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“… nature isn’t classical, dammit, and if you 
want to make a simulation of nature, you’d 
better make it quantum mechanical, and by 
golly it’s a wonderful problem, because it 
doesn’t look so easy.”

Richard Feynman
Simulating physics with computers
MIT Physics of Computation Conference, 1981



Computational quantum physics

nuclear/particle 
physics

chemical reactions 
(e.g., nitrogen fixation)

condensed matter physics/
properties of materials



Implementing quantum algorithms

exponential 
speedup by 

quantum walk

evaluating 
Boolean 
formulas

linear/
differential 
equations, 

convex 
optimization

A|xi = |bi
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Algorithmic challenges in quantum simulation

1. Efficient simulation with a universal quantum computer

2. Simulating sparse Hamiltonians

3. Simulating quantum mechanics in real time

4. High-precision simulation

5. An optimal tradeoff

6. Real-time simulation revisited

7. Making quantum simulation practical



1. Efficient simulation with a universal quantum computer

The simulation problem

The dynamics of a quantum system are 
determined by its Hamiltonian H.

i
d

dt
| (t)i = H| (t)i

Given a description of the Hamiltonian H, an 
evolution time t, and an initial state          , 
produce the final state          (to within some 
error tolerance ²).

| (0)i
| (t)i

This is as hard as anything a quantum computer 
can do!
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1. Efficient simulation with a universal quantum computer

Suppose                    where each      is individually easy to simulateH =
P

j Hj
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Hj
<latexit sha1_base64="PJk3xBF9AiD+0raWoLNa9ntD9RQ=">AAAB6XicbZA9SwNBEIbn4leMX/Gjs1kMgjbhzkbtAoKkjOiZQHKEvc1esmZv79idE0II+AdsLFQsbPxHdv4bN4mFJr6w8PC+M+zMhKkUBl33y8ktLC4tr+RXC2vrG5tbxe2dW5NkmnGfJTLRjZAaLoXiPgqUvJFqTuNQ8nrYvxjn9XuujUjUDQ5SHsS0q0QkGEVrXVfbd+1iyS27E5F58H6gVDl+33sAgFq7+NnqJCyLuUImqTFNz00xGFKNgkk+KrQyw1PK+rTLmxYVjbkJhpNRR+TQOh0SJdo+hWTi/u4Y0tiYQRzayphiz8xmY/O/rJlhdBYMhUoz5IpNP4oySTAh471JR2jOUA4sUKaFnZWwHtWUob1OwR7Bm115HvyT8nnZu/JKlUuYKg/7cABH4MEpVKAKNfCBQRce4RleHOk8Oa/O27Q05/z07MIfOR/fsIqPGQ==</latexit><latexit sha1_base64="QzKsTBjutsVu/Iyd3al4/y9hwxE=">AAAB6XicbZC7TsMwFIZPyq2UW7lsLBYVEixVwgJslZCgYxGEVmqjynGd1tRxIttBKlEfgYUBEAMLOw/Dxsib4LQdoOWXLH36/3Pkc44fc6a0bX9Zubn5hcWl/HJhZXVtfaO4uXWjokQS6pKIR7LhY0U5E9TVTHPaiCXFoc9p3e+fZXn9jkrFInGtBzH1QtwVLGAEa2NdVdu37WLJLtsjoVlwJlCqHL7t3H9ffNTaxc9WJyJJSIUmHCvVdOxYeymWmhFOh4VWomiMSR93adOgwCFVXjoadYj2jdNBQSTNExqN3N8dKQ6VGoS+qQyx7qnpLDP/y5qJDk68lIk40VSQ8UdBwpGOULY36jBJieYDA5hIZmZFpIclJtpcp2CO4EyvPAvuUfm07Fw6pco5jJWHXdiDA3DgGCpQhRq4QKALD/AEzxa3Hq0X63VcmrMmPdvwR9b7DxrukOk=</latexit><latexit sha1_base64="QzKsTBjutsVu/Iyd3al4/y9hwxE=">AAAB6XicbZC7TsMwFIZPyq2UW7lsLBYVEixVwgJslZCgYxGEVmqjynGd1tRxIttBKlEfgYUBEAMLOw/Dxsib4LQdoOWXLH36/3Pkc44fc6a0bX9Zubn5hcWl/HJhZXVtfaO4uXWjokQS6pKIR7LhY0U5E9TVTHPaiCXFoc9p3e+fZXn9jkrFInGtBzH1QtwVLGAEa2NdVdu37WLJLtsjoVlwJlCqHL7t3H9ffNTaxc9WJyJJSIUmHCvVdOxYeymWmhFOh4VWomiMSR93adOgwCFVXjoadYj2jdNBQSTNExqN3N8dKQ6VGoS+qQyx7qnpLDP/y5qJDk68lIk40VSQ8UdBwpGOULY36jBJieYDA5hIZmZFpIclJtpcp2CO4EyvPAvuUfm07Fw6pco5jJWHXdiDA3DgGCpQhRq4QKALD/AEzxa3Hq0X63VcmrMmPdvwR9b7DxrukOk=</latexit><latexit sha1_base64="Th4MKEK/3u5RgN7zb9FmNN0cmtc=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokX9VYQpMeKxhbaUDbbTbt2swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3nrg2IlH3OE55ENOBEpFgFK101+g99ipVt+bOQJaJV5AqFGj2Kl/dfsKymCtkkhrT8dwUg5xqFEzySbmbGZ5SNqID3rFU0ZibIJ+dOiGnVumTKNG2FJKZ+nsip7Ex4zi0nTHFoVn0puJ/XifD6DLIhUoz5IrNF0WZJJiQ6d+kLzRnKMeWUKaFvZWwIdWUoU2nbEPwFl9eJv557arm3XrV+k2RRgmO4QTOwIMLqEMDmuADgwE8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/hvSNfg==</latexit>

