Mathematical Induction:
Introduction and basic problems

CMSC 250



Lecture structure

* Considering campus closure, lectures will have to be given remotely.
* Every lecture will be broken down into 3-4 bite-sized Panopto videos.
* Power Point still projected, slides will be up by the time lecture is up.

* Can always tell Jason on CW or over e-mail if the picture or the audio
aren’t really good.

* Induction lectures delivered during second week of extended
SpringBreak for practice with homework 6.

* We will see what we will do with lectures of week of Mar 30t" — Apr
3d,



FIRST VIDEO: INTRO AND
BASIC SEQUENCE PROBLEMS



The idea behind induction

* Suppose that we want to prove that a proposition P(n) is true for all
numbers n.
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The idea behind induction

* Suppose that we want to prove that a proposition P(n) is true for all
numbers n.

* We will prove separate things:
1. P(0)istrue
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How we’ll make it work

1. Inductive base: We will prove (explicitly, no matter how dumb it may
sometimes seem) that P(0) is true.




How we’ll make it work

1. Inductive base: We will prove (explicitly, no matter how dumb it may
sometimes seem) that P(0) is true.




How we’ll make it work

. Inductive base: We will prove (explicitly, no matter how dumb it may
sometimes seem) that P(0) is true

. Inductive hypothesis: We will assume that, forn = k = 0,
P (k) holds.

Any k at least 0

“Inlolaial iziaale




How we’ll make it work

. Inductive base: We will prove (explicitly, no matter how dumb it may
sometimes seem) that P(0) is true

. Inductive hypothesis: We will assume that, forn = k = 0,
P (k) holds.

Any k at least 0

0000 08E00C




How we’ll make it work

1. Inductive base: We will prove (explicitly, no matter how dumb it
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How we’ll make it work

1. Inductive base: We will prove (explicitly, no matter how dumb it
may sometimes seem) that P(0) is true

2. Inductive hypothesis: We will assume that, forn = k = 0,
P (k) holds.
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How we’ll make it work

1. Inductive base: We will prove (explicitly, no matter how dumb it
may sometimes seem) that P(0) is true

2. Inductive hypothesis: We will assume that, forn = k = 0,
P(k) holds.

3. Inductive step: We will prove that if P(k) holds, then P(k + 1)
holds.

* So everything falls into place!
Any k at least 0

(We fast-
forwarded here to
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An introductory example

e Suppose that we have the sequence a such that:

11, n=20
n=12a, ,n>1

e First few terms:
1,2,4, 8,16, ...

* We will prove, via mathematical induction, that for all n = 0,

a, = 2"



Inductive Base

* Forn = 0, we will that P(0) is true, where P(0) is the
statement:
aO —_ 20
* This is trivial to prove, since by the base case of the sequence a we
have a, = 1 = 2°,

* So P(0) is true.



Inductive Hypothesis

*Forn =k =0, we that P(k)

ak:2



Inductive Step

* Given that P(k) is true, we will that P(k + 1) is true,where
P(k + 1) is the statement:

— 2k+1
A1 = 2
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* We can therefore use the recursive rule of the sequence’s definition
to derive a,,.1 =2 - a;

* From our assumption of P(k), we know that a, = 2%



Inductive Step

* Given that P(k) is true, we will that P(k + 1) is true,where P(k + 1) is
the statement:

— 2k+1
Ag+1 = 2

e Sincek = 0,

* We can therefore use the recursive rule of the sequence’s definition to derive
A1 = 2

* From our assumption of P(k), we know that a, = 2%

— 2k+1
= Ag41 = 2



Inductive Step

Given that P(k) is true, we will that P(k + 1) is true,where P(k + 1) is
the statement:

— 2k+1
Ag+1 = 2

Since k = 0,

We can therefore use the recursive rule of the sequence’s definition to derive
Qg1 = 2 Qg

From our assumption of P (k), we know that a;, = 2%

— 2k+1
= A4 = 2

* So P(k + 1) is also true and we are done.



Here’'s another

e Suppose that we have the sequence s defined as follows:

10, n=>0
nT s, . +10, n>1

* Using weak induction, prove that



Inductive Base

*Forn = 0,5, = 0 (/).
* Furthermore, it is the case that 5 | 0 (/]).
* (I,II) = 5|sy, = P(0) holds



Inductive Hypothesis

* Suppose thatn = k = 0. We will assume that P(k) holds, i.e:

(5|sr) © (3r € Z)|s, = 57]



Inductive Step

we will now attempt to prove P(k + 1), i.e:

(5[ Sk+1) © (A € Z)|Sk4+1 = 51

* Sincek =2 0,k +1 = 1 and we can use the recursive part of the
definition of s:

(By I.H)

Sk+1 = S(k+1)-1 T 10 =5, +10=5-r+ 10 =5r+5%* 2 =
5(r+2)=57



You do this!

