
Questions that Arise from the
xn + yn Theorem



Some Notation

N is the natural numbers, {0, 1, 2, . . . , }.
Z is the integers, {. . . ,−2,−1, 0, 1, 2, . . . , }.
R is the real numbers.
C is the complex numbers.

If A is a set (likely N or Z or R or C) then
(∀n ∈ A) means For all n ∈ A.
(∃n ∈ A) means There exists n ∈ A.

∧ means AND.

Example that uses Notation!
(∀n ∈ N)(∃x , y ∈ R)
[(x + y ∈ Z) ∧ (xn + yn ∈ Z) ∧ (xn+1 + yn+1 /∈ Z)].
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Some Terminology

Theorem A Theorem is a statement in math that you think is
interesting and want to prove. It might be more than you care
about.

Lemma A Lemma is a statement in math that you need in order
to prove a theorem. A Lemma might not be that interesting in its
own right.

Corollary A consequence of a Theorem. It may be what you really
care about, though it was easier to prove the Theorem and then
get the Corollary.

For more terminology of this type see my blog post:
https://blog.computationalcomplexity.org/2023/08/

theorems-and-lemmas-and-proofs-oh-my.html

https://blog.computationalcomplexity.org/2023/08/theorems-and-lemmas-and-proofs-oh-my.html
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x + y , . . . , x4 + y4 Theorem

Thm (∀x , y ∈ R)[x + y , x2 + y2, x3 + y3, x4 + y4 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

This theorem raises many questions.

They are on the next slides.
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Explore the Hypothesis

Thm (∀x , y ∈ R)[x + y , x2 + y2, x3 + y3, x4 + y4 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

PROVE OR DISPROVE

Thm? (∀x , y ∈ R)[x + y , x2 + y2, x3 + y3 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

Thm? (∀x , y ∈ R)[x + y , x2 + y2 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

Thm? (∀x , y ∈ R)[x + y ∈ Z] implies (∀n ∈ N)[xn + yn ∈ Z].

I suspect all are false. However, try to find the set of all
counterexamples.
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Strengthen The Conclusion?

Thm (∀x , y ∈ R)[x + y , x2 + y2, x3 + y3, x4 + y4 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

PROVE or DISPROOF
(∀x , y ∈ R)[x + y , x2 + y2, x3 + y3, x4 + y4 ∈ Z] implies x , y ∈ Z.

If FALSE then PROVE OR DISPROOF
(∃k)(∀x , y ∈ R)[x + y , x2 + y2, . . . , xk + yk ∈ Z] implies x , y ∈ Z.

If TRUE then find OPTIMAL k
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Different Domains

Thm (∀x , y ∈ R)[x + y , x2 + y2, x3 + y3, x4 + y4 ∈ Z] implies
(∀n ∈ N)[xn + yn ∈ Z].

Let D1,D2,D3 ∈ {Z,Q,R,C}. Thats 43 = 64 combinations.

For each combination ask the questions:
Prove or Disprove and if True find k
(∃k)(∀x , y ∈ D1)[x + y , x2 + y2, . . . , xk + yk ∈ D2] implies
(∀n ∈ N)[xn + yn ∈ D3].

Prove or Disprove and if True find k
(∃k)(∀x , y ∈ D1)[x + y , x2 + y2, . . . , xk + yk ∈ D2] implies
(∀x , y ∈ D3].

Of the 64 many will be trivial or follow from the main theorem.
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Splitting up the Work

There are three projects here

Exploring the Hypothesis

Strengthening the Conclusion

Different Domains

There are 5 people. I want to have 2 on each project so Alan will
be on 2 of them.
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