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Abstract

Ramsey’s theorem states that for all finite colorings of an infinite set, there exists
an infinite homogeneous subset. What if we seek a homogeneous subset that is also
order-equivalent to the original set? Let S be a linearly ordered set and a € N.
The big Ramsey degree of a in S, denoted T'(a, S), is the least integer ¢ such that,
for any finite coloring of the a-subsets of S, there exists S’ C S such that (i) S’ is
order-equivalent to S, and (ii) if the coloring is restricted to the a-subsets of S’ then
at most ¢ colors are used.

Magulovi¢ & Sobot (2019) showed that T'(a,w + w) = 2% From this one can
obtain T'(a, () = 2%. We give a direct proof that T'(a, () = 2°.

Masulovié and Sobot (2019) also showed that for all countable ordinals a < w®,
and for all a € N, T'(a,«) is finite. We find exact value of T'(a,«) for all ordinals
less than w* and all a € N.

Mathematics Subject Classifications: 05D10, 03E10
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1 Introduction

Definition 1.

1. Let A= (A, =<4) and B = (B, <) be ordered sets. Then A, B are order-equivalent,
denoted A ~ B, if there exists an order-preserving bijection f: A — B; that is, for
all ar,as € A:

ap 24 ay <= f(a1) 2p f(az).

2. Let A = (A,=,4) and B = (B, <p) be ordered sets. Then the ordered set A + B
is defined to be (A U B, <), where ¢; < ¢y when either ¢;,¢co € A and ¢; <4 ¢3, or
if ¢1,c90 € B and ¢; =g ¢y, or if ¢; € A and ¢ € B. Note that + agrees with the
definition of ordinal addition, and is not commutative in general.

3. Let A = (A, =<4) be an ordered set. Then
(a) —A={—-a:a€ A}
(b) —a =<_4 —b < b =<4 a.
() —A={-4,=4)

Throughout this paper we conflate the notation for an ordered set and its underlying
set, for example, we could define A as an ordered set and still discuss (’3)

Notation 2. We use N to be the set of natural numbers including 0. Let a,b € N and S
be an ordered set.

1. [b] is {1,...,b}. Note that if b =0 then [b] = (). Also note that |[b]| = b; this is our
main motivation for this notation.

2. (i) is the set of all a-element subsets of S. Often, we index the elements of a subset
by their ordering in S.

3. Let COL: S — [b] and 8" C S. Then COL(S") = {COL(s): s € S’}. Hence
| COL(5")]| is the size of the codomain of the restriction of COL to 5.

Definition 3. Let S be an ordered set, 8" C S, a,b,t € N, and COL: (i) — [b] be a
coloring.

1. 8" is homogeneous if | COL ((5;))| = 1. §' is t-homogeneous if | COL ((“Z))| < t.
2. 5" is S-t-homogeneous if | COL ((i'))\ <tand 8"~ S.
Notation 4.

1. We characterize every ordinal « as the ordered set of all ordinals § < «, with 0 as
the least ordinal.
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2. ( is the ordered set containing the integers, w is the ordered set containing the
naturals, and 7 is the ordered set containing the rationals under their respective
natural orderings.

Definition 5. Let S be an ordered set. For any a € N, T'(a,S) is the least t € N such
that for all b € N, for all colorings COL: (f) — [b], there exists some S" C S such that
S’ is S-t-homogeneous. Note that ¢ is independent of b. If no such ¢ exists then we write
T(a,S) = o0. T(a,S) is called the big Ramsey degree of a in S. The term was first coined
by Kechris et al. [6]. In set theoretic notation, it can be written as S — (5); 4, s) and

S # (5)T(a5) (a5 -1 for all r € N.

Lemma 6. Definition 5 allows a = 0 in T'(a,S). For any b € N, we would then define
COL: (£) — [b]. Because (‘g) = {0} for all sets S and (5) = {0} for all sets S' C S, it
is clear that T'(0,S5) =1 for all sets S.

This paper focuses on T'(a, () and T'(a,«) for ordinals @ < w®. We do not consider
T'(a,n), however, the interested reader should know the following:

Theorem 7.

1. T(2,n) = 2. It was established by Sierpiriski [13] that T'(2,n) > 2. Equality was first
proven by Galvin, unpublished.

2. For all a € N, T(a,n) ezists. This was first proven by Laver [9].
3. T(a,n) is the coefficient of x***1 in the Taylor series for the tangent function, hence

B2a+1<_1)a+1<1 _ 4a+1)
(2(a+ 1))!

T(a7 77) =

where Bagy1 is the (2a+ 1)th Bernoulli number. This was proven by Devlin [2]. See
also Vuksanovic [14] using the work of Halpern & Lduchli [5].

Note 8. The notion of T'(a,S) has been defined on structures other than orderings. We
give an example. Let R = (N, E) be the Rado graph. T'(a,R) is the least number ¢
such that, for all b, for all colorings COL : (Ij) — [b], there exists H C N where both
| COL ((g))| < t and the graph induced by H is isomorphic to R. The numbers 7'(a, R)
are known but complicated; however, T(2, R) = 2. See Sauer [12]|, Laflamme et al. [7],
and Larson [8]. See Dobrinen [3] for more references and other examples.

2  Summary of Results

Ramsey’s Theorem on N gives an infinite 1-homogeneous subset of N. Theorem 9 restates
Ramsey’s Theorem in two equivalent ways.
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Theorem 9. Let a € N.
1. T(a,w) =1 for all a € N.

2. Let b>1 and COL: (*) — [b]. Then there exists some H ~ w such that

o (1)1

What happens for other ordered sets? In this paper we do the following.

1. In Section 3 we show that T'(a,() = 2. This can be obtained by the result due to
Masulovi¢ & Sobot [10] that T'(a,w 4+ w) = 2%. We give a more direct proof.

2. In Sections 4, 5, 6, 7, 8, and 9 we construct theorems to eventually determine 7'(a, &)
for all ordinals o < w®. Magulovié¢ & Sobot [10] previously showed for all ordinals
a > w¥ that T(a,a) = oco. They also showed for ordinals o < w* that T'(a, @) is
finite; however, they did not obtain the exact values of T'(a, «v).

3 Big Ramsey degrees of ¢

As a warmup we first prove T'(1,{) =2 and T'(2,() = 4.
Theorem 10. 7'(1,() = 2.

Proof. Let b € N.
We first prove T'(1,¢) < 2. Let COL: ¢ — [b]. Let COL': w — [b]* be defined by

COL/(x) = (COL(—z), COL(x)).

By Theorem 9, there exists an w-1-homogeneous set H'. Let the color of the homo-
geneous set be (¢p,¢y). Consider the set H = —H' + H’, which is order-equivalent to (.
Let h € H. If h € H' then by definition of COL’ and 1-homogeneity of H', COL(h) = ¢;.
Similarly, if h € —H’, COL(h) = ¢o. Thus H is (-2-homogeneous. Because COL was
arbitrary, 7'(1, () < 2.

We now prove T'(1,¢) > 2. Let COL: ¢ — [2] be the function that colors all nonneg-
ative integers “1” and all negative integers “2”. Since the nonnegative integers have no
infinitely descending chain and the negative integers have no infinitely ascending chain,
there is no ¢-1-homogeneous subset of ¢ under COL. Therefore T'(1,() > 2, and with the
previous result, T'(1,() = 2. O]

Theorem 11. T'(2,() = 4.

