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1 Introduction

A standard die gives each of its faces the same probability of being rolled. However, when
two standard dice are rolled and their values are added, the resulting sum is not uniform. For
example, when two six-sided dice are rolled, sums near the middle occur more often than sums
near the endpoints. This leads to a natural question: if we are allowed to load the dice by
assigning probabilities to their faces, can we make their sum uniform?

We study this problem primarily for pairs of dice with different numbers of faces. Given two
dice with d; and do faces, we ask whether there is a way to assign probabilities to their faces so
that every possible sum occurs with the same probability. In order to do so, some sides will have
to have probability 0. Although assigning probability 0 to a face is not physically realizable, the
Gasarch-Kruskal theorem implies that a fair loading would otherwise be impossible. We label
the faces of an n-sided die by 0,1,...,n — 1. Since two dice with d; and do faces can produce
di 4+ do — 1 different sums, a fair loading must make each of these sums occur with probability
1/(d1 +dy — 1).

A central starting point for this problem is the Gasarch-Kruskal theorem, which gives condi-
tions under which dice can be loaded to produce a uniform sum. We use polynomial representa-
tions of the dice loadings to study these conditions. In particular, the product of the probability
polynomials of the dice encodes the probabilities of all possible sums. This allows the problem
to be connected to the factorization of certain cyclotomic polynomials.

We then develop several algorithms for determining whether a given collection of dice can
be fairly loaded. The first algorithm searches directly through possible supports of the dice,
while another uses the cyclotomic factorization of the target polynomial. We compare these
approaches computationally and use them to generate data on which dice combinations can be
fairly loaded and what their possible loadings look like.

The computational results also reveal several patterns in the two-die case. One particularly
simple family is (n,n + 1), which can always be fairly loaded by making the smaller die uniform
and using only the two endpoint faces of the larger die. This extends to the more general family
(ny,n(z — 1) +1). We investigate how these cases relate to other fair pairs and whether all
fair two-die combinations can be generated from the basic cases through a small number of
construction operations.

Finally, we extend these ideas beyond pairs of dice. We give a construction that produces fair
loadings for arbitrarily many dice by placing the active faces of each new die at regular intervals
determined by the range already produced. We also show how an existing fair collection of dice
can be treated as a single uniform block when adding another die, and establish a Merge Theorem
that allows several dice in a fair collection to be combined into one. Together, these results
show that the problem of fair sums has a rich structure connecting computation, polynomial
factorization, and constructive methods for building new fair dice combinations.

2 Setup and the Gasarch—Kruskal Theorem

2.1 Notation

A die of order n, for an integer n > 2, has its faces labeled 0,1,...,n — 1. A loading of such a
die is a probability vector p = (po, ..., pn—1), with p; > 0 for every j and Z?;& pj = 1; we write
X for the corresponding random variable, so that X = j with probability p;. It is convenient



to record a loading as a probability polynomial
n—1
P(z) = ) p;ja/,
§=0

so that P(1) = 1. This bookkeeping device is useful for the following reason: if X and Y are
independent dice with probability polynomials P and ), then X +Y has probability polynomial
PQ, since the coefficient of z* in PQ is > _Dig; = Pr[X +Y = k|. Adding dice therefore
corresponds to multiplying polynomials.

A sack of m dice is a choice of orders ni,...,n, > 2 together with an independent loading
of each die; we call n = (nq,...,ny,) the profile of the sack. Writing X; for the outcome of die
iand S = X + .-+ X,, for the total, S takes its values in {0, 1,...,¢ — 1}, where

i+j

m

to=1+) (ni—1)

=1

is the number of totals of the profile. We also record the weight of the profile,
m
In| = an =t+m-—1,
i=1
and write Uy(z) := 1+ +--- + 2!~ for the probability polynomial of the uniform distribution

on {0,...,t—1}.
Definition 2.1 (Fair sack). A sack is fair if S is uniformly distributed on {0,1,...,t — 1};
equivalently, writing P; for the probability polynomial of die 7,
1
Py(x)Py(x) -+ Pp(z) = n Uy ().

The support of a loading is the set A = {j : p; > 0} of faces with positive probability. A die
is semifair (or nice) if it is uniform on its support, i.e. p; = 1/|A| for every j € A, and if A is
symmetric: j € A if and only if n —1 — j € A. Alternatively, semifair means that for an n-sided
die, there exists some p > 0 such that for each face i, either p; = p or p; = 0. For a semifair
loading with support A we write

G(z) = ij € {0,1}[z]

JjeEA

for its support polynomial, so that P(z) = G(x)/G(1) and G(1) = |A|.

2.2 The Gasarch—Kruskal Theorem

The following fact requires no hypothesis beyond fairness itself, and is proved directly from
Definition 2.1}

Lemma 2.2 (Endpoint Lemma). In a fair sack, pio > 0 and p;,,—1 > 0 for every die i.