* The sequence b is defined as:

- 1, n=240
" |4+ b,_q, n=1

* Prove that foralln = 0,



END OF FIRST
INDUCTION LECTURE
VIDEO

Feel free to either take notes from the first video, discuss what you learned,
or just skip to the second video altogether.



SECOND VIDEO: SUM
PROBLEMS

if(n)
1=0



The Gaussian Sum

* We will prove that the sum of the first n numbers is equal to n(n+1).
e Symbolically:
nn+1)
14243+ -+ —D+n=—
\ )

|

Zn: . n(n2+ 1)

=1




Inductive base

Remember: P(n) is

* Forn = 0, we will that P(0) holds z":i _n(n+1)

2

e LHS: Z?zli = 0 (recall this fact from our sequences lecture)
+ RHs: 22D —
e Since LHS =RHS forn = 0,




Inductive Hypothesis

e Forn = k > O’ we that P(k) So, we:ssumethat
Pl __k(k+1)
()@Zz— -
k is true for ;_nlarbi raryk =0
| k(k—'—l) t f trary k =
Zl 2 oY
=1

* Inductive Hypothesis done!



Inductive step

* Given that P (k) is true, we will that P(k + 1) is true.

k k+1
Zi:k(kﬂ) Ei:(k+1)(k+2)

. 2 . 2
i=1 1=1



Inductive step

* Given that P(k) is true, we will that P(k + 1) is true.
— dd1g1:dk1 ok+1 3\5
@ T
1) - (k+1D(k+2)
l —
2



Inductive step

* Given that P (k) is true, we will that P(k + 1) is true.
- Staddjg:::l;n k+1 1'\'7
k g v
1) o (k+1D(k+2)
2 = ‘ - 2

i:1 =1 /
f

This is our goal!




Inductive step, contd
o

e Starting from the LHS of the relation to prove,’we have:

k+1
Zi:1+2+---+k+(k+1)

=1




Inductive step, contd
o

e Starting from the LHS of the relation to prove,’we have:

k+1 k

21':1+2+-~+k+(k+1)=2i+(k+1) (1)

=1 =1



Inductive step, contd

@

e Starting from the LHS of the relation to prove, wePf%ve:

k+1 k
ziz1+2+----|—k+(k+1)=2i+(k+1) (1)
=1 =1

* From the Inductive Hypothesis, we have that

k(k + 1)
— @




Inductive step, contd

@

e Starting from the LHS of the relation to prove, wePf%ve:

k+1 k
ziz1+2+----|—k+(k+1)::2i+(k+1) (1)
=1 =1

* From the Inductive Hypothesis, we have that

k(k + 1)
— @




Inductive step, contd

 Starting from the LHS of the relation to prove, we ha\ié:Q O

k+1 k
21':1+2+---+k+(k+1)=z.vt+(k+1)(1)
=1 i=1

* From the Inductive Hypothesis, we have that

k(k + 1)
— @

e Substituting (2) into (1) yields {next slide):




Inductive step, contd.

_zk(k2+1)+(k+1)zk(k+1)+2(k+1):(k+2)(k+1)

2 2 2
= RHS



Inductive step, contd.

k+1
2 _ k(k2+ D k1) o k(k2+ D 2(k2—|- 1) _ (k+ Z)Z(k +1)
=1

= RHS

* So, when P (k) is true, P(k + 1) was also proven true.
* We conclude that P(n) is true Vn = 0. O



And one for you!

i 2 _ nn+1)2n + 1)

6




Inductive Base

*Forn=0,LHS=Y. ,i>=0
s RHSLOOFD(@H0+D) _

* Since LHS = RHS, P(0) holds and we are done.




Inductive Base

*Forn=0,LHS=Y. ,i>=0
s RHSLOOFD(@H0+D) _

* Since LHS = RHS, P(0) holds and we are done.

