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Typ: ca estions

» Whot 1s the height of the Heap?

« How long does 1+ take 4o find a value?
How 101/13 does 1F +oke +o msert avalue’

. How lon3 does W+ toke 4o delele o Volue?
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Heap : Tnsert (wl)
Due +o the structuw~ of the l‘\eaP/
You o\\waﬂ.s krnow where e

next: new nNode will be Plac,c.c(.

First open postion :
Left -most lead.

The challenge is 4o maintoun [in O(log n)
+ime | the heaP's overal| Pr'oPeH-)f of
Sub+rees having contents less Hhan
(or for a Muin L\‘gap greadcr ﬂ‘han)
the. local root node .

let's look at how M'G\JQHeaP would
be bul l4 (Asfns the values :
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— Noile thot the key o ma[M—ainl:g
the mox-heop afler eoch insertion
1S +o "bubble " Hhe V\ewly added

value quo./‘cl :

— How lor\3 dg&s “%ulo’a’mg" +oke *
O log n

-~ How Many times do we “bubble””
OQn}

- % Build- Mox H'eolP s O(n loj h)

We ll look at Hus agarn alwrl"J,

_Whot obout Thsert 7
Just "bubble” once: O(log n)

Whet abowr best case 7




Hco\P . Delede Koot
Due +o the structuw~ of the l‘\eaP/
You o\\waﬂ.s krnow where e

ne<t new %t:om?ls, will be c[mPFeol.

Once aqaun, +Hhe df\ol\enae, 18 Jo
mountoin [ Ologn) +me] Hhe

heap's overall dode property .

Let's loolk 6+ whot W would be lilke
do delele. the ot of Max HeCLP.

C%@e—"ﬂade 4o delele
/
@ @— Node 4o lose

Con'd Ju.sJ— delete root l




Gg@e—"ﬂade 4o delele
/
@ @— Node 4o lose

Stark b] SNQFP"‘j "2" with oot + d_fof Node
/
@

Now "bubble” Hre root downward undid o G
In a nNon- \/wla-#mj 5,004—

{ ,
@ 2 - When we bu.bb‘e Jowﬂ) _L

‘there 18 a c,lnou-.c,

— Whot +p we had

é ﬁ@ m-l-eo»Jo-ﬁR.




How much +ime does "{)u,lalolw\lju tzlce 7

2 Com Pa_flSOrlJ 2L X \05}’)
log n helﬂ"l'l-

O(log V\>

We will refer +o +us “bubble downwad”
cperation as Max—t-lcaf;({-‘y (p. 130 of boo[,,)

Cu’\cl we WIH use 14’ agam Y Bulu MO-K. l—!caP
and HeapSort
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\ Is +hs o heaf ?
S @®

CIFIZ|M|E|X|-1]-1]-1]-1]-T]-1]J]-1].

A
ST X S

When used with complek +rees such as hea)aS
there are o gaps witun the tree ——-onj
emphy spaces on e extreme rght,

Ex amp(e.
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Max \—\eaP Viewed as ...
'Bmo./:j Tree

@1 3 Number » circle

/ S \ s value ot Hiof node
@ 4 @5 ég @7 Number n red 1S
N

/ \S Hhe coryes Pomhnj

@8 q @lo index wn Maffau:j

Arrou:j
fvaNs(w ji \J ,
Felwllol%l‘llq 2 ‘l-[l

W

Index of leflchild = 2 x \ndex of ome.n*
[ndex of rtslrﬂ—d'nlcl (2 x index of Fo.mnl’)-l—l

Note +the immed iale occess” benell
of +his choice of s-l—or-agc s+ruckure .
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One use of heop 18 Hat
of Priornidy Queue. T+ hes
oood run-+imes for inSerton
_r\ol de(e,-’—(ml énd Pr-ovicte,s
\nStont acecess Yo +he
nex+ i1d+em n Hhe cbueue_,

Exomple: Printer @ ueuce.
S+ord pm.n-?—('n +op . [0b right
owuﬁ;’ (and 'f'[’_\i -.F(Ed')’hé &'&'éjmcwl-um
af déle—i——(ng} _



Hcag Sort

Swnce. +he heap provides an easy

w 4o extroet values n Hhewr
relohve oder, 1+ 1s +rwvial 4o
creode on OCn log n) Soting
alsor vHam using o heop.

— Build +he Heap (Build-Mox Heap)

— Harvest the heap (Take Max, Heapify, Take Moy,
ch‘o1$~/, Take Mox ...)