Proof. The minimal total S = 0 occurs only when every die shows its lowest face, so by inde-
pendence

0 < PI‘[S = 0] = PI‘[Xl = O] .. 'PI‘[Xm = 0] = P1,0 """ Pm,0-
A product of nonnegative reals is positive only if every factor is positive (a single zero factor would
collapse the product), so p; o > 0 for every i. The identical argument applied to the maximal
total S =t — 1, which occurs only when every die shows its highest face, gives p; ,,—1 > 0 for
every 1. O

A considerably deeper fact — that fairness forces every positive-probability face to carry
equal probability, and not merely the two extreme faces isolated by Lemma — is due to
Gasarch and Kruskal. We take it here as a given, foundational input, exactly as it is used
throughout the rest of this paper.

Theorem 2.3 (Gasarch-Kruskal). Fvery die of a fair sack is semifair.

Theorem together with Lemma [2.2] reduces the search for fair sacks of a given profile to
a search over symmetric supports containing both endpoints, and pins down exactly the scalar
relating each support polynomial to Uy.

Proposition 2.4 (Exact multiplicity). Let n = (ni,...,ny,) be the profile of a fair sack, with
supports Aq, ..., Ay and support (probability) polynomials G1,...,Gy,. Then
Gi(x)Ga(x) - Gm(z) = Vy(x)
exactly, and not merely up to a scalar multiple.
Proof. Since P; = G;/G;(1) for every i by Theorem multiplying the identity of Definition [2.1]
through by [], G;i(1) gives
Gi(1)---Gp(1
G1(0) Gula) = S Cel g )
By Lemma 0 € A; for every i, so G;(0) = 1 for every ¢; and the only way to write the
exponent 0 as a sum of m nonnegative integers is as 0 + --- + 0, so the constant term of
Gi(z) - Gp(zr) is 1 x --- x 1 = 1. Comparing constant terms on both sides of the displayed
identity forces G1(1) --- Gy, (1) = ¢, and substituting back removes the scalar entirely. O

Proposition justifies working directly with the {0, 1}-coefficient polynomials G;, which is
exactly the object of study already used in Section [4]

Definition 2.5. Given a profile n, let F(n) denote the set of m-tuples (G1,...,G,,) of polyno-
mials with G; € {0,1}[z], degG; =n; — 1, G;(0) = 1, and

Gi(x) = Uy(x).
=1

2

Each such tuple determines a fair sack, assigning die ¢ the uniform distribution on supp G;.

Example 2.6. Take n = (2,3),s0t = 1 +1+2 =4 and Vy(z) = 1 + = + 22 + 23. Taking
Ay = {0,1} and Ay = {0,2} gives support polynomials G1(z) = 1 + z and Go(z) = 1 + 22, and
indeed

Gi(2)Ga(z) = (1+z)1+2%) = 1+z+22+2° = Uy(z).
Loading the first die uniformly on both faces and the second die uniformly on its two even faces
therefore gives a fair sack: the four equally likely outcomes (0,0), (0,2),(1,0),(1,2) give totals
0,2, 1, 3, one apiece.



3 Determinations

By Proposition deciding whether a profile n admits a fair sack is the same as deciding
whether the polynomial Wy(x) = 1+ +---+ 2!~ ! factors as Gy - - - G, with each G; € {0, 1}[]
of degree n; — 1. In this section we use the factorization of W, into cyclotomic polynomials to
show that such a factorization is a purely arithmetic object: a way of distributing the divisors
of t among the dice. We call the resulting description of F(n) the determination of the profile.

3.1 Cyclotomic Polynomials

For an integer d > 1, the d-th cyclotomic polynomial is

Dy(x) = H (az - 62”““/‘1),

1<k<d
ged(k,d)=1

the monic polynomial whose roots are exactly the primitive d-th roots of unity. Its degree is
©(d), where ¢ is Euler’s totient function. We use the following four classical facts.

Lemma 3.1 (Standard facts). (a) ' —1 =[], ®a(x) for every t > 1.
(b) Each ®4 has integer coefficients and is irreducible over Q.
(c) ©4(0) =1 for every d > 2.
(d) If p is prime, then ®,;(x) = Sl asP T for j > 1.

Proof. (a) Every t-th root of unity has a unique exact order d | ¢, and it is a primitive d-th
root of unity. Since ' — 1 has ¢ distinct roots, the product over d | ¢ of the polynomials ®,
is exactly 2t — 1. (b) is the classical irreducibility theorem for cyclotomic polynomials. (c) By
(a) applied to % — 1, dividing by  — 1 = ®; gives Hdd’ es1 Pe = ¥y, and evaluating at 0 gives
14, e>1 e(0) = 1. Induction on d, using ®.(0) =1 for 1 < e < d, gives ®4(0) = 1. (The base
case ® = 1 + x is immediate.) (d) The divisors of p/ that are not divisors of p/~! are just p’

P —1

W:1+x1’j_1+-~-+x(1’*1)1’j‘1. O

itself, so by (a) ®,;(z) =
Dividing (a) by ®1(z) = x — 1 gives the factorization of ¥; that drives everything below:

V() = ][ @a), Y. owld) =t-1. (1)

dlt, d>1 dlt, d>1

Write D(t) ={d : d | t, d > 1}, so that |D(t)| = 7(t) — 1. The factors in (1)) are pairwise distinct
irreducibles, so ¥; is squarefree and its factorization over QQ is unique up to scalars.

