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Let A C R.
The expression xi, ..., xx will mean they are all distinct.

Sk(A)={y1+-+y:y, ...,y € AL

S(A) = U=y Sk-

Pk(A) = {y1 X X Vi Y1, Yk GA}.

P(A) = ULy P

Examples A = {1 n}.

S(A)={1,...," ”+1>} S(A)| = "2t small,

P(A) C {1 n'} but hard do descrlbe |P(A)| Large.
Examples A = {20, Lt

S(A)={1,...,2"—1}.  |S(A)] =2""1 Large.

P(A) C {20, ol . ’2(n+1)n/2}_ IP(A)| = 2(n+1)n/2} Small.
Is there a set A such that both |S(A)| and |P(A)| are large?
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Sums and Products: Project

It is known that |S(A)| and |P(A)| cannot both be large.
1) Read the literature on this problem (I have a survey).
2) Refine the proofs to get concrete bounds.

3) Find Sets A such that |S(A)| and |P(A)| are both larg-ish.
Finding the sets A may use programming.

4) What changes if ACZor ACQor ACD.



The x¥ 4 y* Problem: Setting

The following is known and has an elementary proof



The x¥ 4 y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.



The x¥ 4 y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.
If x +y, x>+ y% x3+y3 x* + y* are all in Z then,



The x¥ 4 y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.



The x¥ 4 y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).



The x¥ + y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).

What happens if you replace (R, Z,Z) with other domains?



The x¥ + y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).

What happens if you replace (R, Z,Z) with other domains?
Example: Is the following true?



The x¥ + y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).

What happens if you replace (R, Z,Z) with other domains?
Example: Is the following true?
Thm? Let x,y € C



The x¥ + y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).

What happens if you replace (R, Z,Z) with other domains?
Example: Is the following true?

Thm? Let x,y € C

If x+y, x2+y% x3+y3 x* + y* are all in Z then,



The x¥ + y* Problem: Setting

The following is known and has an elementary proof
Thm Let x,y € R.

If x+y, x2+y% x3+y3 x* + y* are all in Z then,
for all k e N, xk + yk € Z.

The theorem is about (R, Z, Z).

What happens if you replace (R, Z,Z) with other domains?
Example: Is the following true?

Thm? Let x,y € C

If x+y, x2+y% x3+y3 x* + y* are all in Z then,

for all k € N, xk + yk € Q.
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Let D1,IDy, D3 € {Z, Q,R, (C}
We consider the following:

Thm? Let x,y € Dy
If x4y, x? +y2. x3 +y3, x* + y* are all in D, then,
for all k € N, x¥ + y* € Dj.

1) Read the proof of the (R, Z,Z) case which is the only literature.
2) What happens in each of the 64 cases? Many are redundant.
3) Other domains like {a + b\/2: a,b € Z}.
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Known and Easy The set of primes is infinite.

Known and Easy but Needs a Trick
The set of primes = 3 (mod 4) is infinite.

Known and Uses some Easy Math
The set of primes = 1 (mod 4) is infinite.

Known and Uses Hard Math
For all a, b relatively prime the set of primes = a (mod b) is
infinite.
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1) Read the easy proofs that sets of primes are infinite.
2) Extend those proofs.

3) Collect and writeup the not-that-hard proofs that
The set of primes = a (mod b) is infinite.
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How many proofs are there that the primes are infinite?
At least 200.

Let P be a proof that the primes are infinite.

Let D be a domain that has a finite number of primes.
Why does proof P fail on D7

Might get into other questions about domains.
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Proofs that the Primes are Infinite: Project

For P a proof that the primes are infinite and D is a domain with a
finite number of primes

1) Write up P
2) Apply P to D and note where it fails.
3) See what domains P does apply to.
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If you roll two 6-sided dice then Prob(2) = &, Prob(7) = %, and
the other probs can be worked out.

This was all based on both dice being labelled (1,2,3,4,5,6).

Is there a different way to label the dice where you get the same
probabilities?

