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0. Introduction



The origin of quantum speedup

To perform a computation, we should arrange that
• paths to the solution interfere constructively
• paths to non-solutions interfere destructively

Quantum mechanics gives an efficient representation of high-dimensional interference

Quantum computers allow for interference between computational paths



Quantum computing ≠ exponential parallelism

Can we just explore all potential solutions in parallel and pick out 
the correct one?

To get significant speedup, quantum computers need to exploit structure

Key question: What kinds of problems have the right structure for quantum 
computers to exploit?

No! The linearity of quantum mechanics prohibits this.



Unstructured search

Can quantum computers speed up brute-force search?

Given a black-box function                                     , is there an                        such 
that              ?

<latexit sha1_base64="MEedWGkmfHhO4s6pB6fRmCvHZGQ=">AAACC3icbVDNS8MwHE3n15xfVY9ewobgYYxWRD0OvOhFJrgPWMtI03QLS5OSpMIovXvxX/HiQRGv/gPe/G9Mtx1080Hg8d7vl+S9IGFUacf5tkorq2vrG+XNytb2zu6evX/QUSKVmLSxYEL2AqQIo5y0NdWM9BJJUBww0g3GV4XffSBSUcHv9SQhfoyGnEYUI22kgV2NvOISDr3MrXssFFrVb70celoYyam7Xj6wa07DmQIuE3dOamCO1sD+8kKB05hwjRlSqu86ifYzJDXFjOQVL1UkQXiMhqRvKEcxUX42zZLDY6OEMBLSHK7hVP29kaFYqUkcmMkY6ZFa9ArxP6+f6ujSzyhPUk04nj0UpQyaoEUxMKSSYM0mhiAsqfkrxCMkEdamvoopwV2MvEw6pw33vOHcndWaN/M6yuAIVMEJcMEFaIJr0AJtgMEjeAav4M16sl6sd+tjNlqy5juH4A+szx8QEZnN</latexit>

f : {1, . . . , N} ! {0, 1}
<latexit sha1_base64="MPn8+b4jsPx/BjcdVdcCZAZw4zc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISEXVZcKMbqWAf0IQymUzboZNJmLkRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJn7rgSnNY3kPo4T5EelL3uOUgJG69gHHHpfYy9yKJ8IYdOXWG3ftslN1psCLxM1JGeWod+0vL4xpGjEJVBCtO66TgJ8RBZwKNi55qWYJoUPSZx1DJYmY9rPp9WN8bJQQ92JlSgKeqr8nMhJpPYoC0xkRGOh5byL+53VS6F36GZdJCkzS2aJeKjDEeBIFDrliFMTIEEIVN7diOiCKUDCBlUwI7vzLi6R5WnXPq87dWbl2k8dRRIfoCJ0gF12gGrpGddRAFD2iZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAdPJRk</latexit>

i 2 {1, . . . , N}
<latexit sha1_base64="0IbxTvnJzfJJNWPj1pO5w4bmD98=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfUiFLzorYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz88KEM20879sprKyurW8UN0tb2zu7e+7+QVPLVBHaIJJL1Q6xppwJ2jDMcNpOFMVxyGkrHN1M/dYTVZpJ8WDGCQ1iPBAsYgQbKzWjCju99ntu2at6M6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BH/x5WXSPKv6F1Xv/rxcu8vjKMIRHEMFfLiEGtxCHRpA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucPTG+OUA==</latexit>

f(i) = 1

Classically:           queries
<latexit sha1_base64="1PqgS7I8S75ka0YeYHejJUIrgCE=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYhDiJeyKqMeAF71IhLwkWcLspDcZMjO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737aysrq1vbOa28ts7u3v7hYPDholTzaDOYhHrVkgNCK6gjhwFtBINVIYCmuHwZuo3n0AbHqsajhIIJO0rHnFG0UqPndoAkJbuz7qFolf2ZnCXiZ+RIslQ7Ra+Or2YpRIUMkGNaftegsGYauRMwCTfSQ0klA1pH9qWKirBBOPZwRP31Co9N4q1LYXuTP09MabSmJEMbaekODCL3lT8z2unGF0HY66SFEGx+aIoFS7G7vR7t8c1MBQjSyjT3N7qsgHVlKHNKG9D8BdfXiaN87J/WfYeLoqVuyyOHDkmJ6REfHJFKuSWVEmdMCLJM3klb452Xpx352PeuuJkM0fkD5zPH94nj9E=</latexit>