Example 3.2. For t = 12 we have D(12) = {2,3,4,6,12} and
Wip = P304 P6 P12,

with @y =142, 3 =1+a+22 &y =142 ¢ =1—z+2% and ®1» =1 — 22 + 22, of
degrees 1,2,2,2,4, which sum to 11 =¢ — 1.



3.2 Proof

The main result of this section says that a fair sack is nothing more than an ordered partition
of D(t) satisfying two local conditions.

Theorem 3.3 (Determination Theorem). Letn = (n1,...,ny) be a profile witht = 1+ . (n; —
1). The assignment

(Gla"'aGm) — (Bla"me)v BZ:{dGD(t)(I)d|Gl}7

is a bijection from F(n) onto the set of ordered partitions D(t) = By U --- U B, such that for
every i

Z o(d) = n;—1 and H o, € {0,1}[x]. (2)

deb; deB;

The inverse is B; — Gi = []4ep, Pa-

Proof. The map is well defined. Let (G1,...,Gn) € F(n). Each G; € {0, 1}[z] has degree nl—l
so it is monic, and [[; G; = ¥, by Definition Hence each G; divides ¥, in Q[z]. By (1)) and
Lemma, (b) U, is a product of pairwise distinct irreducibles, so unique factorization in Q[x]
shows that Gi=ci]l4e p, Pa for a unique subset B; C D(t) and a scalar ¢; € Q*. Both sides are
monic, so ¢; = 1. Comparmg I, Gi = ¥ with . and using that each ®4 occurs to the first
power on the right, shows that every d € D(t) lies in exactly one B;. So the B; partition D(t).
Taking degrees gives Y ;. @(d) =n; — 1, and G; € {0,1}[z] is the second condition of (2).

The map is injective, since G; = [] ;¢ B, Pa is recovered from B;.

The map is surjective. Given a partition satisfying (2)), put G; := HdeB ®,. Then [[, G; =
[aep@ ®a = ¥i by (1 (@); degGi = Y yep. @(d) = n; — 1 G; € {0,1}[z] by hypothesis; and
Gi(0) = [lgep, ®a(0) = 1 by Lemma ( ). Thus (Gl,...,Gm) € F(n), and it maps to
(B1,...,Bn). O

Remark 3.4. Theorem |3.J] - is the theoretical content behind Proposition [4.5| and Algorithm B.
The first condition of (2] is a subset-sum condition on the values ¢(d). The second is the only
place where the arithmetic of t alone does not decide the answer. It is a genuine constraint on
the coefficients, since a product of cyclotomic polynomials generally has negative coefficients.

Example 3.5. Take n = (3,10), so t = 12. The partitions of D(12) with block degree sums
2 and 9 are {4} | {2,3,6,12} and {3} | {2,4,6,12}, since ¢(4) = ¢(3) = 2 and the remaining
values 1 + 2 + 2 + 4 = 9. Both satisfy the 0/1 condition:

2

v
by =14 27, $:1+x+m4+x5+x8+1‘9,
4

Ui
Py=1+z+2% —2=1+2%+25+2°
P35
So |F(3,10)] = 2. The second solution is the mod case (3,3 -3 4 1); the first is the sumset
{0,1,4,5,8,9}. In contrast, for n = (3,4) with ¢ = 6 the partition {6} | {2,3} is rejected,
because ®g = 1 — x4+ 22 ¢ {0,1}[z]. Only {3} | {2,6} survives, giving (142 +22)(1+23) = Ws.

The theorem has several immediate consequences.

Corollary 3.6 (Divisor bound). If F(n) # 0 then m < 7(t) — 1. In particular, if t is prime
then F(n) = 0 for every profile with m > 2.



Proof. By Theorem [3.3] D(t) is partitioned into m blocks, each nonempty because deg G; =
n; —1 > 1. Hence m < |D(t)| = 7(t) — 1. If ¢ is prime then 7(¢) = 2, so m < 1. O

Corollary 3.7 (Parity). If F(n) # (), then at most one n; is even. Moreover, if t is odd then
every n; is odd.

Proof. For d > 2, ¢(d) is even (nonreal roots of unity come in conjugate pairs), while p(2) = 1.
Hence n; —1 =3 ,cp. »(d) is even unless 2 € B;, in which case it is odd. The divisor 2 belongs
to D(t) only for even ¢, and then lies in exactly one block. So at most one n; — 1 is odd, that is,
at most one n; is even, and none is even when t is odd. ]

This gives part (ii) of the filter in Lemma and Corollary strengthens the bound
m < logy t recorded there whenever 7(t) — 1 < log, t.

When ¢ is a prime power the 0/1 condition disappears, and the determination can be counted
exactly.

Theorem 3.8 (Prime-power case). Let t = p° with p prime and e > 1. FEvery partition
{1,...,e} =851 U---US,, into nonempty blocks defines a fair sack with

Gi=]]2y, mi=1+> o)

JES; JES;

and every fair sack with t = p°® arises this way from a unique partition. Consequently the number
of fair sacks with exactly m dice, up to reordering, is the Stirling number S(e,m), and the total
over all m is the Bell number B(e).

