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Well Quasi Order And Subsequences

Exposition by William Gasarch-U of MD
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Our Motivating Question

Y is the alphabet, usually ¥ = {a, b}.

> * is the set of all strings over X.
Includes the empty string.

Example X = {a, b} then

Y* ={e,a, b, aa, ab, ba, bb, aaa, aab, aba, abb, baa, bab, bba, bbb, . . .

L C {a, b}* is often called a language.
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Subsequence

Let x € 1*

X = 0102+ 0p

SUBSEQ(x) is the set of all subsequences of x.

Example

SUBSEQ(aaba) = {e, a, b, aa, ab, ba, aaa, aab, aba, aaba}.
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L is regular = SUBSEQ(L) is regular.

Take the DFA for L and put between any two states add an
e-transition.

Thats the proof!

The proof uses that if there is an NFA for L then there is a DFA
for L.
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If L is a CFL then SUBSEQ(L) is a CFL

L context-free = SUBSEQ(L) context-free.
Examples

If there is a rule of the form A — a add the rule A — e.
If there is a rule of the form A — aAbAC add the rules
A — AbAC

A — aAAC
A — AAC

The idea is clear.
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What about P?

Let L€ P.
Given y | want to know if y € SUBSEQ(L) quickly?
| need to know if there exists z such that y is a subsequence of z.

Just searching for such a z does not work
There may be too many z to search to do this efficiently.
Maybe the z you need is really long.

The above speculation is not a proof that
L in P does not imply SUBSEQ(L) in P.

For a proof we would need a language L such that L € P but
SUBSEQ(L) ¢ P.

That sounds hard since its hard to show languages are not in P.
Perhaps if we assume P # NP?
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Vote on P

Vote

1) Known: if L € P then SUBSEQ(L) € P.

2) Known: 3 L € P with SUBSEQ(L) ¢ P.

3) Known: If P # NP then 3 L € P with SUBSEQ(L) ¢ P.
4) None of the above are known.
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The Answer to The Vote

Thm If L € P Then SUBSEQ(L) € P

We need two Theorems to prove this.

Thm SUBSEQ is a wgo. On HW.
Used a Bad Bunny argument.

Thm Let (X, <X) be a wgo. Let Y C X be closed downward. Then
there exists a Finite Obstruction Set for Y.

(This is an easy generalization of the Theorem about a set of
graphs closed downward under minor has a finite obs set.)



From These Two Theorems | get My Theorem



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P

Let < be the subsequence ordering.



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.

If w<ythenw<y<zsow =<z



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.

If w<ythenw<y<zsow =<z
Hence w € SUBSEQ(L)



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.

If w<ythenw<y<zsow =<z
Hence w € SUBSEQ(L)
Hence SUBSEQ(L) is closed under =.



From These Two Theorems | get My Theorem

Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.

If w<ythenw<y<zsow =<z

Hence w € SUBSEQ(L)

Hence SUBSEQ(L) is closed under =.

Hence 3 a finite obstruction set zi, ...,z for SUBSEQ(L).
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Thm If L € P Then SUBSEQ(L) € P
Let < be the subsequence ordering.
Let L€ P.

Key SUBSEQ(L) is closed downward under subsequence:
If y € SUBSEQ(L) then there exists z € L, y < z.

If w<ythenw<y<zsow =<z

Hence w € SUBSEQ(L)

Hence SUBSEQ(L) is closed under =.

Hence 3 a finite obstruction set zi, ...,z for SUBSEQ(L).

See next page for exciting finish!
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ITS REALLY IN P! HONEST

SUBSEQ(L) has finite obstruction set z1,. ..,z for SUBSEQ(L).
BEGIN ALG for SUBSEQ(L)

Input(y)

Fori=1to Ltestifzi <y

If (Vi)[zi £ y] then output YES
If (3/)[z; < y] then output NO

END ALG FOR SUBSEQ(L)

How hard is it to determine if z < y? Discuss
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Actually—More Is True

Thm Fix z € £*. The set
{y: z 2y} is regular!
Proof uses an NFA to guess where in y is the subsequence z.
So we have the following
Thm If L € P then SUBSEQ(L) is regular.

We never used that L € P.

Thm If L is any subset of £* then SUBSEQ(L) is regular.
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This proof seems very different from the proofs of
L regular implies SUBSEQ(L) is regular.
L CFL implies SUBSEQ(L) is CFL.

So whats different?

Those proofs were constructive.

Given a DFA for L you can produce a DFA for SUBSEQ(L).
Given a CFG for L you can produce a CFG for SUBSEQ(L).
No such statement is true for P or higher classes.

You can guess the next sentence

| proved it had to be nonconstructive.
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Interesting?

The question
Does L € P imply SUBSEQ(L) € P?
sounds interesting.

The answer

If L is any set then SUBSEQ(L) is regular
is not well known and is a bit odd.
| looked at 20 books on Formal Language Theory. Only one
mentioned this theorem.
The author of that one was Richard Beigel who was one of my
best men at my wedding (Clyde Kruskal was the other one.)
Its only in his book because | told it to him.
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Whats Really Going On Here

The real key is that if L has something of interest to say then
SUBSEQ(L) destroys it.

So SUBSEQ(L) has very little to do with L.
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Who First Proved The All L Theorem (not a joke)

Who first proved

If L is any set then SUBSEQ(L) is regular

Hard to say.

People in math had proven that If X is a wqo then SUBSEQ(X*)
is a wqo.

People in math had proven that if Y is closed downward then it
has a finite obstruction set.

But nobody had put these two together until | did.

Why Not They were math people while | walk the line

(Thats a song | wrote and sold to Johnny cash:
https://www.youtube.com/watch?v=jh169rVMveA.)

Moral of the Story If you have knowledge of two different fields
then you can do things nobody else can do.
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