⇥(N)

Quantumly:              queries [Grover 96]
<latexit sha1_base64="/bsFM87PDfbg8ntDTRXt4IXZhP4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvOhFI5gHJkuYncwmQ2Zn15leIYT8hRcPinj1b7z5N04eB00saCiquunuChIpDLrut5NZWl5ZXcuu5zY2t7Z38rt7NROnmvEqi2WsGwE1XArFqyhQ8kaiOY0CyetB/3Ls15+4NiJW9zhIuB/RrhKhYBSt9HBbbJlHjeTmuJ0vuCV3ArJIvBkpwAyVdv6r1YlZGnGFTFJjmp6boD+kGgWTfJRrpYYnlPVplzctVTTixh9OLh6RI6t0SBhrWwrJRP09MaSRMYMosJ0RxZ6Z98bif14zxfDCHwqVpMgVmy4KU0kwJuP3SUdozlAOLKFMC3srYT2qKUMbUs6G4M2/vEhqJyXvrOTenRbK17M4snAAh1AED86hDFdQgSowUPAMr/DmGOfFeXc+pq0ZZzazD3/gfP4AarSQHg==</latexit>

O(
p
N)

• by phase kickback, can implement an oracle 
• this is a reflection about the M marked items
• alternate with reflection about
• rotation by an angle                 in a 2D subspace
• significant overlap with marked subspace in time

<latexit sha1_base64="XSkq0DzEQQ2Eit+QfkzsXIB2Z28=">AAACEHicbVDLSgMxFM3UVx1foy7dBIvYLiwzIuqy4EZ3FewD2rFk0kwbmkmGJCOUsZ/gxl9x40IRty7d+Tem7SDaeuDC4Zx7ufeeIGZUadf9snILi0vLK/lVe219Y3PL2d6pK5FITGpYMCGbAVKEUU5qmmpGmrEkKAoYaQSDi7HfuCNSUcFv9DAmfoR6nIYUI22kjnN4T9sS8R4jdjtCsdLCLh55pds0LNLSCP64Hafglt0J4DzxMlIAGaod57PdFTiJCNeYIaVanhtrP0VSU8zIyG4nisQID1CPtAzlKCLKTycPjeCBUbowFNIU13Ci/p5IUaTUMApMZ4R0X816Y/E/r5Xo8NxPKY8TTTieLgoTBrWA43Rgl0qCNRsagrCk5laI+0girE2GtgnBm315ntSPy95p2b0+KVSusjjyYA/sgyLwwBmogEtQBTWAwQN4Ai/g1Xq0nq03633amrOymV3wB9bHNwlSm/o=</latexit>

|ii 7! (�1)f(i)|ii
<latexit sha1_base64="NwcaYxW/tU8rmvF00sKMVDpt+U8=">AAACG3icbVA9SwNBEN3z2/gVtbRZDIJVuAuiNoJgo02IYBIhF8PeZi5Z3Ns7d+fEcN7/sPGv2FgoYiVY+G/cxBR+PRh4vDfDzLwgkcKg6344E5NT0zOzc/OFhcWl5ZXi6lrDxKnmUOexjPV5wAxIoaCOAiWcJxpYFEhoBpdHQ795DdqIWJ3hIIF2xHpKhIIztFKnWPERbtDgQIIfasYzL898c6WRVnPqmzTqZOLAyy+q9Fb4mqmehE6x5JbdEehf4o1JiYxR6xTf/G7M0wgUcsmMaXlugu2MaRRcQl7wUwMJ45esBy1LFYvAtLPRbzndskqXhrG2pZCO1O8TGYuMGUSB7YwY9s1vbyj+57VSDPfbmVBJiqD416IwlRRjOgyKdoUGjnJgCeNa2Fsp7zMbEdo4CzYE7/fLf0mjUvZ2y+7pTunwZBzHHNkgm2SbeGSPHJJjUiN1wskdeSBP5Nm5dx6dF+f1q3XCGc+skx9w3j8BSbaiLw==</latexit>