Yes: Label one die (1,2,2,3,3,4) and the other (1,3,4,5,6,8).

These are called Sicherman Dice and you can buy them on
amazon.

| do not know why you would want to

Question For which d is there a relabelling of two d-sided dice

that gives the same probabilities as the standard labeling? We call
these Sicherman dice.
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1) Read the literature on this problem (one paper and my survey)
2) Understand the results and proofs of what is in the paper.

3) Work on the open problem of different sided dice.

Example The following is unknown to science (or perhaps just
unknown to Bill)

Is there a way to relabel a 4 sided die and a 6 sided die to get the
same probabilities as the usual 4-sided and 6-sided dice?

4) If can't get Sicherman Dice then can you approximate then?
5) What if we use rational or even real labels?

5) Combine this with loaded dice (Gasarch and Kruskal have
written the main paper on that).
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Points in the Unit Square: Setting

The following is well known and easy:

1) If you place 5 points in the unit square there will 2 points that
1
are < 7 apart.

2) There is a way to put 5 points in the unit square so that the
. . . 1

min distance between any 2 is N

What if you have 6 points? 7 points?
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An L-shape is really a symmetric L-shape with 3 tiles.

Well known and cute Let n € N. Let B be the 2" x 2" board.

Let x be any space on B. Let B’ = B — {x}. There is a way to tile
B’ with with L-shapes.

What happens if the dimensions are not powers of 27
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Tiling with L-Shapes: Project

1) Learn what is known about the problem which is not much.
(ChatGPT got some things wrong about this problem so be
careful.)

2) Work out (perhaps with help of a program) for small n when
you can and cannot tile the n x n board minus a square with L's.

3) Many variants:
Remove 0,1,2, squares.
Asymmetric: n X m board.
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When | went off to college to be a math major by father, who was
a high school English teacher gave me the following advice:

1) Take Physics as well as math since they go well together.

This was good advice. | took the first year of Physics-for-majors
and an upper level course in Mechanics. They were interesting.

2)  is exactly 2.

| knew he was wrong about that; however, | did not know how to
prove it to him.

How can you prove 7 # 2—72 using relatively elementary means?



A Piece of w: Project



A Piece of w: Project

Come up with relatively elementary proofs that 7w # %



A Piece of w: Project

Come up with re!atlvely ellementary proofs that ™ # <.
1) Inscribe and circumscribe regular n-gons.



A Piece of w: Project

Come up with re!atlvely e.Iementary proofs that ™ # <.
1) Inscribe and circumscribe regular n-gons.
2) Use Calculus (this was on a Putnam exam).



A Piece of w: Project

Come up with re!atlvely e.Iementary proofs that ™ # <.

1) Inscribe and circumscribe regular n-gons.

2) Use Calculus (this was on a Putnam exam).

3) Use series for 7 and error analysis to get an approximation.



A Piece of w: Project

Come up with re!atlvely e.Iementary proofs that ™ # <.

1) Inscribe and circumscribe regular n-gons.

2) Use Calculus (this was on a Putnam exam).

3) Use series for 7 and error analysis to get an approximation.

Variants Prove other irrationals are not the close to some
rationals.
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Secret Sharing Example Z has a secret s € {0,1}".

Z wants to give strings to A,B,C,D so that
If any 3 of them get together then they can determine s.
If only 2 of them get together then they cannot determine s.

Is there a protocol for this? Yes.
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Secret Sharing: Project

1) Read and understand some of the literature on this problem.
2) Code up some of the protocols.

3) Many variants of this problem:

Refine what it means to say cannot find s

How long are the strings given to A,B,C,D?

The example was threshold: > 3 can find s, < 2 can't.
What other structures can you do this for?

Example (A AND B) or (B AND C AND D) determine s.
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A and B and C are at a card table.
The cards are {1,...,n}. Assume 3 divides n.
The cards are dealt randomly to A,B,C so they each get n/3.

Can A and B establish a secret string of bits that they know but C
does not?