Complexity: O(t2/✏)
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HA HBH =<latexit sha1_base64="OFTZTh7nUFU8eWiikNen84yk4wk=">AAAB53icbZBNS8NAEIYn9avGr6pHL8EieCqJF/VQLHjx2IqxhTaUzXbSrt1swu5GKKHg3YsHFa/+JS/iv3HbetDWFxYe3neGnZkw5Uxp1/2yCkvLK6trxXV7Y3Nre6e0u3erkkxS9GnCE9kKiULOBPqaaY6tVCKJQ47NcHg5yZv3KBVLxI0epRjEpC9YxCjRxmpUu6WyW3GnchbB+4HyxaddfQCAerf00eklNItRaMqJUm3PTXWQE6kZ5Ti2O5nClNAh6WPboCAxqiCfDjp2jozTc6JEmie0M3V/d+QkVmoUh6YyJnqg5rOJ+V/WznR0FuRMpJlGQWcfRRl3dOJMtnZ6TCLVfGSAUMnMrA4dEEmoNrexzRG8+ZUXwT+pnFe8hleuXcNMRTiAQzgGD06hBldQBx8oIDzCM7xYd9aT9Wq9zUoL1k/PPvyR9f4NglmOfw==</latexit><latexit sha1_base64="asLJ7dK6+N7V8X7CtQgmtgBBNpU=">AAAB53icbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UIBmwsE3FNIFnC7ORsMmb2wsysEEKewMZCxVZ8I5vg2zi5FJr4w8DH/5/DnHOCVHClHefbyq2srq1v5Dftre2d3b3C/sG9SjLJ0GOJSGQjoAoFj9HTXAtspBJpFAisB/3rSV5/RKl4Et/pQYp+RLsxDzmj2li1crtQdErOVGQZ3DkUr8Z2Of0c29V24avVSVgWYayZoEo1XSfV/pBKzZnAkd3KFKaU9WkXmwZjGqHyh9NBR+TEOB0SJtK8WJOp+7tjSCOlBlFgKiOqe2oxm5j/Zc1Mhxf+kMdppjFms4/CTBCdkMnWpMMlMi0GBiiT3MxKWI9KyrS5jW2O4C6uvAzeWemy5NbcYuUWZsrDERzDKbhwDhW4gSp4wADhCV7g1Xqwnq03631WmrPmPYfwR9bHD3J0j/M=</latexit><latexit sha1_base64="asLJ7dK6+N7V8X7CtQgmtgBBNpU=">AAAB53icbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UIBmwsE3FNIFnC7ORsMmb2wsysEEKewMZCxVZ8I5vg2zi5FJr4w8DH/5/DnHOCVHClHefbyq2srq1v5Dftre2d3b3C/sG9SjLJ0GOJSGQjoAoFj9HTXAtspBJpFAisB/3rSV5/RKl4Et/pQYp+RLsxDzmj2li1crtQdErOVGQZ3DkUr8Z2Of0c29V24avVSVgWYayZoEo1XSfV/pBKzZnAkd3KFKaU9WkXmwZjGqHyh9NBR+TEOB0SJtK8WJOp+7tjSCOlBlFgKiOqe2oxm5j/Zc1Mhxf+kMdppjFms4/CTBCdkMnWpMMlMi0GBiiT3MxKWI9KyrS5jW2O4C6uvAzeWemy5NbcYuUWZsrDERzDKbhwDhW4gSp4wADhCV7g1Xqwnq03631WmrPmPYfwR9bHD3J0j/M=</latexit><latexit sha1_base64="3Mem3IZ/FAg0I11HSPs/TGW53BA=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokX9SAUvHhsxdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777aysrq1vbJa2yts7u3v7lYPDB51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSLvzTjFIKYDySPOqLFS87pXqbo1dwayTLyCVKFAo1f56vYTlsUoDRNU647npibIqTKcCZyUu5nGlLIRHWDHUklj1EE+O3RCTq3SJ1GibElDZurviZzGWo/j0HbG1Az1ojcV//M6mYkug5zLNDMo2XxRlAliEjL9mvS5QmbE2BLKFLe3EjakijJjsynbELzFl5eJf167qnlNr1q/K9IowTGcwBl4cAF1uIUG+MAA4Rle4c15dF6cd+dj3rriFDNH8AfO5w//P4yi</latexit> +
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Higher-order version (order k): O
�
5kt(t/✏)1/k