1p
N

PN
i=1 |ii<latexit sha1_base64="SRiSOPXBkHH/HglnNfpd1lBZoXc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahXmoioh4LXvQiFfoFTSib7aZdutnE3YlYQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKbDtb6Owsrq2vlHcLG1t7+zumfvltooSSWiLRDySXR8rypmgLWDAaTeWFIc+px1/fD31O49UKhaJJkxi6oV4KFjACAYt9c2y2xxRwFXn1FUPEtK77KRvVuyaPYO1TJycVFCORt/8cgcRSUIqgHCsVM+xY/BSLIERTrOSmygaYzLGQ9rTVOCQKi+d3Z5Zx1oZWEEkdQmwZurviRSHSk1CX3eGGEZq0ZuK/3m9BIIrL2UiToAKMl8UJNyCyJoGYQ2YpAT4RBNMJNO3WmSEJSag4yrpEJzFl5dJ+6zmXNTs+/NK/TaPo4gO0RGqIgddojq6QQ3UQgQ9oWf0it6MzHgx3o2PeWvByGcO0B8Ynz8XUZPa</latexit>

⇥(1/
p
N)

<latexit sha1_base64="Xo+9/XBTM7TCvdplUQQY89rFknQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSYi6rHgRQ9qBfsBbSib7bZdutmku5NCCf0dXjwo4tUf481/47bNQVsfDDzem2Fmnh8JrtFxvq2l5ZXVtfXMRnZza3tnN7e3X9VhrCir0FCEqu4TzQSXrIIcBatHipHAF6zm968nfm3IlOahfMJRxLyAdCXvcErQSN5DoakHCpP707vxSSuXd4rOFPYicVOShxTlVu6r2Q5pHDCJVBCtG64ToZcQhZwKNs42Y80iQvukyxqGShIw7SXTo8f2sVHadidUpiTaU/X3REICrUeBbzoDgj09703E/7xGjJ0rL+EyipFJOlvUiYWNoT1JwG5zxSiKkSGEKm5utWmPKELR5JQ1IbjzLy+S6lnRvSg6j+f50m0aRwYO4QgK4MIllOAGylABCgN4hld4s4bWi/Vufcxal6x05gD+wPr8AemWkZA=</latexit>

O(
p
N/M)

Also quantumly:              queries necessary [Bennett, Bernstein, Brassard, Vazirani 97]
<latexit sha1_base64="6BNWdxV7q4t/gakAJuyMR7Sp8m8=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoioh4LXvSiFewHNKFstpt26WYTdzdCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpBwprTjfFtLyyura+uFjeLm1vZOyd7da6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF5O/NYjlYrF4l6PEupHuC9YyAjWRuraJe82on1c8dSD1OjmuGuXnaozBVokbk7KkKPetb+8XkzSiApNOFaq4zqJ9jMsNSOcjoteqmiCyRD3acdQgSOq/Gx6+BgdGaWHwliaEhpN1d8TGY6UGkWB6YywHqh5byL+53VSHV74GRNJqqkgs0VhypGO0SQF1GOSEs1HhmAimbkVkQGWmGiTVdGE4M6/vEiaJ1X3rOrcnZZr13kcBTiAQ6iAC+dQgyuoQwMIpPAMr/BmPVkv1rv1MWtdsvKZffgD6/MHq4WSdw==</latexit>

⌦(
p
N)