Somé’ C6M33+tons+o consder:

- Can we sord on of values
without us o. linee, amouni-
O-P c)('f""O\ :Zl

emozy?
An “Grray trick  allows us
+o bu{?in Place,
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Max 1 l
T WRRZ
\;l\ \\H_\W
Mox 3

—~ Ts the wost-case runtime aduaily
betler than n log n I

let!s re-ecamine Build-Max {-,Lealo
using Mox- Hcafz'/-‘g
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Mos- Heapily

el et's assume Mox Heap,

» Suppese you have a. complede dree where
+he root i1s Hie only Hing viola-l—:'ng
the heap property. (This should remind
You of how we implemented Delefe Root,

where we put the righk-most leof nede_
Nfo +he root position.)

¢ You con "bubble’ Hot value down
do a vald pestton,

—TI+ the value of He root 18 Smaller
trar ecthar ch Id, Swap t with the
larqer oFthe children.
- Repcal— unkl 1+ 18 no Ianger amgller
than evther of (ks +wo children,

e Whodt ts +he runtime ol +his ?

L

— Hewghl et whech you run i
determines +he runtime: 1 & logn




Bui ld - Max Hﬂf_) C@ewshlcoo

rCan we use Mm('l-f-cafil% G nsdead of
”bubblucj upwa/ol") +o

Butld- Max Heap in an array,

in - place <

YES ,’
— Beuld -Max Hca.p In place,

Starfn 9 Gt the boHom of
Comp[eJe, bma@ tree,

Call /Vlax-l-lea)or{‘j as you

te: Each call +o Mox-Heop
Mo Ve upwart d. Noha.s o cost of o (log Y "

— Leaves repr'c.scm‘ subtrees with T

or does
heap property sotisFied, So H’?
We. Can run MM-l-lcap'l#y on othes 'buHOmu/f’




Build~Max Heap Aralysis — the “easy vesion”

-.Ecc.{j 4o call n an ar‘r‘ag,
¢ Process = nodes (no need 4o process leaves)

* Each call vo Mox l-lCapucY 1S O(lo‘qn>
¢t So O C%,) call.S) eoch OClojn) = 0(n lqg h>

r

T 4+ n:all\g +his badl ?.7

Node: Does not +ake aolvaﬂ—»‘nJe of the
Places where we call Mox - Heap:
on +rees with c very small he ght.

Can we 96-/’ an q,.sdm Im"o-/—lc, 1m Provcnml-
with c more_ ‘H/wf'Oo@h a/ca('jsz.s 4
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~We should be more
Coreful with our analy.su

- Mo.xl-\eaptpy K] -lechmcally
hot al wouy s los n.

- T4 s whatever hctah-l— (h)
JI we ore o.-\-—"




B ld-Max ”CQQ&& L e

e B (d-Max l—ale_aP ; Mul+tP/& alls +o Max#eggi'{y

e The run+ime of Max- L-Ieap(ziy s based
on the current height +he. hea,o.

¢ How Much worlk would be deone f we
+oolk on unordesed of fhg
Size ond "he_a,o:-P:e.d "N T

- AF Full hetqht we are looking @t one node.
= A heyght -1 we are [00kig of wo rody
— A height h-a, we are lookdy al four Vs

o h ‘F—i real egampl&
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2 h
< Z? how do we &olve.?
We con use Formula

J/ (derved next Pase)
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?ecal\ 22(5 = I-X

forkel =0
Talce_ de.rwccl—\ vz_O‘p lDO'H’\ SLQLJ (USC chan ml:.)

. . A T red

.f-d X7 = e “O(CIEI'F.‘,« R
Mul-l'uplq both sides b)‘ X. -FCC:)j\g;;O)

éJ SR S = (5)-9'0)

Use Hs farMula In anwu.s
dcrwahon cse#ll:?

O(n) runtirme &w Bul \J-N\mc \—-l-ca(J
Whot t1s 1L 4




Ncul 1: a.wmnz.

n — ’\T\V\O\.( | ower bOu/lJ (“"‘:::,?_ e,
S(n) Amorkzed Maxl—lcap.\cs
So Ruahme of Buld Max Ucap s O Cn)

Rack 4o Hhe Quaston about #ca’pSofl'
- Keanll thot we First Build-Max Heap
~ Nowy we have +o harvest Hha I/Iea}O
= How much +ime o ha/v&s# +he_

heap n ordes”

'O(ﬂ) 4o call Butld-Mae l-r‘.’a,o
s N-1 CQ’{.S {0 MG.)C-F/COP,IBj J‘“”’:’j "harve.s—f—"&].ade'

———

O(n-1) O(logn)

50 ‘]"he ‘Sor-l‘lﬁ ‘)LO\.{C&S OC{")-’- O(ﬂ IOj I’l)







