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On the chromatic number of a space

A. M. Raigorodskii

1. Introduction and main result. We define the quantity χ(Rn), the chromatic number of

the Euclidean space Rn, to be the minimal number of colours needed for a colouring of the points
of Rn in which Euclidean distance equal to one is never realized between points of the same colour.

In other words, χ(Rn) is the chromatic number of the following graph: the set of vertices of the
graph coincides with all of Rn, and the edges join exactly those vertices at distance one from each

other. In fact, the problem of finding χ(Rn) was first considered by Hadwiger [1], who showed that

if there is an arbitrary cover of Rn =
⋃n+1
i=1 Ωi by closed sets Ωi, then there is an element Ωi of

this cover such that R+ ∪ {0} = {|x− y| : x, y ∈ Ωi}. It is known (see [2]–[4]), that 4 ≤ χ(R2) ≤ 7

and that, moreover, 5 ≤ χ(R3) ≤ 18. Raiskii obtained in [5] the estimate χ(Rn) ≥ n + 2. This
estimate has been improved many times: thus, in [6] it was shown that χ(Rn)� n2, then in [7]

it was shown that χ(Rn) � n3, and, finally, in [8] it was established that χ(Rn) has exponential
growth. In other words, it was proved in [8] that χ(Rn) ≥ (1.207 + o(1))n (here one should note

that according to [6] one has the inequality χ(Rn) ≤ (3 + o(1))n). In this paper we use the
technique proposed in [9] to prove the following result.

Theorem. Let A1 = 1
2
(x + 2y), A2 =

√
−3A2

1 + 6A1 + 1, A3 = 1
4

(
1 + A1−1

A2

)
, and A4 =

1
6
(1 + 3A1 − A2) (here x and y are independent real variables ). In addition, define x0, y0 to be

the roots of the system of non-linear equations

2A3 logA4 + (1 − 4A3) log(A1 − 2A4)

+ (2A3 − 1) log(1 −A1 + A4)− log y + log(x− y) = 0, (1)

(1− x)2y

(x− y)3
= 1 (2)

such that x0 = 0.36063 . . . and y0 = 0.063907 . . . . Finally, define γ by

γ−1 = (A0
4)A

0
4(A0

1 − 2A0
4)A

0
1−2A0

4(1− A0
1 +A0

4)1−A0
1+A0

4 (1− x0)1−x0 (x0 − y0)x0−y0yy0
0 ,

where A0
i = Ai(x0, y0). Then χ(Rn) ≥ (γ + o(1))n = (1.239 . . .+ o(1))n.

2. Proof of the theorem. First we note that if Σ ⊂ Rn is an (M,D)-critical configuration in Rn
with critical distance d > 0 (that is, cardΣ = M and in every set Q ⊂ Σ such that cardQ = D+1,
there is a pair of elements x, y ∈ Q, between which the distance is d), then χ(Rn) ≥M/D (see [6]),

and thus to complete the proof it suffices to construct some (M,D)-critical configuration Σ with
M/D ≥ (γ + o(1))n.

Let n ∈ N be sufficiently large, a = [x0n], b = [y0n], and p the smallest odd prime number
greater than [(a+2b)/2]. It is known (see [10], German p. 323), that for sufficiently large x and for

some α < 1 (for example, for α = 38/61) there is a prime number between x and x+xα. Therefore,
we may assume that p < [(a+2b)/2]+[(a+2b)/2]α. We note that the choice of α affects only the

estimate of o(1) in the statement of the theorem. We set Σ = {x = (x1, . . . , xn) : xi ∈ {0,1,−1};
card{xi = ±1} = a; card{xi = −1} = b} ⊂ Rn. Clearly M = cardΣ =

(n
a

)(a
b

)
. It is also clear

that convΣ is a cross-polytope. At the same time the estimates for χ(Rn) in [8] were based on
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the construction of critical configurations whose convex hull is a (0,1)-polyhedron. We shall show
here that the methods given in [11] and [9] enable us to work with cross-polytopes and by using

them to obtain better lower bounds for the chromatic number. In fact, as was already noted,
M =

(n
a

)(a
b

)
. Moreover, it is not difficult to see that the following arithmetic property holds: for

any two vectors x,y ∈ Σ, (x,y) ≡ a (mod p) if and only if either x = y or (x,y) = a− p.
With each vector x ∈ Σ we associate a polynomial Fx ∈ Z/pZ[x1, . . . , xn] by setting

Fx(y) =
∏

i6≡a (mod p)

(i− (x,y)),

and then, successively applying the relations x3
i = xi, i = 1, . . . , n, we pass from the polynomialFx

to the polynomial F̃x ∈ Z/pZ[x1, . . . , xn]. We now consider an arbitrary set Q = {x1, . . . ,xs} ⊂
Σ such that (xi,xj) 6≡ a (modp) ∀ i 6= j. In this case one can show that the polynomials

F̃x1 , . . . , F̃xs are linearly independent over Z/pZ (see [9]), and hence

s ≤
p−1∑
i=0

[(p−1−i)/2]∑
j=0

(n
j

)( n− j
p− 1− i− 2j

)
= D. (3)

It follows immediately from inequality (3) and the arithmetic property that the set Σ is an

(M,D)-critical configurationwith critical distance d =
√

2p, and thereforeχ(Rn) ≥M/D. Finally,
making some fairly simple computations, it is not difficult to see that, in turn,M/D ≥ (γ+o(1))n.

This proves the theorem.

3. Remarks. 1. In the proof of the theorem it is not necessary to assume that p is a prime

number. It suffices to assume that p = qα, where q is a prime and α ≥ 1. Here it is only necessary
to make some changes in the definition of the polynomials Fx (see [12]).

2. Although the method proposed in this paper for obtaining lower bounds of the chromatic
number of a space also gives best current asymptotic result, nevertheless in small dimensions (at

least for n ≤ 24) we have not succeeded in improving the estimates from [5], [6] and [8] by using
it. It appears that further improvements using our method will require an essentially sharper

inequality (3).
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