Proof. Let b € N.
We first prove 7'(2,¢) < 4. Let COL: (§) — [b]. Let COL": (%) — [b]* be defined by

2

COL/(x,y) = (COL(—z, —y), COL(—z,y), COL(x, —y), COL(z, y)).
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By Theorem 9 there exists an w-1-homogeneous set H'. Let the color of the homoge-
neous set be (1, ¢q, ¢3,¢4). Label H as {ho < hy <---}.
Then consider the set

H = {—h;:iiseven} + {h;: i is odd},

which is order-equivalent to ¢. Let h;, h; € H. Let h; = s;n; and h; = s;n;, where n;, n; >
0 and s;,s; € {—1,1}. Then by definition of COL', COL(h;, h;) is in {c1, 2,3, ¢4}, de-
pending on s; and s;. As an aside, this method only works when n; and n; are guaranteed
to be distinct, as we forced with our alternation of sign by the parity of index.

Since COL(H) C {c1,¢o,¢3,¢4}, H is (-4-homogeneous. We could have partitioned
H’ on something other than parity; any two disjoint infinite sets would work. Therefore
T(2,¢) <4

We now prove T'(2,() > 4. Let COL: (g) — [4] be the coloring

ifx,y >0

if x>0,y <0,and |z] < |y|
if x>0,y <0, and |x| > |y|
ifx<0,y<0

COL(z,y) =

= W NN

We leave it to the reader to show there is no (-3-homogeneous set. The key idea of the
proof is that if we suppose COL does not output some color under some set, then that
set cannot be order-equivalent to ¢. Therefore T'(2,() > 4, and with the previous result,
T(2,() =4. O

Theorem 12. For alla € N, T'(a,() = 2%.

Proof. Let b € N.
We first prove T'(a,() < 2% Let COL: (2) — [b] be an arbitrary coloring. Let
COL": (¥) — [b]®") be defined by

a

COL/(z1,...,14) = (COL(21, . ..,7,), COL(=z1, o, ..., Ta), ..., COL(—xq,...,—x,)).
Formally, the tuple contains COL’s output on each tuple in the set
{—l'l,iCl} X {-%2,1’2} X oo X {—Q}a,l'a}.

The output of COL' goes through all ways to negate one of the 2% subsets of the x;. Note
that COL’ only depends on the color of elements of (g) where the absolute values of the
elements are all different.
By Theorem 9 there exists some homogeneous set H'. Index H' as {hg < hy < ---}.
Then the set
H = {—h;:iiseven}+ {h;: i is odd}

is (-2*-homogeneous. Because the absolute values of every element in H are all different,
each a-subset was considered by COL'. Therefore T'(a, () < 2%
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We now prove T'(a,() > 2% We describe a coloring COL: (&) — [2]°.
Let {71 < -+ < 2.} € (). Define an ordering <* as x <* y if |z| < |y| or both
|z| = |y| and z < y (we order by absolute values, and in case of ties, order the negative

before the positive).
Let (i1,...,1,) be such that

|z, | <" |, | <o <5 g, |

Let s;; be 1if z;; > 0 and 0 if z;;, <O0.
We define COL({z1 < -+ < x,}) as (Siy, ..., Si,)-
We use 2 colors, as there are a elements each either 1 or 0. We leave it to the reader

to show that there is no (-(2* — 1)-homogeneous set.
[

4 Big Ramsey degrees of finite multiples of w

As noted in Theorem 9, T'(a,w) = 1. In this and later sections we examine limit ordinals
larger than w. For simplicity in stating results, we save the big Ramsey degrees of successor
ordinals such as w+1,w+2, ... as well as some limit ordinals such as w? +w for Section 9.

Our first result shows T'(a,w-k) = k* for most a, k. This is undefined when a = k = 0.
Lemma 6 shows that even though w -0 = 0 = () under ordinal arithmetic, 7(0,w - 0) = 1.

Theorem 13. For a,k € N with at least one of a, k nonzero, T(a,w - k) < k°.

COL: (“k) — [0]

a

Proof. Let a,b, k € N. Let

be an arbitrary coloring. Let COL": () — [b]*) be defined by

COL/(z1, o, ..., 2q) = (COL(z1, ..., 74), COL(w + x1, 22, . .., X4), - - -
COL(w-(k—1)4+z1,...,w-(k—=1)+z,))

where COL’ maps a elements of w to the COL of each of the k% ways to add one of w - 0
through w - (k — 1) with each of the a coordinates. Formally, its output tuple contains
COL’s assignment of each element of

{r,w+mz,...,w-(k=1)+x} x X {zxg,w+ze,...,w- (k—1)+ 2.}

Apply Theorem 9 with COL’ to find some G ~ w such that

o ()]

Let the one color in COL/((f)) be Y. Note that Y is a tuple of length £
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Index G as {go < g1 < ---} and let

H={w 0+g;:i=0 mod k}+
{w-14+g:i=1 modk}+-- -+
{w-(k=1)+h;:i=k—1 mod k}.

Now H =~ w - k. Note that the use of modulus was only to ensure each copy of w within
H has different numbers, so this is not the only way to define a useful H. For the case of
k = 3, we have

H={ 0, 3, 6, ...
w+1l, w44, w+T7,...,
w-2+2w-24+5w-2+8 ...}

cor ()<

for any selection of a elements from H, its color was considered in COL’ so it must be
one of the £ colors in Y. O

We now prove that T'(a, w-k) is bounded below by k% by providing an example coloring.
The coloring is inspired by Theorem 13, although we use it to prove a different bound.
This duality will become more clear in later sections.

Theorem 14. For a,k € N, T'(a,w - k) > k°.

Proof. We give a k®coloring of (wak) that has no (k* — 1)-homogeneous H ~ w - k. We
represent w - k as
w-kx~X 4+ -+ X

where each X; ~ w. If an element x € w - k is the kth element of X, we represent it as
the ordered pair (i, ).
Before defining the coloring in general we give an example with a = 5 and k£ = 200.
We define the color of the element
e ={(3,12),(50,2), (110, 12), (110, 7777), (117,3)}

as follows. Order the ordered pairs by their second coordinates. If two elements have the
same second coordinates, order by their first coordinate. We have

((50,2), (117, 3), (3,12),(110,12), (110, 7777)).
We define the color of the element as the sequence of first coordinates, so

COL(e) = (50,117, 3,110, 110).
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Since the set of possible colors is the set of all 5-tuples of numbers {0, ..., 199}, there
are 200° possible colors.

In general, for any e = {(i1,1),. .., (i4,Zq)}, order the ordered pairs by their second
coordinates, break ties with their first coordinates, and then COL(e) is the sequence of
first coordinates after ordering.

Notice that the number of colors is the number of a-tuples where each number is in
{1,...,k}. Hence there are k* colors. We leave it to the reader to show that there can
be no (w - k)-(k* — 1)-homogeneous H. The key idea of the proof, much like the previous
lower bounds in this paper, is supposing that one of the k% colors is not output by COL
on some set, and using that to show that the set cannot be order-equivalent to w - k. [

Theorem 15. For a,k € N, T(a,w - k) = k.

Proof. By Theorem 13, T'(a,w - k) < k% By Theorem 14, T'(a,w - k) > k*. The result
follows. 0

5 A big Ramsey degree of w?

This section provides a concrete example involving ordinals greater than w. We use w?,
which is the set of all ordinals w - a + b with a,b € w. w? is order-equivalent to the
ordered-set-concatenation of countably infinite copies of w, as visualized below:

0, L 2, 3,

w+ 0, w+1, w+ 2, w+ 3,
w-24+0, w-241, w-24+2, w-2+3,
w-34+0, w-3+1, w-34+2, w-3+3,

Note that although we typeset w? as a grid, it is totally linearly ordered with 0 < 1 <
.<w<w+1<...and so on.

The method used to prove T'(1,w?) = 1 is similar to those already seen in this paper.
We begin with T'(2,w?) before proving the general case.