A and B can talk but C can hear what they say.
A and B and reveal cards but C also sees them.

The answer is yes.
Our question: how long a sequence can A and B form.
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1) Read and understand some of the literature on this problem.
2) Code up some of the protocols.
3) There is an easy protocol that you will understand

4) There is a harder protocol that needs a good writeup with
examples.

You will do that writeup.

Key Find cases where the hard protocol is better than that easy
protocol.
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Cracking the Linear Cong Gen Code: Setting

al0] = 10. For n > 1, a[n] = (89a[n — 1] + 597) (mod 9973).

This generates random looking numbers:

al0] =10 a[l] = 1487 a[2] = 3291 a[3] = 4279
a[4] = 2454 a[5] = 9570

Use sequence to code a message.Use A=01, B=02, ..., Z=26.
Add the message to the sequence digit-by-digit mod 10.

Message: | B | | L|L|L Il | K| E|S
Numbers: | 02 | 09 | 12 | 12 | 12 |09 | 11 | 05 | 19
Seq : 14 187 (3291 42|79 |24 |54 95
Coded : 16 | 86 | 44 | 03 | 54 | 78 | 35 | b9 | 04

This code looks hard to break! But it is crackable.
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Cracking the Linear Cong Gen Code: Project

1) Read and understand some of the literature on this problem.
2) Code up some of the protocols.

3) Come up with protocols that are harder to break.
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A Caveat About All the Al Projects

In all of the Al projects | present

| will propose a math problem like When does Player | win
game blah
The project will be to train an Al to play the game well.

I do not know any Al.

My role will be to help you understand he game and any math that
might entail, to proofread and guide your work.
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Counterfeit Coins Problem: Setting

The following problem is well known:

There are 12 coins. One is counterfeit and is either heavier or
lighter. You have a balance scale so you can take x coins on one
side and x coins on the other and either it balances or one is
heavier. How many weightings do you need to find which coin is
counterfejt?

There are many variants on this problem:
Instead of 1 counterfeit coin, ¢ counterfeit coins.
You may be given some information about the ¢ counterfeits.

What is known?
Very few exact values are known.
Some asymptotic values are known.
There does not seem to be any math structure to use.
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Counterfeit Coins Problem: Project
Lets use Al on it!

How?

Set it up as a game. We look at ¢ = 2.

Weighter picks two sets of x coins to balance.

Spoiler gives an answer that is consistent with having 2
counterfeits.

Repeat this until Weighter knows what the counterfeit coins are.
Weighter's goal is to minimize the number of weightings.
Spoiler's goal is to maximize the number of weightings.

Train two Al's (perhaps neural nets) to do well at these games and
see if the number-of-weightings converges to a number that might
be the truth.

Bonus You get to learn more about the classical versions of this
problem.
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Two Number Game begin with two numbers. Say (12,37).

Each player either

subtracts one of the digits (1,2,3, or 5) from one of the
numbers (12,35), or

replace an even number x (12 here) with x/2 (6 here).

First player to get one of the numbers <5 wins.
Example with (12,35)

If ONE replaces 12 by 6 then (6,35). TWO then wins (6-3,35).

If ONE replace 12 with 12—-2=10,12—-3=9,12—-5=7 TWO
wins.

If ONE replaces 35 with 35 — 12 = 23 then | DONT KNOW.

For which (a, b) does ONE win? This has not been researched
much.
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The Two Numbers Game: Project

Write a program that plays the game perfectly.
It might only work for small a, b.
For larger (a, b) train an Al to play it.

If enough data is generated we might be able to make a conjecture
about when ONE wins (a,b) and prove it.

There are many other games involving numbers on a board that
one can study. Example One number on the board and the playes
remove factors of it, lose if you get 0.
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Circle Crossing Game: Setting and Project

Given a circle with n points on it.

ONE and TWO take turns picking two of the points and drawing a
line between them.

ONE goes first.
First player to draw a line that crosses another line loses.

The usual: Al, see who wins, variants, blah blah.