�
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Main idea:



2. Simulating sparse Hamiltonians

Main idea: Color the edges of the graph of H.  Then the simulation breaks into small pieces that 
are easy to handle.

= + +

[Childs, Cleve, Deotto, Farhi, Gutmann, Spielman 03; Aharonov, Ta-Shma 03]

A sparse graph can be efficiently colored using only local information, so this gives efficient 
simulations.

Sparse Hamiltonians [Aharonov, Ta-Shma 03]

H =For any given row, the locations of the nonzero 
entries and their values can be computed efficiently



3. Simulating quantum mechanics in real time

Systems simulate their own dynamics in real time!

Can we give an algorithm with complexity precisely O(t)?

Complexity of kth order product formula simulation is                      .O(52kt1+1/2k)

0 0 1 0 1 1 0

No fast-forwarding theorem: Simulating Hamiltonian dynamics for time t requires         gates.⌦(t)

[Berry, Ahokas, Cleve, Sanders 05]



3. Simulating quantum mechanics in real time

Main idea: introduce a discrete-time quantum walk corresponding to the Hamiltonian

• discrete dynamics
• easy to implement
• efficiently carries spectral information about the Hamiltonian

Challenge: mismatch between

• Schrödinger dynamics (continuous time) and
• the quantum circuit model (discrete time)

[Childs 10; Berry, Childs 12]

Complexity: O(t/
p
✏)
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linear in t!



4. High-precision simulation?

Can we improve the dependence on ²?

Many approximate computations can be done with complexity poly(log(1/²)):

• computing ¼ 
• boosting a bounded-error subroutine
• Solovay-Kitaev circuit synthesis
• and more…

Quantum walk simulation: O(1/
p
✏)

Can we do better?

Lower bound (based on the unbounded-error query complexity of parity): ⌦
� log(1/✏)
log log(1/✏)

�

0 0 1 0 1 1 0

Product formulas (kth order): O
�
5k/✏1/k

�
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[Berry, Childs, Cleve, Kothari, Somma 14 & 15]



4. High-precision simulation

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

Yes! There is a simulation with complexity                       .O
�
t

log(t/✏)
log log(t/✏)

�

Main idea: 
• Consider the truncated Taylor series
• Expand H as a linear combination of unitary operators
• Directly implement the overall linear combination by oblivious amplitude amplification

e�iHt =
P1

k=0
(�iHt)k

k! ⇡
P

K

k=0
(�iHt)k

k!
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exponential improvement in ²!