* You could also start from n = 1! LHS = RHS in both cases @
en=20 (RHS in this case) @

-



Inductive Hypothesis

e Suppose thatn = k = 0.
* We will then assume P(k), i.e:

Zk:iz k(e 1)6(2k + 1)




Inductive Step

 We will now attempt to prove P(k + 1), i.e Careful with

factoring please!!!
Ve
 (k+ 1)(k +2)(2k + 3)

2
Zl 6

=1




Inductive Step

« We will now attempt to prove P(k + 1), i.e Careful with

factoring please!!!
Ve
 (k+ 1)(k +2)(2k + 3)

2
[
Z 6
1=1
* By leveraging associativity of sum, the LHS can be written as follows:

k

2i2=2i2+(k+1)2

=1 =1



Inductive Step

 We will now attempt to prove P(k + 1), i.e Careful with

factoring please!!!
Ve
 (k+ 1)(k +2)(2k + 3)

2
[
Z 6
1=1
* By leveraging associativity of sum, the LHS can be written as follows:

z i (k + 1)
=1

We can apply the I.H here!




Inductive Step

* By I.H, we can now write:

k+1
k(k+1)(2k + 1
Zi2= ( )6( )+(k+1)2
i=1
e Remember: we want this to be equal to
(k+1)(k+2)(2k+3)

6

* We will fearlessly manipulate the algebra until it does!




Inductive Step - Algebra

k(k+1)(2k + 1) k(k+1DQRk+1) 6(k+1)?

+ (k+1)* = c =
-~ (k+ 16)[k(2k +1D)+6(k+1)] (k+1D)[2k%+ 7k + 6]
B 6 B 6

* If only we could prove that 2k* + 7k + 6 = (k + 2)(2k + 3), we'd
be done!

e But.... (k+2)2k +3) =2k*+3k+4k+ 6 =2k*+ 7k + 61O
 So we’re done.



And one with more than 1 variable!

* Prove that the sum of the first n terms of a geometric sequence with
: n—1
m € (R —{1}) anday, = 1is equal to =

m-—1

e Symbolically: .
n_
: - m -1
1=0




And one with more than 1 variable!

* Prove that the sum of the first n ter,gns of a geometric sequence withm €
(R—{1}) and ay, = 1is equal to—

* Symbolically:

Emlz

=0

* In this instance, we have two variables, m and n, and it’s sp
to confuse ourselves about which variable we will be focusing on.

* So, we will say, , that we will be performing a
proof by induction on n.




Proof

* Proof : We attempt to prove P(n), Vn € N. We proceed via induction on n.
* Inductive base: We attempt to prove P(0).

mO% —1 mO% —1

P(0): Y}y m' = o Y iiml = & 0=0

m—1 m—1

So P(0) is true.

* Inductive hypothesis: Supposen = k = 0. We assume P(k), i.e

k-1

m:- =
_ m —1
=0




Proof (contd.)

* Inductive step: We will attempt to prove P(k + 1), i.e

(k+1)—1
. mk+1 —1

LHS




END OF SECOND
INDUCTION LECTURE
VIDEO

Feel free to either take notes from the second video, discuss what you
learned, or just skip to the third video altogether.



THIRD VIDEO: COIN
PROBLEMS!




A coin problem

* We will prove that every dollar amount = 4 cents can be exclusively
paid for by 2 and/or 5 cent coins.




Theorem expressed in quantifiers

* All quantifiers implicitly assumed over N.



Inductive base

* The least amount of money we are required to prove the statement
foris 4¢, so we will attempt to

* Forn = 4, we have 4¢. Since 4¢ = 2 X 2¢, we are done (we have
shown that the amount of 4¢ can be paid for by using only
2 and/or 5 cent coins)



Inductive hypothesis &

eletn = k = 4.
= (Hkl, kz)[k — Zkl + Skz]



Inductive step

e We will that P(k) = P(k + 1), i.e that we can pay an amount
of money equal to k + 1 cents using only 2¢ or 5¢ coins.

* In terms of algebra, what we want to prove is:

(3ks, ky € N) [k + 1 = 2ks + 5k,]



Inductive step

e We will that P(k) = P(k + 1), i.e that we can pay an amount
of money equal to k + 1 cents using only 2¢ or 5¢ coins.

* In terms of algebra, what we want to prove is:
( eEN)[k+1=2ks+ 5k,]

Different variables from
|.H!



Inductive Step (contd.)

* From the Inductive Hypothesis (I.H), we have that for some specific
positive integers k; and k»:

k = 2k, + 5k,



Inductive Step (contd.)

* From the Inductive Hypothesis (I.H), we have that for some specific
positive integers k; and k»:

k = 2k, + 5k,

1. Case#l: k; = 2
* | have at least 2 2¢ coins, so and add one

5¢ coin



Inductive Step (contd.)