Simon’s problem

Problem:  Find s

Given a black-box function
<latexit sha1_base64="SZUxsrV+6L6vBSZ9s1bPPQ2jjMA=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMaAqQQgYK7HAVhB9SE2oHNdprTpOZDtIVZSFX2FhACFWPoONv8FpO0DLkSwdnXOv7XOChDOlHefbWlhcWl5ZLa2V1zc2t7btnd2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhVeG3HqlULBb3epRQP8J9wUJGsDZS194PveISgbzMOXG9/MEwHaO7rl1xqs4YaJ64U1KBKepd+8vrxSSNqNCEY6U6rpNoP8NSM8JpXvZSRRNMhrhPO4YKHFHlZ+MAOToySg+FsTRHaDRWf29kOFJqFAVmMsJ6oGa9QvzP66Q6vPQzJpJUU0EmD4UpRyZi0QbqMUmJ5iNDMJHM/BWRAZaYaNNZ2ZTgzkaeJ83TqntedW7PKrWbaR0lOIBDOAYXLqAG11CHBhDI4Rle4c16sl6sd+tjMrpgTXf24A+szx8XApV0</latexit>

f : {0, 1}n ! R

Promise:  There is some                   such that 
f(x) = f(y) if and only if x = y or x = y  © s

<latexit sha1_base64="1ppR/UdxmLvXTN5TbuRFVn2CYZM=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AIHqRkRdRjwYveKtgP6K4lm2bb0Gx2SbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCARXBuMv53Cyura+kZxs7S1vbNbruztt3ScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK6nfvuRKc1jeW/GCfMjMpA85JQYK/UqZY08LpGX4VPXmzxYpYpreAa0TNycVCFHo1f58voxTSMmDRVE666LE+NnRBlOBZuUvFSzhNARGbCupZJETPvZ7PAJOrZKH4WxsiUNmqm/JzISaT2OAtsZETPUi95U/M/rpia88jMuk9QwSeeLwlQgE6NpCqjPFaNGjC0hVHF7K6JDogg1NquSDcFdfHmZtM5q7kUN351X67d5HEU4hCM4ARcuoQ430IAmUEjhGV7hzXlyXpx352PeWnDymQP4A+fzB01hkjw=</latexit>

s 2 {0, 1}n
0

s

x

x  © s

0 . . . 01

· · ·
<latexit sha1_base64="USIZRIT8E/23cYv78BqFNiEl1lk=">AAACBHicbVDLSgMxFM34rPVVddlNsAhuLDMi6rLgxmUF+4B2GDKZTBuaSYbkjlCGLtz4K25cKOLWj3Dn35i2s9DWAxdOzrmX3HvCVHADrvvtrKyurW9slrbK2zu7e/uVg8O2UZmmrEWVULobEsMEl6wFHATrppqRJBSsE45upn7ngWnDlbyHccr8hAwkjzklYKWgUjWBh/siUmCwCXJ55k1wPyTaPqxbc+vuDHiZeAWpoQLNoPLVjxTNEiaBCmJMz3NT8HOigVPBJuV+ZlhK6IgMWM9SSRJm/Hx2xASfWCXCsdK2JOCZ+nsiJ4kx4yS0nQmBoVn0puJ/Xi+D+NrPuUwzYJLOP4ozgUHhaSI44ppREGNLCNXc7orpkGhCweZWtiF4iycvk/Z53busu3cXtUajiKOEqugYnSIPXaEGukVN1EIUPaJn9IrenCfnxXl3PuatK04xc4T+wPn8AS7Mlyg=</latexit>

s1 . . . sn�1s̄n

One classical strategy:
• Compute f(x) for a random x 
• Repeat until we find              such that
• Output 