Proof. Here D(p®) = {p,p?,...,p°}, so blocks B; C D(t) correspond to subsets S; C {1,...,e}
via d = p/. By Theorem it suffices to show that the 0/1 condition holds automatically. By

Lemma [3.1}(d), ,
H (I)pj ({E) _ Z :L.Zjes Sij—1.
JES (Sj)jGSG{Ov“'ﬂp_l}S

The exponents are integers whose base-p digits are supported on the positions j — 1 for j € S.
By uniqueness of base-p representation, distinct digit tuples give distinct exponents, so every
coefficient is 0 or 1. The correspondence with partitions is then a bijection by Theorem [3.3] and
counting unordered partitions into m blocks gives S(e, m) by definition. O

Example 3.9. For ¢t = 8 = 23, the partition {1} | {2,3} gives G; = ® = 1 + x and Gy =
Pydg = (1+2H)(1+2?) =1+22+2*+2° son = (2,7). There are S(3,1)+5(3,2)+5(3,3) =
1+3+1=>5= B(3) fair sacks with ¢ = 8 in total.

4 Algorithms

We describe two algorithms which, given a size-profile n, return the complete list F(n) of fair
sacks with that profile, together with a third, elementary routine that generates every profile up
to a prescribed range and thereby turns the solvers into an exhaustive experiment.

The two solvers differ in exactly one respect: how much of the theory they are told. Algo-
rithm A knows only that the dice of a fair sack are semifair, and searches the resulting local
configuration space by backtracking. Algorithm B knows in addition that the product of the die



polynomials is Wy, hence that each die polynomial is a product of cyclotomic factors of ¥y, and
searches the (much smaller) space of distributions of those factors among the dice.

Throughout, a size-profile (or simply profile) is a finite sequence n = (nq, ..., n,,) of integers
n; > 2, the orders of the m dice. we write

m

m
t= 1+Z(ni—1), ]n]:Zni:t—i—m—l,
i=1

i=1

for the number of totals and the weight of the profile. We write Uy(z) = 14+ 2 4 -+ + 2!~ 1,
o, for the d-th cyclotomic polynomial, ¢ and 7 for the Euler and divisor functions, §2(¢) for
the number of prime factors of ¢ counted with multiplicity, and H (¢) for the number of ordered
factorizations of ¢ into factors exceeding 1 (so H(1) =1 and H(t) =3y, 4 H(d)).

Two normalizations reduce the problem to a purely combinatorial one. First, a die of order
1 contributes the constant 1 to the product of die polynomials and may be deleted from, or
adjoined to, any sack without affecting fairness; every implementation therefore strips such dice
on entry and reinstates them on exit, and we assume n; > 2 from now on. Second, by the
Gasarch—Kruskal theorem every die of a fair sack is semi-fair, so its probability vector is the
uniform vector on its support A; C {0,1,...,n;—1}; rescaling by |A;| replaces the die polynomial
by the monic 0/1 support polynomial G;(x) = > jea, x7. The problem to be solved is therefore
the following.

Definition 4.1. Given a profile n, let F(n) denote the set of m-tuples (G1,...,Gy,) of polyno-
mials with G; € {0,1}[z], deg G; = n; — 1, G;(0) = 1, and

[[Gix) = Wi(a). (3)
The two algorithms below all compute F(n); the corresponding sack assigns to die ¢ the uniform
distribution on supp Gj.
Both begin with the same constant-time filter, which we record for reference.

Lemma 4.2. Let n be a profile with F(n) # 0. Then

(i) the n; are pairwise distinct;

(ii) at most one n; is even;
(ii) np > 5 +1;

(iv) [L |supp Gi| =t for every (Gu,...,Gp) € F(n); in particular 2™ < t, i.e. m < logyt.

4.1 Algorithm A: backtracking over semifair supports
Overview

A semifair die of order n is determined by a palindromic 0/1 vector whose first and last entries
are 1; equivalently, by an arbitrary subset S of the [n/2] —1 symmetry classes {j,n—1—j} with
1 <j < [n/2]—1, the class {0,n— 1} being forced. There are thus exactly 2["/21=1 semifair dice
of order n (Algorithm , and Algorithm A simply searches the product of these sets for tuples



satisfying , assigning the dice in increasing order of n; and maintaining the partial product
The search is made viable by one prune, which exploits the fact that the target ¥, is the
smallest polynomial that a partial product can grow into.

Lemma 4.3 (Monotonicity). Let P € Z>o[z]| and let G € Z>o[z] with G(0) = 1. Then PG—P €
Z>o|z]; that is, the coefficients of the product dominate those of P coefficientwise. Consequently,
if some coefficient of a partial product P; exceeds 1, no completion of the branch satisfies (3)).

Proof. PG — P = P(G —1) and G — 1 € Z>o[z] because G(0) = 1 and G has nonnegative
coefficients. All coefficients of ¥; equal 1, so a coefficient that has already exceeded 1 can never
be reduced. O

Correctness of Algorithm [2| is then immediate: the recursion enumerates every tuple of
semifair supports of the prescribed orders except those killed by Lemma and tests at
each leaf; by the Gasarch-Kruskal theorem every element of F(n) is such a tuple, so none is
missed.