Theorem 16. T(2,w?) = 4.

Proof. We first prove T (2,w?) < 4.
Let b € N. Let

COL: (“;) [

be an arbitrary coloring. We define four functions fi, fo, f3, f4+ from domain (‘Z) to
codomain (w;) and then use them to define a coloring from (%) to [b]*. In what follows,

we index variables as x1 < z9 < 13 < 24.
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fi: (Z) — (‘“2) is defined by

2

fi(zy, x2, 23, 24) = {w - 1 + T2, w - T3 + 24}

fa: (‘Z) — (“22) is defined by

fo(1, we, 23, 24) = {w - T1 + T3, w - Ty + X4}.

fs: (%) = (“’;) is defined by

f3(x1, T2, w3, 24) = {w - 1 + T4, w - T2 + x3}.

fa: (‘Z) — (W;) is defined by

fa(x1, 22, 23, 24) = {w - 1 + T2, w - 1 + 23}

COL': (%) — [b]* is defined by

4

COL'(X) = (COL(f1(X)), COL(f2(X)), COL(f3(X)), COL(f4(X))).

Apply Theorem 9 on COL' to find some G = w where | COL' ((f)) | = 1. Enumerate
G as G = {xp,21,...} with g <27 < ---. Let

H= {w- -z +x,w- 21+ x6w-21 + T10,...}
+ {w-r3+ 14,0 23+ T12,w - T3+ To, ...}

+ {w- 5+ 25,w- 5+ Tog,w - T5 + Ty, ...}

Formally,
H e Xl —|— X2 _|_ “ e

where , .
Xi=A{w- @y +a;:j =2+ k2" k € N},

Note that each of the infinite sets’ coefficients are disjoint.

Then H =~ w?, as it is the concatenation of countably infinite sets order-equivalent to
w. Note that for every w - z; + x; € H we have z; < z;.

For any edge {w-y1 + 2, w-ys +ya} € () with w -y +y2 < w-y3 +ya, either y; # ys
or y1 = ys.

o If y; # y3, then y; < y3 by the ordering of the two elements and y, # y4 by the
construction of H. We also have y; < yo, y1 < 34, and y3 < y4 by the construction of
H. Then either 11 < Yo < ys < ys, Y1 <Yz < Yo < Yy, OF Y1 < y3 < Ys4 < Yo. In each
of the three cases, fi(y1,v2,y3,41) €Y, fa(y1,Y3,Y2,94) €Y, and f3(y1, Y3, Y, Y2) €
Y respectively so COL({w - y1 + yo,w - ys + ya}) € Y.
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e If y; = y3, then y, < y, by the ordering of the elements and so y; = y3 < y2 < ys4
by the construction of H. Because fi(y1,¥y2,v4,1) € Y (note that f;’s output does
not depend on its 4th argument), COL({w - y1 + y2,w - y3 + y4}) € Y.

In all cases, COL({w - y1 + yo,w - y3 + y4}) €Y so

o (2))

with |Y| = 4. Because H = w? and COL was arbitrary, T (2,w?) < 4.
We now prove T (2,w?) > 4. Let COL: (“’;) — [4] with

T < To < Tz < Ty

T < T3 < Ty <Xy
COL(W'I1+J]2,W'I3+JZ4):
T < T3 < Ty < T

N R

otherwise

where w - 21 + 22 < w - 3+ x4. Let H C w? be any set such that H ~ w?. We show that
] COL((IZJ)))] = 4. Because H ~ w? we have H = H; + Hy + - -- where each H; ~ w. Let
y; and z;; be such that every element of H; is of the form w - y; + 2;;. Note that

<y <---

and for all 4,

Zi1 < Zig < -

We now show each color is output by COL on H.
e Color 1: Starting with any y;, find some z;; where z;; > y;. This is guaranteed, as
y; is finite and the z;; are infinitely increasing. Then find some y;, where vy, > z;;;

again guaranteed because z;; is finite and the y; are infinitely increasing. Finally,
find a zgy > y, guaranteed by similar means. Then

COL(w - yi + zij,w - Y + 21e) = 1.

e Colors 2 and 3 are guaranteed to exist by a similar argument similar to color 1’s
argument.

e Color 4. The case of 1 = x3 < x5 < x4 falls into the category of otherwise. With
this in mind, we can start with some y;, and then find a z; > y;. Then, we only
need to find a z; > z;;; this is guaranteed because z;; is finite. Then

COL(w - y; + zij,w - yi + zi) = 4.
While it was simple to find edges that output each of these four colors, the proof that

T(2,w?) < 4 shows that a coloring with more than four colors can never guarantee that

more than four colors are output on an order-equivalent subset.
O
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6 Coloring Rules

We introduce a concept called coloring rules (hereafter CRs) to prove general results about
T(a,w?). The concept behind CRs is built on the ideas of Blass et al. [1]. We motivate
the concept by examining at the proof of Theorem 16.

The proof of Theorem 16 used four functions fi, fo, f3, and f4. These functions were
chosen to cover H in a way where the color of every edge in H was output by one of

f1, fa, f3, or fa. 2VVe note a function that was not used:
f: (j) — (“’2) defined by

f(z1, 20, 23,24) = COL{w - 1 + 23, w - 2 + x3}).

We didn’t use f in the lower bound proof because f didn’t cover any edges in H: we
constructed H in a way where distinct copies of w had distinct finite coefficients. Since
1 # xg9, the elements w - 1 + x3 and w - x5 + x3 couldn’t both be from H no matter the
values of x1, x5, and z3.

We could have designed H differently to require more than 4 functions to cover it, but
that would have weakened the upper bound result of Theorem 16. We define a notion of
colorings that only f1, fo, f5, and f; qualify. We also show how to count these colorings,
and how these colorings are linked to big Ramsey degrees.

Definition 17. We now define CRs (coloring rules) rigorously. We impose a structure
on edges and list criteria that CRs must satisfy. For integers a,d,k > 0, an edge e =
{p1,...,pa} in (“’Zk) consists of a points which are elements of w? - k. Each element p, is
equal to

w? - Yqg wi=t. Tgd—1+ wi=2. Tgd—2t+ -+ w' - Tg1 + Xq,0,

where z,,, > 0and 0 <y, < k.
Thus, any edge e is defined by the a values of the y,’s and the a-d values of the z,,,’s.

A CR (coloring rule) on (”Zk) is a pair (), <x) of constraints on these values y, and
x4 satisfying certain properties we enumerate below. ) is an assignment of the values
for the y,; formally, it is a map Y : [a] — {0,...,k — 1} from indices of the y, to the
possible values for the y,. Having )(q) = v means we constrain y, = v. <y is a total
preorder (each pair of elements are compared, and <y is reflexive and transitive) on the
indices of the z,,. Having (¢1,n1) <x (g2, n2) means we constrain z,, », < Zg,n,-

For some ), we often denote it by an ordered list of clauses:

U1 :y(1)792:y(2>7"'7ya:y(a)'

For some preorder <y, we ocften denote it by some permutation of the characters
Z1,0,---,Tqq—1 interspersed by either < or =. We write x4, ,, < g, n, to mean both
(q1,m1) =x (q2,n2) and (g2, n2) Ax (q1,71) and we write x4, n, = Z4.n, t0 mean both
(q1,m1) =x (g2, n2) and (g, n2) <x (q1,n1). Note that z, = x, < x. and z, = z, < x. are
two representations of the same preorder, so this notation is not unique. One example of
such a representation is

T11 = T21 < Z1p < Tao-
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To be a CR the following must hold:

1. Ifd > 1, z0 < zjo for all i < j. Otherwise when d =0, y; < y; for all i < j. (The
element indices are ordered by their lowest-exponent variable.)

