic, Riemannian,, Euclidean, and others. The
attitude is The Right Tool For The Right Job.
If you are building a bridge then use Euclidean.
If you are doing astronomy use Riemannian.
If you are working with Auguste use Hyperbolic.
If you are working with 3-D graphics use projective.

I can see the same mentality working in Set theory. For example
(this is NOT true yet)
If you are working with quantum computing, assume CH
If you are working in string theory, assume NOT CH.
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The Axiom of Choice
Seems True

But Darling Thinks Its False



Axiom of Choice

AC looks obvious.

The Banach-Tarski Paradox AC implies that there is a way to
decompose the unit sphere into a five pieces that can be put back
together to get two unit spheres.

The proof is nonconstructive.

Someone (not me) probably proved it has to be nonconstructive.

Darling says that the BT paradox means that math is broken.

Since I am her husband I have to agree and never use it.

Except when its really important, as in the next few slides.
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An Application of The BT Paradox

Pope Leo has a Math degree. Hence I met with him.
LEO: I am working on an encyclical to resolve the tension between
miracles in the Bible and modern science. Lets meet at Popeyes
restaurant to discuss it.
BILL: Why Popeyes?
LEO: The restaurants name is Pope-Yes, so I get a discount.
BILL: Your treat. Okay, What’s the issue?
LEO: The Bible has miracles in it that seem to violate the laws of
science. There are a few ways to resolve this cosmic conflict.
a) The miracles are allegorical. This insults God and Man.
b) The miracles can be explained by natural phenomena:
The Red Sea was split by a big wind. This is acceptable. The
timing of the big wind is the miracle.
BILL: Let me guess the problem: There are some miracles that
cannot fit into modern science.
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An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.

BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.

LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:

Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.

He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?

The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.

Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied.

Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: Exactly! And I hope that Christians who are scientists (not
to be confused with Christian Science (see here)) will take up the
study of miracles and see how they can fit into modern science.
BILL: Give me an example of a miracle that cannot be resolved
with modern science and we’ll see what we can do about that.
LEO: Recall the miracle of loaves and fishes:
Jesus finished speaking and notice that the 4000 people who came
to hear him people were hungry.
He asked his disciples: How many loaves do you have?
The replied Seven, and a few small fish.
Jesus took the seven loaves and the fish and broke them and gave
them to the disciples, and they in turn gave to the people. The
4000 people ate and were satisfied. Afterward, the disciples picked
up seven bucketfuls of broken pieces that were leftover.



An Application of The BT Paradox

LEO: So how could Jesus take seven loaves of bread and a few fish
and feed thousands of people?
BILL: I have a way to resolve it but you may not like it.
LEO: Lets hear it.
BILL: Jesus used the Banach-Tarski paradox—when he broke the
bread, he divided one loaf into five pieces, and put them back
together to get two loaves. Repeat until you can feed 4000 people.
Same with the fishes.
LEO: Great! Why wouldn’t I like that?
BILL: It only works if you’re pro-(axiom of) choice.
LEO: I’ll have to run this by a subset of my advisors.
BILL: Which subset?
LEO: The Large Cardinals.
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