Proposition 4.4. Assume n passes the filter of Lemma[4.3, and let F; denote the number of
feasible prefizes of length i, that is, the number of tuples (G1,...,G;) of semifair supports of
orders mi,...,n; whose product has all coefficients at most 1 (so Fy =1). Then:

(a) the unpruned search tree has [}, 2I™/21=1 = 2l=1/2] jeqpes;

(b) the pruned search visits > | Fi_1 2I"i/21=1 nodes and performs O(tn;) coefficient opera-
tions at each node of depth i;

(¢) if F(n) # 0, the search visits at least 2["m/21=1 > 2t/4=1/2 podes,

Proof. (a) By Lemma ii) at most one n; — 1 is odd, so >, ([ni/2] — 1) = 3, [(ni —1)/2] =
|23°,(ni = 1)] = [(t —1)/2]. (b) Each node of depth i arises from a feasible prefix of length
i — 1 and a choice of G;; the work at the node is one convolution of a polynomial of degree
< t by a polynomial with at most n; terms, followed by a scan of the result. (c¢) If F(n) # 0,
fix a solution; each of its prefixes is feasible, so F; > 1 for all 4, and in particular the whole
option set of the last (largest) die is enumerated. By Lemma [4.2{iii), n,, > ¢/2 + 1, whence
[Mm/2] —1>1t/4—1/2. O

Algorithm 1 SEMIFAIRSUPPORTS(n): the 2In/21=1 gemifair support polynomials of order n.
Input: an integer n > 2
Output: all monic palindromic G € {0, 1}[z] of degree n — 1 with G(0) =1

L h+ [n/2] -1

2: for all S C{1,2,...,h} do

3: emit Gg(r) = 1+a2" 1+ Zjes(xj + 1)

4: end for




Algorithm 2 Algorithm A: backtracking over semifair supports.

Input: a profile n = (n] < ng < -+ < Nyy)
Output: F(n)

1: procedure FAIRSACKSA (n)

2 b1+ ,(ni—1); L+ 0

3 if n fails Lemma [4.2)(i)—(iii) then
4 return ()

5: end if

6 for i <+ 1 to m do

7 N; +— SEMIFAIRSUPPORTS(n;)
8 end for

9 EXTEND(L, 1, (1))

10: return £

11: end procedure

12: procedure EXTEND(Z, P, (Gy,...,Gi_1))

13: if i=m+ 1 then

14: if P =9, then

15: L+ LU{(G1,...,Gn)}

16: end if

17: return

18: end if

19: for all G € N; do

20: Q+ P -G

21: if every coefficient of ) is < 1 then > Lemma 4.3
22: EXTEND(i + 1, @, (G1,...,Gi—1,Q))
23: end if

24: end for

25: end procedure

4.2 Algorithm B: distributing the cyclotomic factors
Overview

The polynomial ¥; has simple roots, namely the ¢-th roots of unity other than 1, and factors

over Z as

W) = [ @@, 3 eld) =t-1. (4)

dlt, d>1 dlt, d>1

Write D(t) ={d:d|t, d > 1} and r = |D(t)| = 7(t) — 1. Because Z[z] is a unique factorization
domain and the factorization is squarefree, any solution of is obtained by distributing
the r irreducible factors among the m dice. This is the content of the next proposition, which
converts the problem into a constrained set-partition problem and eliminates the exponential-in-¢
enumeration of Algorithm A entirely.

Proposition 4.5. The assignment (G1,...,Gp) — (Bi1,...,Bn), where B; = {d € D(t) : &, |
G}, is a bijection from F(n) onto the set of ordered partitions D(t) = By U--- U By, such that,

10



for every 1,

Y @d)=n—1  and I1 @4 € {0,1}[z]. (5)

dGBi dEBz

Proof. Let (Gy,...,Gn) € F(n). The G; have positive integer leading coefficients whose product
is 1, so each G; is monic and divides ¥, in Z[z]; since ¥, is squarefree with the irreducible factors
listed in , unique factorization yields G; = [ ¢ B, Pa for a unique B; C D(t), and comparing
with shows that the B; partition D(¢). Conditions hold because degG; = n; — 1
and G; € {0,1}[z]. Conversely, given such a partition, put G; = [[;cp. ®a. Then [[;G; = ¥,
by (), degGi = n; — 1, and Gi(0) = [[4ep, ®a(0) = 1 since $4(0) = 1 for d > 1; with the
second condition of this is exactly the requirement of Definition The two assignments
are mutually inverse. O

Algorithm [3| performs the search suggested by Proposition 4.5} it assigns blocks to the dice
one at a time, in increasing order of the target degree n; — 1, so that the most constrained die
is placed first. Two prunes are used. The first is the 0/1 test of , applied to each candidate
block as soon as it is formed; by Lemma a block whose product has a coefficient exceeding 1
can never occur in a solution. The second is a subset-sum reachability test: before descending,
one checks that each still-unplaced target degree n; — 1 is realisable as a sum of y-values of
still-unassigned divisors. Both the set of reachable sums and its update are conveniently held
in a t-bit mask, computed by reach |= reach < ¢(d) over the unassigned d.