* From the Inductive Hypothesis (I.H), we have that for some specific positive
integers ky and k,:

k = 2k, + 5k,

1. Case#l: k; = 2
* | have at least 2 2¢ coins, so and add one 5 € coin

* By adding 1 on both sides of the I.H we obtain:

+ (Sky +5) = 2 50, + 1)= 21 + 5k,

Ky



Inductive Step (contd.)

* From the Inductive Hypothesis (I.H), we have that for some specific positive
integers k; and k,:

k = 2k, + 5k,

1. Case#l: k; = 2
* | have at least 2 2¢€ coins, so | can take away two 2¢ coins and add one 5 € coin

* By adding 1 on both sides of the I.H we obtain:

k+1 =2k, + 5k, +1=2k; A5k, + (5 =72 +2) =

In N by closure



Inductive step

2. Case#t2:k, =1

* | have at least one 5¢ coin so | can take away one 5¢ coin and add
three 2¢ coins

* By adding 1 on both sides of the I.H we obtain:

k3 k4




Inductive step

2. Case#t2:k, =1

* | have at least one 5¢ coin so | can take away one 5¢ coin and add
three 2¢ coins

* By adding 1 on both sides of the I.Hwe obtain:

(ki +3)EN k,—1=>0
by closure because
k, > 1



Inductive step

3. Case#3: (k1< 1)A(k, =0)
* This case means that we have either 0 or 2¢ at our disposal.

e But this is not possible, since we want to prove the theorem only for
values = 4¢

e So we’re done. O



A note about the penny problem

* Note that we proved the theorem forn = 4

* Generally speaking, we can use induction to prove statements
, Where ny € N.

* Most of the time ny will be small (0, 1, 2, ...)



A note about the penny problem

* Note that we proved the theorem forn = 4

* Generally speaking, we can use induction to prove statements
, Where ny € N.

* Most of the time ny will be small (0, 1, 2, ...)

o If P(ngy) A is true, then the inductive
principle holds and we have the

plojalalclzI=]sElol=El=k




Another!

* Prove that every dollar amount equal to at least 112 cents can be paid
for exclusively by 5 and 6 cent coins.



Another!

* Prove that every dollar amount equal to at least 112 cents can be paid
for exclusively by 5 and 6 cent coins.

* Let’s do this one together.



Prove to me that every dollar amount = 20 cents can be
paid for through combinations of 5-cent coins
and 6-cent coins!



FOURTH VIDEO:
TREATING INEQUALITIES



Here’s one with an inequality!

* Prove that for all integers n at least 4, 2™ < n!

1. 1.B: We will prove P(4) & 2* < 4! Done.

2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!
3. L.S: We will prove P(k) = P(k+ 1), i.e

k< k) = 2 1< (kK + DD



Inductive Step...

* Prove that for all integers n at least 4, 2™ < n!

1. 1.B: We will prove P(4) & 2* < 4! Done.

2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!
3. 1.S: We will prove



Inductive Step...

* Prove that for all integers n at least 4, 2™ < n!
1. 1.B: We will prove P(4) & 2* < 4! Done.
2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!

3. L.S: We will prove
e From algebra, we have that 2¢*1 = 2k . 2 (1)



Inductive Step...

* Prove that for all integers n at least 4, 2™ < n!
1. 1.B: We will prove P(4) & 2* < 4! Done.
2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!

3. L.S: We will prove
e From algebra, we have that 2¢*1 = 2k . 2 (1)

e Fromthe I.H, we have that 2 < kl <=2k .0 <kl-2  (2)



Inductive Step...

* Prove that for all integers n at least 4, 2™ < n!
1. 1.B: We will prove P(4) & 2* < 4! Done.
2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!

3. L.S: We will prove
e From algebra, we have that 2¢*1 = 2k . 2 (1)

e Fromthe I.H, we have that 2¥ < k!l <=2k .0 < kl-2 (2
* Sincek > 4,wehavethat2 <k+1=kl - 2<kli(k+1) (3)



Inductive Step...

* Prove that for all integers n at least 4, 2™ < n!

1. 1.B: We will prove P(4) & 2* < 4! Done.

2. LLH:Forn =k > 4, we assume P(k),i.e 2% < k!
3. 1.S: We will prove

e From algebra, we have that 2¢*1 = 2k . 2 (1)
e Fromthe I.H, we have that 2 < kl <=2k .0 <kl-2  (2)
e Sincek = 4,wehavethat2 <k + 1 (k+1) (3)

3 (1)
c )Pk 2 < (k+ 1S



An inequality problem for you!
* Using mathematical induction, prove that, for all naturals n = 3,

2n+1<2n
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