5. An optimal tradeoff

Combining known lower bounds on the complexity of simulation as a function of t and ² gives

⌦
⇣
t+

log 1
✏

log log 1
✏

⌘
O

⇣
t

log t
✏

log log t
✏

⌘
vs. upper bound of

[Low, Chuang 16]

Main idea: 
• Encode the eigenvalues of H in a two-dimensional subspace
• Manipulate those eigenvalues using a carefully-chosen sequence of single-qubit rotations 
(inspired by quantum control technique of composite pulses)

Recent work, using an alternative method for implementing a linear combination of quantum 
walk steps, achieves the lower bound.

optimal tradeoff between t and ²! 



6. Real-time simulation revisited

[Haah, Hastings, Kothari, Low 18]

We’ve focused on the complexity as a function of t (evolution time) and ² (precision).
What about the dependence on system size?

Consider a system of n spins with nearest-neighbor interactions. To simulate for constant time, 
best previous methods give:
• total number of gates: O(n2)
• circuit depth (execution time with parallel gates): O(n)

Execution time should not have to be extensive!

Main ideas: 
• Lieb-Robinson bound limits the speed of propagation
• Simulate small, overlapping regions, with negative-time 
evolutions to correct the boundaries

3

an operator h(t) is said to be piecewise slowly varying if every ↵j(t) is piecewise slowly varying

with respect to a time slicing independent of j.

II. ALGORITHM AND ANALYSIS
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FIG. 1. Decomposition of time evolution operator for time t = O(1). The time is going upwards. Each

block ⇤ represents the forward time evolution, e�itH⇤ , if the arrow is upward, and backward time evolution,

e+itH⇤ , if the arrow is downward. Here, H⇤ is the sum of local terms in the Hamiltonian supported within

the block. The overlap has size `. (a) shows a one-dimensional setting, but a generalization to higher D

dimensions is readily achieved by regarding each block as a (D � 1)-dimensional hyperplane so that the

problem reduces to lower dimensions. (b) shows a two-dimensional setting. The approximation error from the

depicted decomposition is ✏ = O(e�µ`LD/`) where L is the linear system size, ` is the width of the overlap

between blocks, and µ > 0 is a constant that depends only on the locality of the Hamiltonian. One can use

any algorithm to further decompose the resulting “small” unitaries on O(log(L/✏)) qubits into elementary

gates. To achieve gate count that is linear (up to logarithmic factors) in spacetime volume, the algorithm for

simulating the blocks needs to be polynomial in the block size and polylogarithmic in accuracy.

Theorem 1. Let H =
P

X✓⇤ hX(t) be a time-dependent Hamiltonian on a lattice ⇤ of n qubits,

embedded in the Euclidean metric space RD
. Assume that every unit ball contains O(1) qubits,

hX = 0 if diam(X) > 1. Also assume that every local term hX(t) is e�ciently computable (e.g.,

analytic), piecewise slowly varying on time domain [0, T ], and khX(t)k  1 and for any X and t.

Then, there exists a quantum algorithm that can approximate the real-time evolution of H for time

T to accuracy ✏ using O(Tn polylog(Tn/✏)) 2-qubit local gates, and has depth O(T polylog(Tn/✏)).

The algorithm is depicted in Figure 1. Before showing why this algorithm works, we provide a

high-level overview of the algorithm and the structure of the proof. Since a time evolution unitary

Recent improvement: simulation with O(n) gates, O(1) depth

optimal n dependence! 



7. Making quantum simulation practical

IBM Google/UCSB MarylandDelft

Challenges 
• Improve experimental systems
• Improve algorithms and their implementation, making the best use of available hardware

When can we use quantum computers to solve problems that are beyond the reach of classical 
computers? 



7. Making quantum simulation practical

Simulating 50 spins (PF6 empirical)
•50 qubits
•1.8×108 T gates

Factoring a 1024-bit number [Kutin 06]

•3132 qubits
•5.7×109 T gates

Simulating FeMoco [Reiher et al. 16]

•111 qubits
•1.0×1014 T gates

Simulating 50 spins (segmented QSP)
•67 qubits
•2.4×109 T gates
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[Childs, Maslov, Nam, Ross, Su 17]



Outlook

Interplay between physics and computer science 

• Ideas from CS: distributed graph coloring, query complexity lower bounds, Markov chains, … 

• Ideas from physics: composite pulses, Lieb-Robinson bounds, scattering, …

• Quantum simulation algorithms will be powerful computational tools for answering questions 
about quantum physics

Ongoing challenges 

• Find faster quantum simulation algorithms that exploit system structure

• Develop efficient practical implementations

• Use real quantum computers to do science!