Proposition 4.6. Let r = 7(t) — 1. Algorithm [3 visits at most (m + 1)" nodes; at each node
it enumerates the admissible blocks in O(r - (1 + ()) time, where B is the number of blocks
found, and spends O(t|B]) integer operations on forming and testing each candidate block B.
Precomputation of {®4}aep) costs O(7(t)t?) operations. The total is

O((m +1)7® -t2) = exp(to(l)),

since 7(t) = tO0/1oglogt) pnd m < log,t.

Proof. A node is a partial assignment of the divisors, i.e. amap D(t) — {1,...,m}U{x}, whence
the bound (m+1)". The block enumeration is the standard subset-sum backtracking with suffix-
sum bounds, whose running time is proportional to the number of nodes of its own tree, each of
which either leads to a solution or is cut by the bound; forming [ [ ;. 5 ®4 takes | B| convolutions of
polynomials of degree < ¢. For the cyclotomic polynomials one uses ®,, = (2" —1) / I din, d<n Dy,
a division of polynomials of degree < t. The stated asymptotics follow from bounds on 7. [

The exponent has been reduced from ©(t) in Algorithm A to 7(t) = t°), which is a genuine
gain — but it is still an exponent, and it is large precisely for the arithmetically interesting ¢.
The following example is representative.

Remark 4.7 (Memoisation). The recursion ®,, = (2" — 1)/ [] 4, 4<n ®a must be memoised.
If C(n) denotes the number of calls made by the unmemoised recursion, then C(1) = 1 and
C(n) =143 4, d<n C(d), from which one gets C(n) = 2H(n) for n > 1 by induction. Thus
the naive precomputation costs ©(H (t)) polynomial divisions.

11



Algorithm 3 Algorithm B: distributing the cyclotomic factors of ;.
Input: a profile n, indexed so that n; — 1 <--- <n,, —1
Output: F(n)
procedure FAIRSACKSB(n)
t—14+>,(ni—1); L+

1:

2 0
3 if n fails Lemma [4.2|i)—(iii) then

4 return ()

5: end if

6 D+ {d:d|t, d>1}; compute p(d) and &4 for d € D
7 ASSIGN(1, D)

8: return £

9: end procedure

10: procedure ASSIGN(i, R) > R = divisors not yet assigned
11: if i =m + 1 then

12: L+ LU{(G1,...,Gn)}; return

13: end if

14: Y {Y4ep e(d) : B'CR} > bitmask of reachable subset sums
15: for j + ¢ tom do

16: if nj —1¢ X then

17: return

18: end if

19: end for

20: for all B C R with ), 5 (d) =n; —1 do

21: G+ HdeB Py

22: if G € {0,1}[z] then

23: G; < G; AssieN(i+1, R\ B)

24: end if

25: end for

26: end procedure

4.3 Comparison

The improvement collapses a whole dimension of the search, representing a significant speed-up.

search space size leaf test

A tuples of semifair supports 2L(t=1)/2] ILGi =%
B ordered partitions of {®g} g, q>1 < (m+ 171 none

4.4 Generating profiles, and empirical verification

A solver settles one profile; to test the theory one wants them all. The following observations
make an exhaustive sweep cheap to organise.

Lemma 4.8. FEvery fair sack of size m > 1 whose dice all have order > 2 has a profile that can
be written as a strictly increasing sequence 2 < ny < ng < -++ < Nyy; and a fair sack remains
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fair after adjoining or deleting dice of order 1. Consequently the strictly increasing sequences of
integers > 2 of weight at most N enumerate, without repetition, all profiles that must be tested
in order to determine every fair sack of weight at most N.

Proof. A sack is a set, so its profile is defined up to order; strictness is Lemma (i); the
statement about dice of order 1 was noted in O

Algorithm [4] performs the enumeration by the obvious depth-first recursion: it extends the
current tuple by any admissible next order, maintaining strict increase through the lower bound
s and the weight bound through the range of the loop. Each tuple is emitted exactly once, and
the recursion tree has one node per emitted tuple, so the generator runs in time proportional
to the total size of its output. That output has ), . g2(n) elements, where ga(n) counts the
partitions of n into distinct parts, none equal to 1; by the Hardy-Ramanujan asymptotic
q(n) ~ exp(m\/n/3)/(4- 31/4n3/%) for partitions into distinct parts, the number of profiles
of weight at most IV is exp(W\/N / 3) up to a factor polynomial in N. The sweep is therefore
subexponential in IV, and in the range accessible to Algorithm B its cost, rather than that of
the solver, is what limits the experiment.

Algorithm 4 Algorithm C: all size-profiles of weight at most N.
Input: an integer N > 2
Output: every strictly increasing tuple (n; < --- < n,,) with n; > 2, m > 1 and ZZ n; <N,
each exactly once
1: procedure PROFILES(N)
2: REc(2, (), 0)
3: end procedure

4: procedure REC(s, n, w) > s = least admissible next order, w = |n|
5: if n # () then

6: emit n

7: end if

8: for d < sto N —w do

9: REc(d+1, n ~d, w+d)

10: end for
11: end procedure

The verification protocol

Composing Algorithm {4| with the two solvers gives a consistency check, which we strengthen
to a genuine verification by adding an oracle that is independent of both. For each profile the
outputs of A and B are normalised to sets of supports and compared for equality; then every sack
produced is checked ab initio by convolving the exact rational probability vectors and testing
that the resulting distribution of the total is the uniform distribution on {0,1,...,t —1}. The
oracle shares no code with the solvers and uses none of the structure theory so agreement is
evidence for the implementations.