2.y #y; = T # T,y for all n. (Elements that have different y values have all
different x values.)

3. Tga < g for all @ > b. (The high-exponent variables of each element are strictly
less than the low-exponent variables.)

4. ;o = xj = a =>b. (Only variables with the same exponent can be equal.)

5. Zin # Tjn = Tipn—1 7# Tjp—1 foralln > 0. (Elements that differ in a high-exponent
variable differ in all lower-exponent variables.)

An example of a CR for (”22) is

1 =0, 12 =0, T11 = 221 < T10 < Tgo.

Note that because k£ = 1 in the example, we must have y, = 0 for every q.
Two CRs (), <x) and (', </y) are equivalent if and only if Y = )’ and <y==/,.

Definition 18. The size of a CR is how many equivalence classes its x4, form under <x:
for example, x11 = z21 < 19 < 22 would have size p = 3 regardless of of y,. Clearly a

CR’s size p can be no larger than a - d, how many x variables (“;d) has.
Definition 19.

1. P, (a,w®- k) is the number of CRs with size p there are for (“’d'k).

a

2. P (a,wd . k:) is the total number of CRs there are for (wik) of any size. It can be

calculated as
a-d

Z P,(a,w" - k).

p=0

We will show T'(a,w? - k) = P(a,w? - k).
Definition 20. An edge
{wd “Yqg T+ wit. Tgd—1 T wi 2. Tgd—2+ -+ w' - g1+ 2400 1 < g < al

satisfies some CR if V(q) = y, for every 1 < ¢ < a and if (g1,n1) 2x (g2, n2) <=
Tgimy K Tgomy- Note that some edges might not satisfy any CRs.
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7 Big Ramsey degrees of w?

This section is devoted to the case where £k = 1 in (wzk) When k =1, each y, in a CR is
forced to be 0. Then all y, values are the same, so criterion 2 of Definition 17 is always
satisfied. In this section, our proofs focus only on how <x permutes the z,, variables. In
this section, when values for y, are not specified, they are assumed to be all 0 by default.

This section’s aim is to show equality between big Ramsey degrees and numbers of
CRs. We start with a recurrence that counts CRs.

Lemma 21. For integers a,d > 0,

0 d=0Na=>?2
1 a=0Ap=0
0 a=0Ap=>1
1 d=0ANa=1Ap=0
By (a,w?) =<0 d=0Aa=1Ap>1
1 d=1Na>1ANa=p
0 d=1Na=1Na#p
a p—1
> (pzl)Pi (j,wdfl) P, (a—j,wd) d>z2Na>1
Lj=1i=0

Proof. First suppose a > 2 and d = 0. As argued at the beginning of this section, y, = 0
for all g. But by criterion 1 of Definition 17, since d = 0 we need y; < ¥, so no CRs are
possible regardless of size p. This proves the first case of the result.

Suppose a = 0. Since there are no y, variables, and since a - d = 0, there are no x
variables to permute. Therefore the criteria are vacuously satisfied. There is only one
CR and it has size p = 0. This proves the second and third cases of the result.

When both d = 0 and a < 1, criterion 1 of Definition 17 is vacuously satisfied with
either no y, or y; = 0. Again, because a - d = 0, there are no x,, variables to permute.
Thus there is only one CR with size p = 0, which proves the fourth and fifth cases of the
result.

Now suppose a > 1 and d = 1. To ensure criterion 1 of Definition 17, each of the a
variables x40 can only form one CR x19 < 229 < ... < x40 With size a so P, (a, wd) =1
and P, (a, wd) = 0 for p # a. This proves the sixth and seventh cases of the result.

Finally, consider a > 1,d > 2. We prove this final case by showing that the process
described below creates all possible CRs of an expression.

For arbitrary integers a > 1, d > 2, and p > 0, let 1 < j<aand 0 <7< p
integers. As we proceed through the process, we work with an example of a = 4,
p=13,7=2 and 1 =5.

We create

— 1 be
d =75,

]

(p B 1) P, (j, Wd*l) P, (a -7, Wd)
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CRs of size p by combining P; (j,wdfl) CRs with size ¢ and P,_;_; (a — 7, wd) CRs with
size p — 1 — ¢, with (pzl) CRs derived from each pair.
Let 7 represent one of the P; (j,w?!) CRs of (“djfl) with size i, and 7, represent one

of the P,_1_; (a — 7, wd) CRs of (;idj) with size p — 1 — 7. In our example, let

T1:T13 =223 < X192 =T22 < T11 =T21 < T10<T20

To! X144 = T4 < X13=To3z < T12=2T22 <T21 <T11 <ZT1p < Top.

Then we can combine each 7 and 75 to form (p :1) unique new CRs of size p: Reindex
each variable z,, as 7 to £44,,, and permute the equivalence classes of the CRs together,
preserving each CR’s original ordering of its own equivalence classes: there are (p ;1) ways
to do this. In our example, after reindexing 7 we have

T1: 213 =223 < T12==T22 < T11=T21 < T10 < T2p

To! T34 =Ty <T33=7T43 < T32=Tg2 < Ty1 <T31 < T30 < Tqp
and one of the (5) permutations is

T34 =T4q <T13=2T23 < T12=To2 < T33=2Tq3 < T32 =742

< Ty =T21 < Ty < T < T3 < T30 < Top < Typ-

This new CR likely breaks criterion 1 of Definition 17; for each 1 < ¢ < a, reindex
each x4, according to where z,0 is in the ordering of all z;5. In our example, we have
T10 < T30 < Too < T4p; after swapping indices 2 and 3 to enforce criterion 1 we have

Tog =Tyq <T13 =T33 < T12=2T32 < To3=2=Ty3 < To2=Typ2

< T =31 < Xq1 <T10 < To1 < Too < T30 < Tyqp-

There are now d-(a—j)+(d—1)-j = a-d—j variables in the CR. There are j variables
of the form x4, 41 for 1 <7 < j that are not in the CR yet; insert one equivalence class
Tgd1 = Tgpd—1 = '+ = Tq;4—1 at the front of the new CR, bringing its size to p. We
insert x; 4 = 734 in our example to get

T14 =T34 <Tg=Tyq <T13=2T33<T12=2T32 < To3==Ty3 < T2 =Ty2

< T =231 <Tg1 <T1o < To1 < Too < T30 < Tyqp-

Each CR is unique by the 7 and 7, used to create it because the process is invertible:
we can remove the leading equivalence class and separate the remaining variables into
71 and 7, by whether their indices were in the leading equivalence class and reindexing.
Here, 7 corresponds to indices 1 and 3 (not including the leading equivalence class) and
is bolded, and 75 corresponds to indices 2 and 4 and is underlined.

T14 =T34 < Tog =Tg4<X13=X33<X12=X32 < T23=2=Tg3<To2=Typ2

< X311 =X3,1 <Tq1 <X10 <221 <T2p < Xgo < Tqp-
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We now show that each CR created by this process has the properties described by
Definition 17. Because the high-exponent equivalence class x4, 4-1 = Tg4-1 = -+ =
Tq;,a-1 was added at the start of the CR, the high-exponent coefficients of each term
are smaller than the low-exponent coefficients. Criterion 1 is satisfied by reindexing the
variables. The remaining criteria are satisfied because 7 and 7 satisfied them and their
internal orders were preserved in permuting the equivalence classes. Therefore this process
does not overcount CRs.