<latexit sha1_base64="RXKPpD50ANgPt1AIyF94MrP6zrA=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KomIeix40VsF+wFpCJvtpF272Q27G2kJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwpWWmKDSp5FJ1IqKBMwFNwwyHTqqAJBGHdjS8mfrtJ1CaSfFgxikECekLFjNKjJX8UchwVwAehY9hperW3BnwMvEKUkUFGmHlq9uTNEtAGMqJ1r7npibIiTKMcpiUu5mGlNAh6YNvqSAJ6CCfnTzBp1bp4VgqW8Lgmfp7IieJ1uMksp0JMQO96E3F/zw/M/F1kDORZgYEnS+KM46NxNP/cY8poIaPLSFUMXsrpgOiCDU2pbINwVt8eZm0zmveZc29v6jW74o4SugYnaAz5KErVEe3qIGaiCKJntErenOM8+K8Ox/z1hWnmDlCf+B8/gCxRZDk</latexit>

xi 6= xj
<latexit sha1_base64="BJfq2bCpKedxeSb+/AWgCekn0sY=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWod2URETdCAU3uqtgL9CGMJlO2rGTCzMTsYY+iRsXirj1Udz5Nk7aLLT1h4GP/5zDOfN7MWdSWda3UVhZXVvfKG6WtrZ3dsvm3n5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzxVVbvPFAhWRTeqUlMnQAPQ+YzgpW2XLPsVx9dVkOXKIP7mmtWrLo1E1oGO4cK5Gq65ld/EJEkoKEiHEvZs61YOSkWihFOp6V+ImmMyRgPaU9jiAMqnXR2+BQda2eA/EjoFyo0c39PpDiQchJ4ujPAaiQXa5n5X62XKP/CSVkYJ4qGZL7ITzhSEcpSQAMmKFF8ogETwfStiIywwETprEo6BHvxy8vQPqnbZ3Xr9rTSuMnjKMIhHEEVbDiHBlxDE1pAIIFneIU348l4Md6Nj3lrwchnDuCPjM8fhKmRuQ==</latexit>

f(xi) = f(xj)
<latexit sha1_base64="GXE5XttJhIFOhGBJHrrRgFTFQ7E=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARXJUZEXUjFNzoroK9QDsMmTRtYzPJkGSkZeiruHGhiFtfxJ1vY9rOQlt/CHz85xzOyR8lnGnjed/Oyura+sZmYau4vbO7t+8elBpaporQOpFcqlaENeVM0LphhtNWoiiOI06b0fBmWm8+UaWZFA9mnNAgxn3BeoxgY63QLWl0jUYhQx2Z8FRbfAzdslfxZkLL4OdQhly10P3qdCVJYyoM4Vjrtu8lJsiwMoxwOil2Uk0TTIa4T9sWBY6pDrLZ7RN0Yp0u6kllnzBo5v6eyHCs9TiObGeMzUAv1qbmf7V2anpXQcZEkhoqyHxRL+XISDQNAnWZosTwsQVMFLO3IjLAChNj4yraEPzFLy9D46ziX1S8+/Ny9S6PowBHcAyn4MMlVOEWalAHAiN4hld4cybOi/PufMxbV5x85hD+yPn8Actpk6s=</latexit>

s = xi � xj

By the birthday problem, we need about         steps. This is essentially optimal.
<latexit sha1_base64="BTSKWupngRIaunmJAw5yM+FSsKg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY8BL3qLYB6YrGF2MkmGzM6uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU395hPXRkTqDscx90M6UKIvGEUr3XfMo8a08qAm3WLJLbszkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TBqVsndedm/PStWbLI48HMExnIIHF1CFa6hBHRgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP83GkQY=</latexit>p
2n



Simon’s algorithm

With O(n) samples, these values determine s with good probability

On a quantum computer, the ability to compute f(x) corresponds to the ability to 
perform the unitary transformation