Table records the census produced by the sweep. Two features are worth noting. The
proportion of fair profiles decays slowly, and fair profiles are not rare. Multiplicities greater than
1 appear at once — the smallest examples being (3,10) and (4,9), both with ¢ = 12 — and
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multiplicity 3 first occurs at weight 37, for the profiles (9,28) and (10,27), both with ¢t = 36;
the smallest profile of size 3 with three fair sacks is (3, 10,25), again with ¢ = 36.

N profiles fair profiles fair sacks max. multiplicity

10 23 8 8 1
15 75 20 22 2
20 202 46 48 2
26 578 89 103 2
30 1096 109 123 2
40 4643 235 263 3
50 16757 412 496 3
60 53853 o71 663 3
70 158326 903 1021 3

5 Construction of Dice Combinations

5.1 The Mod Cases

We've already established an algorithm (see Sections 4.1-4.3) for testing dice combinations to
see if a dice combination is loadable, and if so, how many unique sacks. In this section, we take
a generative approach.

For any integer n > 2, a pair of dice where one die has n sides and the other has n + 1
sides can always be fairly loaded, where the smaller die (n sides) has probability p = 1/n on
every side, and the larger die (n + 1 sides) has probability ¢ = 0.5 on its two endpoints only,
and probability 0 elsewhere. This pattern holds for all n, where the first die has n sides and the
second die has n + 1 sides. This is referred to throughout the rest of the paper as the (n,n+ 1)
base case. This also extends to more than two dice (see Section 5.3).

Theorem 5.1 (Mod Theorem). Generalizing these cases even further, for any pair of dice dy
and do with di < dg, if do mod dy = 1, the dice can always be fairly loaded, with the smaller
die (dy) having probability p = 1/d; on every side, and the larger die (dz) having probability
q on every di-th side, starting at the first side and ending at the last, and probability 0 on all
other sides. This family will be referred to throughout the rest of the paper as the mod cases, an
extension of the (n,n + 1) base case.

It can alternatively be thought of as (n,zn+ 1), where z is any integer greater than or equal
to 1. Mod addition is the name given to the process of expanding from the (n,n + 1) base case
to the (n,zn + 1) mod case.

Proof: Let )
11
Ql(%’):1+$+x2+...+xd1—1:x71

x_

and b
_ -1
Qae) = 1+ o2 g0 = T

Multiplying, the (z% — 1) factors cancel:

xd— 1 xdlb—l_:ﬁdlb—l
r—1 24 —-1 -1

@u(z)Qs(z) = =l+z+a’++aht
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and since dib — 1 =dy + do — 2 = r — 1, this will always create fair sums.

5.2 Range Addition and Infinite Families

Theorem 5.2 (Range Addition Theorem). Based on observations from our computational data,
it is possible to generate every dice combination starting from the (n,n + 1) base case using a
combination of mod addition (or, alternatively, starting from one of the mod cases) and range
addition. We have wverified this statement empirically over all tested cases described in Sec-
tion 5.3. We do not yet have a complete mathematical proof that it holds for all possible dice
combinations.

Range addition is the process of adding to a loadable dice combination in order to keep it
loadable. Given two dice d; and ds, the range is r = dy + do — 1. You can add the range to
either die infinitely many times, and the result will still be a loadable dice combination.

With each iteration of range addition, the die you expand adds r sides to itself, and up to
the (r — 1)-th index, all added sides will have probability 0 of being rolled. Each additional side
after that (up to the number of sides originally on the die) will repeat the pattern originally on
the die.

For example, starting with the (n,n+1) base case of (3, 4), loadable as [p, p, p|] and [p, 0,0, p|,
you can make one of three modifications to the dice (there is a fourth modification as well —
see Section 5.3):

e Option 1: Use mod addition to add 3 sides to the second die any number of times,
with every third side having probability p (i.e. [p,0,0,p,0,0,p,...,0,0,p]), which keeps
do mod dy equal to 1.

e Option 2: Use range addition on the first die. Since the range is equal to 6, the first die
becomes 9-sided, with sides 3-5 having probability OP_-] and sides 6-8 repeating the initial
pattern, giving the dice combination [p,p,p,0,0,0,p,p,p] and [p, 0,0, p].

e Option 3: Use range addition on the second die, which gives the same result as performing
mod addition twice.

Note that you can perform any of these operations infinitely on either die, but mod addition
must be performed first. Alternatively, you can think of this as starting with any mod case
(n,zn + 1) and simply performing range addition (Options 2 or 3) infinitely on either die.