We next show that every CR of (“;d) is counted by this process. Each can be mapped
to some 7; and 7, that create it by a similar argument to proving that the process creates
unique CRs. Every CR of (“;d) must have a leading equivalence class of x4, 4—1 = Z¢,.4-1 =

- = T4;,4-1 to satisfy Definition 17 (the equivalence class might only contain one vari-
able); taking only the variables x,,, with indices appearing in that equivalence class (but

not those variables in the equivalence class itself) forms 71, a CR for (“’dj_l). The variables
with ¢ indices not in the equivalence class form 75, a CR for (;‘fj). The original CR of

(“;d) is counted by interleaving 7; with 7 and inserting the leading equivalence class of
Tgd—1 = Tgyd—1 =+ = Tg;a—1. Lherefore the final case of the result holds. O

For more information, see the OEIS [11], where P(a,w?) is sequence A000311 and
P(2,w?) is A079309. Other sequences such as P(a,w?) are not contained in the OEIS at
the time this paper was produced, although we can compute them. Values for small a,d
are tabulated in the appendix; see Table 1.

7.1 T(a,w?) < P(a,w?)
We use the following lemma to show that CRs bound big Ramsey degrees from above.

Lemma 22. For integers a,d > 0 and G ~ w, there exists some H C w® with H ~ w*

where for all e € (ZI), e satisfies a CR of (“;d) and each coefficient in e is contained in G.

Proof. Because G ~ w, we can index it xg,x1, 2o, ... with o < 1 < 22 < ---. We

proceed by induction on d. When d = 0, w® ~ 1 and so H = {xg} suffices. When d = 1,

w! ~ w so H = G suffices.

For d > 2, partition G \ {x¢} into infinite sets order-equivalent to w:

XO = {ZE17173, Tsy - - }
X = {«7527376; L10 - - }
Xy = {35475512,55207 .- }

X3 = {$87$247$407 .- }

Formally,
Xi = {.Z‘jl j = 21 + k2i+1,k S N}
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Apply the inductive hypothesis on X; for all i > 1, yielding S; ~ w?! for all 7 > 1. Then
foralli > 1, foralle € (‘Z’), e satisfies a CR of (wd:l) and each coefficient of e is contained
in X;. For all ¢, let S; = {0, ¥i1,...}. Then let

H = {wd_lm + Y10, wd_lxl + Y11, wd_lxl + Y12, - }
+ {wizy + Y2,0, wlas + Yo,1, w s + Y22, .-}
+{w w5 + Y30, W ws + Yz, W ws +ys0,. .}
+

Then H is the concatenation of w ordered sets, each order-equivalent to w?!. Hence

H ~ w?. For any edge e in (*2 ), index its variables to satisfy criterion 1 of Definition 17
(this is possible because all low-exponent coefficients are distinct in H). Criterion 3 is
satisfied inductively for variables with exponents lower than d — 1. Because min X; = x:
for all ¢ and 2i — 1 < 2¢ for all integers ¢ > 1, 29,1 < « for all x € X;. So criterion 3 is
satisfied by e. Because Xj is disjoint from all X; with ¢ > 1, criterion 4 is satisfied for
variables with exponent d—1 and by induction, it is satisfied for lower exponents. Because
X, is disjoint with X for all ¢ # j, elements that differ in variables with exponent d — 1
differ in all lower-exponent variables. The induction with the previous statement satisfies
criterion 5. Therefore e satisfies a CR of (‘fj) The coefficients in e are contained in G by
the construction of H from G. O

Theorem 23. For integers a,d >0, T (a, wd) <P (a,wd).
Proof. Let E = (“;d) and
COL: E — [b]

be an arbitrary coloring of E for some b € N.
Enumerate the CRs of E as 71 to Tp(qay. The maximum size of any CR of F is a - d.

For each 7;, let
w
i — F

where if 7; has size p, f; maps X to the unique e € E where e satisfies 7; and the p
eqyivalence classes of e are made up of the p least elements of X. For example, one CR of
() is

T11 = T21 < T10 < T20-
The corresponding f; would be f;: (‘Z) — (“’22) with

filz1, w0, 23, 24) = COL({w - 21 + zo,w - 21 + 23})

where r1 < x9 < x3 < x4. Note that f; does nzot depend on x, — this is because the
example CR has size 3, but the largest CR for (“’2) has size 4.
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Then, define COL": (%)) — [6]7(@~") with

COL(X) = (fi(X), f2(X), ..., fr(awn (X))

and apply Theorem 9 to find some G ~ w where

o ()]

Let the one color in COL’((fd)) be Y. Note that Y is a tuple of P(a,w?) colors.
Apply Lemma 22 to find some H ~ w? with the properties listed in Lemma 22. Now

we claim
o (1)) e

By Lemma 22, each element e € (IZ) satisfies a CR of E. Then for any arbitrary
edge e, let e satisfy 7; with size p < a - d. Then take the p unique values in e, and if
necessary, insert any new larger nonnegative integers from G to form a set of a - d values;
denote this X € (fd). COL/(X) =Y so by the definition of COL/, COL(e) € Y. Because
Y| = P(a,w?), T(a,w?) < P(a,w?). O

7.2 T(a,w?) > P(a,w?)
Theorem 24. For integers a,d >0, T (a, wd) > P (a, wd).

Proof. If P(a,w?) = 0, this is satisfied vacuously because T(a,w?) > 0. Now suppose
Pla,w?) > 1. Let E = (“;d) Note that all CRs of E are disjoint from each other. That
is, for any edge e € F, if e satisfies 7/, then it does not satisfy any nonequivalent CR of
E. This is because if e were to satisfy two CRs 7 and 7, then 7 and 75 must share the
same equivalence classes and order, so the CRs must be equivalent. Therefore, we can
index them 71 ... Tp(qe) and construct a coloring COL: E — [P(a, w?)] with

1 e satisfies 7;

COL(e) = .
1 otherwise

Similar to the proof of Theorem 16, our coloring has two ways to output color 1, both

through satisfaction of 7 and through the catch-all case. The part that forces color 1 to

be present in all order-equivalent subsets is the satisfaction of 7.

We now prove there is no w?(P(a,w?) — 1)-homogeneous set. For all H ~ w? and for
every CR 7 of E, we find some e € (Ij) that satisfies 7. For arbitrary H ~ w? and 7, we
find z,, where

{w™ g+ Fwlag + 210,00 zaa o+ w0 a1 + Zao}

satisfies 7.
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We do this by assigning values to each z,, according to where the equivalence class
that contains w4, is found in 7, moving left to right in 7’s permutation. By criterion 3
of Definition 17, each z,, is assigned before z,,_1. As we do this, we ensure that if the
leftmost unassigned value in 7 is z,,, then

d-1 1 -1 1 1
{W ™ 2par+ "M W0 g+ twla o | 6 EwNH & W

By criterion 3 of Definition 17, the leftmost variable in 7 must be x,4_;. Before any
values are assigned, it is clear that

{w g1+ Fwha oo | ¢ € wh =W,

and because H C w?, w?NH = H ~ w.

By criterion 4 of Definition 17, all variables in an equivalence class must have the same
exponent d. Let the leftmost equivalence class in 7 be 24, , = Tgon = -+ = Tg,.n. By
criterion 3, each x4, , for 1 < ¢ < m and ¢ > n appeared to the left of this equivalence class
and has already been assigned a value, and by criterion 5 the values for each exponent
are equal: for all £ >nand 1 <i<m, 24,0 = 24, -

By our previous steps,

d—1 1 1 1 1
{w" 2 am1t AW 2 W e W e Wi Fo | 6 € wINH & W

Then there exists some value 2’ where

d—1 1 / —1 1
{W ™ 2a Wz W0 W e Wl oo | 6 € wNH & Wh

where 2’ is greater than all previously assigned (and therefore finite) z,, values. Then for
1 <i < m, assign 2, , to be 2.

We can repeat this process to find z,, for each CR of E for arbitrary H ~ w®. Therefore
for all H ~ w, | COL((%))| > P(a,w?) so T(a,w?) > P (a,w?). O
7.3 T(a,w?) = P(a,w?)
Theorem 25. For all a,d € N, T(a,w?) = P(a,w?).

Proof. By Theorem 23, T'(a,w?) < P(a,w?). By Theorem 24, T'(a,w?) > P(a,w?). The
result follows. m

8 Big Ramsey degrees of w?- k

We now use the theory we developed for the case £ = 1 to prove results for arbitrary k.
We first extend the recurrence from Lemma 21.
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Lemma 26. For integers a,d,k > 0,

Pp(a,wd~k):
(0 d=0Aa>k
1 a=0Ap=
0 a=0Ap=>1
() d=0A1<a<kAp=0
0 d=0N1<a<kAp>1
k* d=1Na>21Na=p
0 d=1Na=21Na#p
£S5 ()P () Pty (a— oK) d>2 A0 > 1
L j=1i=0

Proof. First suppose a > k and d = 0. Since 0 < y, < k for all y,, there are at most k
unique values for the y,. But by criterion 1 of Definition 17, since d = 0 we need a unique
values of y,, so no CRs are possible regardless of size p. This proves the first case of the
result.

Suppose a = 0. Then there can be no y,, and since a - d = 0, there can be no z,.
Thus all criteria are vacuously satisfied. Because there are no y, or x,,, there is only one
CR, and it has size p = 0. This proves the second and third cases of the result.

When both d = 0 and a < k, criterion 1 of Definition 17 can be satisfied with the
assignments to the a variables y, being any permutation of a unique values out of k
possible integer values. This leads to (S) feasible combinations. Again, because a - d = 0,
there are no variables z,, to permute so there are (];) empty CRs with size p = 0, which
proves the fourth and fifth cases of the result.

Now suppose a > 1 and d = 1. To ensure criteria 1 of Definition 17, each of the
a variables x, can only form one permutation ;9 < 29 < ... < x40 With size a.
Because all 24, are distinct and d = 1, the values y, are not restricted by any criteria so
each of the a variables can be any of the k integers. Therefore P, (a, w? - k) = k% and
P, (a, w - k:) = 0 for p # a. This proves the sixth and seventh cases of the result.

Finally, consider a > 1,d > 2. We prove the final case of our result by showing the
process for combining CRs described below creates all possible CRs of an expression.

For arbitrary integersa > 1, d > 2, k> 0,andp>0,let 1 <j<aand 0<i<p—1
be integers.

We create

-1
k<p . )Pi(jawd_l) Pp—l—i (a_jawd'k)
i
CRs of size p by combining P; (j, wd_l) CRs with size i and P,_1_; (a — j,w?- k) CRs with
size p — 1 — i, with k(p;l) new CRs for each pair.
Let 7 represent one of the P; ( 7, wd_l) CRs of (“’dj_l) with size ¢, and 7, represent one
of the P,_;_; (a —j,wt- k) CRs of (zd_f) with size p — 1 — 4.
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Then we can combine each 7, and 75 to form k:(p ;1) unique new CRs of size p: Rein-
dex 79, permute the equivalence classes, and insert a leading equivalence class x4, 41 =
Tgpd—1 ="+ = Tq 41 as in the proof of Lemma 21. This leads to (pzl) new permutations
of the x variables.

Because 1, was a CR for (“’djfl), each of its y, had value 0. Now that we are creating

a CR for (“z'k), we can choose the y coefficients to be composed of values between 0 and
k — 1. By criterion 2 of Definition 17, because all elements from 7; are bound together in
a leading high-exponent equivalence class, they must all have equal y values. This leads
to k options for these y values; with the options of permuting the z variables, k:(p 27’) ways
to create a new CR.

For the new CR’s values for y,, we assign each element originally from 7, with its
original y value (likely at a different index due to reindexing). Then, the remaining
elements from 7 are given all the same y value from one of the k& options.

Each CR is unique by the 71 and 75 used to create it because the process is invertible:
we can remove the leading equivalence class and separate the remaining variables into 7
and 75 by whether their indices were in the leading equivalence class and reindexing. The
y values for 7 can be found from the CR’s y values after reversing the index change, and
the y values for 71 are all 0.

We claim each CR created by this process has the properties described by Definition 17:
Because the high-exponent equivalence class z¢, 41 = Tgy a1 = -+ = 24, 41 Was added
at the start of the CR, the high-exponent coefficients of each term are smaller than the
low-exponent coefficients. Criterion 1 is satisfied by reindexing the variables. Criterion 2
is met by assigning all elements from 7; the same y value. The remaining criteria are
satisfied because 7 and 7y satisfied them and their internal orders were preserved in
permuting the equivalence classes. Therefore this process does not overcount CRs.

We also claim that every CR of (ka) is counted by this process: each can be mapped
to some 7; and 7, that create it by a similar argument to proving that the process creates
unique CRs. Every CR of (“’Zk) must have a leading equivalence class of x4, 41 =
Tgpd-1 = *+* = Tg; a1 to satisfy Definition 17 (the equivalence class might only contain
one variable); taking only the variables z,, with indices appearing in that equivalence
class (but not those variables in the equivalence class itself) with all-zero y values forms

71, a CR for (wdjfl). The variables with ¢ indices not in the equivalence class with their

y values form 75, a CR for (“;d_f) The original CR of (wzk) was counted by interleaving
71 with 75 and inserting the leading equivalence class of 24, 41 = Tgya-1 =+ = Tg;a-1-
Therefore the final case of the result holds. O

8.1 T(a,w?-k)< P(a,w?-k)

Lemma 27. For nonnegative integers a,d,k and G ~ w, there ewists some H C w? - k,

H ~ w®- k where for all e € (IZ), e satisfies a CR of (“Zk) and each coefficient in e is
contained in G.
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Proof. Because G =~ w, we can index it x1,T9,x3,... with z; < 1o < 23 < ---.

Ifd=0, H={x,x9,...,2;} suffices.

If d > 1, we can first apply Lemma 22 with G to attain some H' ~ w9t! with the
listed properties. Then, let H be the first k copies of w? within H’: formally,

H={w"y+w"™ g4 +.. .+ o +zo€ H |y <k}

Because the edges of H' satisfied criterion 5 of Definition 17 at exponent n = d + 1, the
edges of H satisfy criterion 2. The remaining criteria are satisfied because H' satisfied
them. O]

Theorem 28. For integers a,d,k >0, T (a,wd . k) <P (a, w - k)
Proof. Let E = (‘”Zk) and
COL: E — [b]

be an arbitrary coloring of E for some b € N.
Enumerate the CRs of £ from 71 to Tp(guir)- The maximum size of any CR of F' is

a - d. For each 7;, let
w
G- — F

where if 7; has size p, f; maps X to the unique e € E where e satisfies 7; and the p
eqyivalence classes of e are made up of the p least elements of X. For example, one CR of
(+,°) s

y1 =0, y2 =1, x11 < 21 < X0 < T10-

The corresponding f; would be f;: (Z’) — (“22'2) with
fi(x1, 29,73, 74) = COL{w? - 0+ w21 + 24,0* - 1 +w - 9 + 23})

where ;1 < x3 < 23 < z4. Note that the values of the y,’s are used directly in of the
definition of f; — for the CR with identical orderings on z,, except yo = 1 and y; = 0, the
coefficients y, would be swapped.