5.3 Generalizing to More Dice

In Section 5.2, we mentioned a fourth operation that can be performed on any set of loadable
dice. Given a set of k loadable dice with range 7ﬂ the probability of rolling any sum from 0 to
r — 1 is equal, so that set of dice can be treated as a single r-sided die, which is inherently fair.
Since we now have a single die with r sides, we can add another die with r + 1 sides, with only
sides 0 and r having probability p = 0.5, and all other sides having probability p = 0.

The application of this is that, given a set of k loadable dice with range 7, you can always
add another die with r 4+ 1 sides. The mod theorem also applies here: you can continue to add

'For the purposes of this paper, sides are indexed starting at 0.
Yfork>2,r=di+do+---+de —k+1.
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r sides to this new die infinitely, with every r-th side having probability p and all other sides
having probability 0.

Additionally, it turns out that range addition works exactly the same way for three or more
dice. Pick any die with dj sides from a set of loadable dice, and you can always add r sides to
that die. All added sides up to the (r — 1)-th side will have probability 0, and the remaining dj
sides will repeat the original pattern of the die.

We were able to confirm this empirically: we coded all four operations and tested them on
all dice pairs where d; < 1000 and do < 1000, and on all sets of dice where every die has fewer
than 100 sides. Comparing this to data generated independently by Claude, we confirmed that
the loadable dice combinations produced by our code matched exactly in both cases, confirming
that these operations account for all dice combinations within the tested ranges.

5.4 The Merge Theorem

The constructions of the preceding subsections all move in one direction: they start from a fair
sack and grow it, one die at a time. The theorem of this subsection moves in the other direction.
It shows that any subset of the dice in a fair sack — not necessarily an initial segment, and not
necessarily two dice at a time — may be collapsed into a single die without disturbing fairness.
Taking that subset to be the entire sack gives exactly the claim used without proof at the start
of Section 5.3: that a set of k loadable dice with range » may be treated as a single, inherently
fair, r-sided die.

Theorem 5.3 (Merge Theorem). Let (G1,...,Gy) € F(n) have supports A, ..., An, and let
T C{1,...,m} be nonempty. Define

Ap = {ZieTai 2 a; € A; for eachieT}.

Replacing the dice indexed by T with a single die loaded uniformly on Ap yields a fair sack of
the remaining m — |T| + 1 dice.

Proof. Write Gr(z) := J[;er Gi(z) and R(z) := [[;¢r Gi(z), so that Gr(z)R(z) = W¢(z) ex-
actly, by Proposition By the definition of polynomial multiplication, the coefficient of z* in
Gr(x) is exactly the number of ways to write k = ), a; with a; € A; for each 4; that is, Gr
is precisely the (possibly multiply-counted) support polynomial of Ap.

We first show this count is never more than 1, so that G € {0,1}[z] and Az is a genuine
support. Every G; has nonnegative coefficients, so Gr and R do as well; and R(0) = 1, since
0 € A; for every i ¢ T by Lemma[2.2] If some coefficient of G were at least 2 at an exponent k,
then the coefficient of z* in the product G (x) R(z) would already be at least 2- R(0) = 2, using
only the contribution from that one term of R and the nonnegativity of the rest; this contradicts
Gr(z)R(x) = Wy(z), all of whose coefficients equal 1. Hence every coefficient of G is 0 or 1,
and no total in A7 is reached in more than one way.

Next we show A7 is symmetric. Let np —1 := > . _p(n; — 1) denote the top face of the
proposed merged die. If a; € A; for each i € T, then (n; — 1) — a; € A; as well, since each A; is
symmetric by Theorem summing these reflections over T shows that

(nT—l)—Zai = Z((ni—l)—ai) S AT

€T 1T
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whenever ), . a; € Ar. So Ar is symmetric, the merged die is semifair, and
Gr(z) - R(x) = Y(x)
is exactly the fairness condition of Definition for the reduced, (m — |T'| + 1)-die sack. O

Example 5.4. Take the fair sack of profile (2, 3, 5) with supports A; = {0,1}, Ay = {0,2}, Az =
{0,4}, so that Gy(z) = 1+ x, Ga(z) = 1+ 22, G3(z) = 1 + 2%, and indeed G1(z)G2(z)G3(x) =
Ug(xz). Merging the first two dice, T' = {1, 2}, gives

Ap = {0,1} +{0,2} = {0,1,2,3},

every sum of one face from each of the two dice being attained exactly once. The reduced sack,
of profile (4,5), is fair: (1 +x + 22 + 2%)(1 + 2*) = Ug(x).

Taking 7' = {1,...,m} in Theorem gives the following immediate corollary, which sup-
plies the missing proof for the construction described at the start of Section 5.3.

Corollary 5.5. Every fair sack of profile n may be treated as a single semifair die of order t,
loaded uniformly on {0,1,...,t —1}.

Remark 5.6. Corollary [5.5 accounts rigorously for one of the two constructions of Section 5.3:
since the whole sack collapses to a single semifair die of order t = r, adjoining a new die to it
is no different, as far as Theorem and Definition [2.5] are concerned, from adjoining a new
die to any other single semifair die. It does not by itself establish that every fair sack arises by
repeated mod addition and range addition from a (n,n+ 1) base case, which Section 5.3 reports
as an empirical finding rather than a theorem.
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