Then, define COL": () — [b]P(@"%) wyith

COL(X) = (f1(X), fo(X), - - ., friawin (X))

and apply Theorem 9 to find some G ~ w where

‘COL/ ((ade -

Let Y be the one color in COL’((fd)). Note that Y is a tuple of P(a,w? - k) colors.
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Apply Lemma 27 to find some H =~ w? -k with the properties listed in Lemma 27.

Now we claim
‘COL(( ))‘ aw k).

By Lemma 27, each element e € ( ) satisfies a CR of E. Then for any arbitrary
edge e, let e satisfy 7; with size p < a - d. Then take the p unique values in e, and if
necessary, insert any new larger nonnegative integers from G to form a set of a - d values;
denote this X € ( ). COL/(X) =Y so by the definition of COL’, COL(e) € Y. Because
Y| = P(a,w?- k), T(a,w? k) < P(a,w? - k). O

8.2 T(a,w?-k)> P(a,w?-k)
Theorem 29. Fora,d,k € N, T (a,wd . k) > P (a,wd . k)

Proof. If P(a,w?- k) = 0, this is satisfied vacuously because T'(a,w? - k) > 0. Suppose
P(a,w® k) > 1. Let E = (wzk) Note that all CRs of E are disjoint from each other. That
is, for any edge e € F, if e satisfies 7/, then it does not satisfy any nonequivalent CR of
E. This is because if e were to satisfy two CRs 71 and 7, then 7 and 7, must share the
same g, values, equivalence classes and order, so the CRs must be equivalent. Therefore,
we can index them 7 ... 7p(, e and construct a coloring COL: £ — [P(a, w? - k)] with

7 e satisfies 7;

1 otherwise

COL(e) = {

Similar to Theorem 16, our coloring has two ways to output color 1, both through satis-
faction of 71 and through the catch-all case. The part that forces color 1 to be present in
all order-equivalent subsets is the satisfaction of 7. For arbitrary H ~ w? - k and 7, we
find variables y, and z,, where

d d—1 1 d d—1 1
{wiy + w2191+ Fwzig+ 210, WY W Zga1 + o F W 2e1 + Zao )

satisfies 7.

For any H ~ w® -k and 7, we first separate H into k ordered sets by the leading
coefficient, each order-equivalent to w?.

Then, if there are equivalence classes in 7, using the process formally described in
the proof of Theorem 24, we consider the leading equivalence class of 7. By criterion 2
of Definition 17, all variables in that equivalence class must come from same set order-
equivalent to w?. We assign a finite value to that equivalence class, and move to the next
class with a potentially different y value, using the assigned finite value as a lower bound
for the next one. We can repeat this process to find z,, that satisfy every CR of E for
arbitrary H ~ w?. Then, we can assign the y, variables directly as the y variables in 7.

If there are no equivalence classes in 7 (it has size p = 0), we can simply assign the
variables y, directly according to 7.

Therefore for all H ~ w?, | COL ((7))| > P(a,w? k) so T(a,w? k) > P (a,w?- k). O
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8.3 T(a,w?-k)= P(a,w-k)
Theorem 30. For a,d,k € N, T(a,w? k) = P(a,w? k).

Proof. By Theorem 28, T'(a,w®-k) < P(a,w®k). By Theorem 29, T'(a,w®-k) > P(a,w® k).
The result follows. []

9 Big Ramsey degrees of ordinals less than w®

9.1 General Coloring Rules

We defined CRs (coloring rules) to compute big Ramsey degrees of ordinals of the form
w? - k. We'll now extend the definition to GCRs (general coloring rules), which allows us
to compute big Ramsey degrees for all ordinals less than w®.

Definition 31. We now define GCRs rigorously. Much like the definition of CRs, we
impose a structure on edges, and then list criteria that GCRs must satisfy. Consider
some ordinal o < w*:

ar~wt kg4 kg 4wk + ko

Then « is the addition of d + 1 ordinals each of the form w” - k,,. For any element 5 of «,
there is some least ¢ such that b € w?- k,. In this case, we write 3 originated from the w?
part of a.

For an integer a > 0, there are a elements in e € (Z‘) Unlike the definition of CRs,
each element can have anywhere from 0 to d variables z,,, depending on which of the
d + 1 ordered sets the element originated from. For 1 < ¢ < a, we use ¢, for the number
of variables z,, element ¢ has (the element therefore originated from the w® part of «).

We denote each element as
MCII. _i_wcq*l.m +wcq72.x ++w1x +x
Yq q,cq—1 q,cq—2 g1 q,0-

where 0 < y, < k., and 0 < zgy.

A general coloring rule, hereafter referred to as a GCR, is a triple (C,), <x) of con-
straints on the ¢,, y,, and x, .

CisamapC: [a] = {0,...,d} from indices of the ¢, to the possible values for the c,.
Similarly, Y is a map Y : [a] = {0,..., k. } from indices of the y, to the possible values
for the y,. <x is a total preorder on the indices of the z,,. We will continue to use the
same notation to represent the preorder.

GCRs must fulfill the following criteria (only criterion 6 below is different from its
corresponding criterion in Definition 17):

1. Ifd > 1, x40 < zjo for all i < j. Otherwise when d =0, y; < y; for all i < j. (The
element indices are ordered by their lowest-exponent variable.)

2.y #Y; = Ty # T, for all n. (Elements that have a different y value have all
different x values.)
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3. Tga < g for all @ > b. (The high-exponent variables of each element are strictly
less than the low-exponent variables.)

4. x4 = x; = a=>b. (Only variables with the same exponent can be equal.)

5. Zin # Tjn, = Tipn—1 F# Tjp—1 foralln > 0. (Elements that differ in a high-exponent
variable differ in all lower-exponent variables.)

6. ¢; #c; = (y; #y; and x;, # xj,) for all 0 < n < d. (Different ¢ variables mean
different y and x variables.)

For an edge
_ cq cq—1 cq—2 1 1<
e={w" y,+w “Tgeg—1 T W T2 T T W T F 00 1< g < aly

e satisfies the GCR (C,Y, =x) if ¢, = C(q) and y, = Y(q) for every 1 < q < ke, and if
(q1,m1) 2 (q2,m2) = Tginy < Ty, for all 1 < q1,q2 < ke, and 0 < ny,np < d.

Definition 32. We again define the size of a GCR to be how many equivalence classes
its x variables form. A GCR’s size p is still bounded above by d - a.

Definition 33.
1. S, (a,) is the number of GCRs with size p there are for ().

2. S(a,a) is the total number of GCRs there are for (%) regardless of size. It can be
calculated as

We will show T'(a, ) = S (a, a).
Lemma 34. For a,d, k,p € N, Sy(a,w? - k) = P,(a,w? k).

Proof. Let a = w® - k. Suppose some ¢, # d. Then y, < k., by Definition 31, so y, < 0,
which is impossible. Thus ¢, = d. Then there are the same count of a - d variables z,
being permuted, the new criterion 6 has no effect because all ¢, are equal. Hence both
are under the same restrictions so Sy(a,w? - k) = P,(a,w? - k). O

Lemma 35. For all o < w® with

a~wlk kg 4+ w4 ko with kg # 0 and d > 0,

d T w

a P

Splaa) =2 > (f)ﬂ(j,wd-kd) Spi(a—=5w™ ka4 b we b+ ko).
j=0 i=0

When the conditions kq # 0 and d > 0 cannot be satisfied, then a < w and Sy(a, ko) =
Pp(CL, k’o)
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Proof. When kj is the only nonzero k term, Lemma 34 shows S,(a, a) = Py(a, o). When
d > 1, we describe a process of combining CRs with GCRs to create GCRs for (Z‘)

For arbitrary integers @ > 0,p > 0, and some a < w¥, let 0 < j < aand 0 <7 < p be
integers. We create

(f)Pz (j,wd . kd) Sp—i (a —jowt kg 4 ko)

GCRs, with each GCR having j elements from the w?- k; part of a and a — j elements
from parts with lower exponents.
Let 71 represent one of the P, (j, wd - k;d) CRs of (wdj'.kd) with size i, and 75 represent

one of the S,; (a — j,w?™" kg1 + -+ - + ko) GCRs of (wdfl'k‘éjj*"*ko) with size p—i. We
change 7, into a GCR by assigning it ¢, = d for all ¢,.

Then we can combine each 71 and 7, to form (’Z’) unique new GCRs of size p: Reindex
79 and permute the equivalence classes as in the proof of Lemma 21. Note that we do
not insert a leading equivalence class — this is because we do not need to increase the
exponent or size of 7.

We can keep each ¢, and y, value the same, and reindex them alongside the x4,
variables to ensure criterion 1.

Each GCR is unique by the 7 and 7 used to create it because the process is invertible:
we can identify the elements originally from 7 because they uniquely have ¢, = d.

We claim each GCR created by this process has the properties described by Defini-
tion 31: Because all ¢, are equal for 7y, criterion 6 is satisfied for the elements from ;.
Criterion 1 is satisfied by reindexing the variables. The remaining criteria are satisfied
because 71 and 7 satisfied them and their internal orders and equivalence classes were
preserved in permuting the equivalence classes. Therefore this process does not overcount
GCRs.

We also claim that every GCR of (3) is counted by this process: each can be mapped
to some 7 and 7, that create it by a similar argument to proving that the process creates
unique GCRs. O]

9.2 T(a,a) < S(a,a)

Lemma 36. For all a < w®”, a € N, and G = w, there exists some H C o, H =~ o where
for all e € (Z), e satisfies a GCR of (3) and each coefficient in e is contained in G.

Proof. Because G ~ w, we can index it xg,z1,Z2,... With 2o < 11 < x5 < ---. Let
amwt k4wt kg 4w kg + ko
First, apply Lemma 27 on G to produce an H' ~ w-(d+1). For 0 <n < d, let G/, ~ w
such that
H =Gy+---+ Gy
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For 0 < n < d, apply Lemma 27 on G/, to yield some H,, ~ w" - k,, where all e € H,
satisfy a CR for (“’nak"). Then let

so that H =~ «.

Because all e € H, satisfy a CR for 0 < n < d, only criterion 6 of Definition 31
remains to be satisfied. Since we separated G into disjoint orders H}, each H, is disjoint
from the others so criterion 6 is satisfied. The coefficients in e are contained in G by the
construction of H from G. O

Theorem 37. For all o < w®,
T (a,a) 2 S (a,q).
Proof. Let B = (2‘) and
COL: E — [b]

be an arbitrary coloring of E for some b € N.
Enumerate the GCRs of E from 71 to 7g(q,q). The maximum size of any GCR of E is

a - d. For each 7;, let
w
i E

where if 7; has size p, f; maps X to the unique e € F where e satisfies 7; and the p
equivalence classes of e are made up of the p least elements of X. For example, one

GCR of (“"4+%) is
C1 = 2,02 = 1,y1 = O,yg = 6, 11 < Too < T1g.
The corresponding f; would be f;: (Z’) — (“22“"8) with

fi(z1, 29, w3, 74) = COLH{w? -0+ w - 21 + 23,0 - 6 + 22})

where 71 < 13 < 3 < 24.

Then, define COL": () — [b]%@®) with

X = (fl(X)7f2(X)> ‘. '7fS(a,a)(X>)

and apply Theorem 9 to find some G ~ w where

o ()]

Let Y be the one color in COL’((fd)). Note that Y is a tuple of S(a, a) colors.
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Apply Lemma 36 to find some H ~ « with the properties listed in Lemma 36. Now

we claim
o (2 e

By Lemma 36, each element e € (Ij ) satisfies a GCR of E. Then for any edge e, let
e satisfy 7; with size p < a - d. Then take the p unique values in e, and if necessary,
insert any new larger nonnegative integers from G to form a set of a - d values; denote
this X € (fd). COL/(X) = Y so by the definition of COL’, COL(e) € Y. Because
Y| = S(a,a), T(a,a) < S(a, ). O

9.3 T(a,a) > S(a,a)

Theorem 38. For all o < w,
T (a,a) < S(a,aq).

Proof. 1f S(a, ) = 0, this is satisfied vacuously because T'(a, ) > 0. Suppose S(a,a) > 1.
Let £ = (z) Note that all GCRs of E are disjoint from each other. That is, for any
edge e € F, if e satisfies 7/, then it does not satisfy any nonequivalent GCR of E. This is
because if e were to satisfy two GCR 7y and 7, then 71 and 75 must share the same ¢, v,
equivalence classes, and order, so the GCRs must be equivalent. Therefore, we can index
them 7 ... Tg(,q) and construct a coloring COL: E — [S(a, )] with

1 e satisfies 7;

COL(e) = { .
1 otherwise

For arbitrary H ~ a and a GCR 7 for «, we can assign ¢, and y, based on 7. Then
we can apply a similar process to the one used in Theorem 29 to find z,, variables that
match the permutation of x,, variables.

Let o ~ w? kg +w® - kyy+ -4+ w-k +ko. We can separate H into d + 1 sets
each order-equivalent to w™ - k, for 0 < n < d, and separate each of those into k, sets
order-equivalent to w".

Then, for each equivalence class in 7, using the process formally described in the
proof of Theorem 24, we consider the leading equivalence class of 7. By criteria 2 and 6
of Definition 31, all variables in that equivalence class must come from same set order-
equivalent to w™. We assign a finite value to that equivalence class, and move to the next
class with potentially different ¢ and y values, using the assigned finite value as a lower
bound for the next one. We can repeat this process to find z,, that satisfy each GCR of
E for arbitrary H =~ «.

Therefore for all H ~ a, | COL ((¥))| > S(a, @) so T(a,a) > S (a,a). O
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94 T(a,a) = S(a,a)
Theorem 39. For all o < w®,
T (a,a) = S (a, ).
Proof. By Theorem 37, T (a,a) > S (a,«). By Theorem 38, T (a,a) < S (a,a). The

result follows. O

10 Open Problems

The original motivation for this paper was pedagogicial (see the open problems column

by Dobrinen & Gasarch [4]). We sought easier proofs of results in the literature. For

the case of T'(a,() we succeeded, as the proof we give is easy in that it uses Ramsey’s

Theorem on w to do most of the work. For the case of T'(a, «) where av < w* our proof is

more accessible than literature, and gives exact bounds, but cannot really be called easy.
With this in mind, the following open problems remain:

1. Find an easier proof that T'(a,) < oo. If the easier proof does not give exact
bounds, that is fine.

2. Find an easier proof of the exact values for T'(a, «).
3. Find an easy proof that for all &« > w*, and all a > 2, T'(a,w*) does not exist.
4. For k > 3, find combinatorial interpretations for the sequences T'(a,w*).

5. Find an easier proof of T'(a,n) < co. If the easier proof does not give exact bounds,
that is fine.

6. Find an easier proof of the exact values for T'(a,n).
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Appendix

Table 1 shows T'(a,w?) for small a, d.

a
d 0 1 2 3 4 D
0|1 1 1 1 1 1
111 1 1 1 1 1
211 1 4 26 236 2752
311 1 14 509 35839 4154652
411 1 49 10340 5941404 7244337796
5|1 1 175 222244 1081112575 14372713082763

Table 1: Big Ramsey degrees of w?.
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