<latexit sha1_base64="Wx0nzuAFV9EuBGC3FY0xTMOUQqQ=">AAACC3icbVDLSgMxFM34rPU16tJNaBEqSJkRUZcFN7qrYB/QDiWT3mlDM5khyUjL2L0bf8WNC0Xc+gPu/BvTdhbaeiBwOOdebs7xY86Udpxva2l5ZXVtPbeR39za3tm19/brKkokhRqNeCSbPlHAmYCaZppDM5ZAQp9Dwx9cTfzGPUjFInGnRzF4IekJFjBKtJE6duFheOK0JRE9DrgdkljpCBstKA2PM7ljF52yMwVeJG5GiihDtWN/tbsRTUIQmnKiVMt1Yu2lRGpGOYzz7URBTOiA9KBlqCAhKC+dZhnjI6N0cRBJ84TGU/X3RkpCpUahbyZDovtq3puI/3mtRAeXXspEnGgQdHYoSDg2eSfF4C6TQDUfGUKoZOavmPaJJFSb+vKmBHc+8iKpn5bd87Jze1as3GR15NAhKqASctEFqqBrVEU1RNEjekav6M16sl6sd+tjNrpkZTsH6A+szx8pfJqE</latexit>

|x, 0i 7! |x, f(x)i

Fact:  Measurement returns a uniformly random x subject to the condition
<latexit sha1_base64="E91/F4haq/ox/T58Pf60UqJ9YPs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CwYveKtgPaJeSzWbb0GyyJtliWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlagdYU84EbRhmOG0niuI44LQVDG+mfmtElWZSPJhxQv0Y9wWLGMHGSv4T6pJQGqTRNXJ75YpbdWdAy8TLSQVy1Hvlr24oSRpTYQjHWnc8NzF+hpVhhNNJqZtqmmAyxH3asVTgmGo/mx09QSdWCVEklS1h0Ez9PZHhWOtxHNjOGJuBXvSm4n9eJzXRlZ8xkaSGCjJfFKUcGYmmCaCQKUoMH1uCiWL2VkQGWGFibE4lG4K3+PIyaZ5VvYuqe39eqd3lcRThCI7hFDy4hBrcQh0aQOARnuEV3pyR8+K8Ox/z1oKTzxzCHzifP+aJkOY=</latexit>

x · s = 0

Subroutine:
• Prepare the uniform superposition 
• Compute f in superposition
• Perform the Hadamard transform on the first n qubits
• Measure the state of the first n qubits 

<latexit sha1_base64="iaIyPtb1ocG7UowR3LOd7B8ujiA="></latexit>

1p
2n

P
x2{0,1}n |x, 0i

<latexit sha1_base64="YZExTxCB2lSr9QXyy7kxyc3QBe4="></latexit>

7! 1p
2n

P
x2{0,1}n |x, f(x)i

Recall:              classical queries. Exponential quantum speedup!
<latexit sha1_base64="+9QBaHbn1RZ7MbvWt6mcRH3u9vE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyUpoi4LbnRlBfuAJpbJdNIOnZnEmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3niBmVGnH+bYKK6tr6xvFzdLW9s7unr1fbqsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjC+nfueRSEUjcacnMfE5GgoaUoy0kfp22bvhZIiqnnqQOq3fi+ykb1ecmjMDXCZuTiogR7Nvf3mDCCecCI0ZUqrnOrH2UyQ1xYxkJS9RJEZ4jIakZ6hAnCg/nd2ewWOjDGAYSVNCw5n6eyJFXKkJD0wnR3qkFr2p+J/XS3R44adUxIkmAs8XhQmDOoLTIOCASoI1mxiCsKTmVohHSCKsTVwlE4K7+PIyaddr7lnNuT2tNK7zOIrgEByBKnDBOWiAK9AELYDBE3gGr+DNyqwX6936mLcWrHzmAPyB9fkDgAKUHQ==</latexit>

⌦(
p
2n)



The collision problem

Problem:  Determine which holds

Promise:  f is either 1-to-1 or 2-to-1

This is optimal! No exponential speedup. [Aaronson, Shi 01]

Given a black-box function
<latexit sha1_base64="SZUxsrV+6L6vBSZ9s1bPPQ2jjMA=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMaAqQQgYK7HAVhB9SE2oHNdprTpOZDtIVZSFX2FhACFWPoONv8FpO0DLkSwdnXOv7XOChDOlHefbWlhcWl5ZLa2V1zc2t7btnd2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhVeG3HqlULBb3epRQP8J9wUJGsDZS194PveISgbzMOXG9/MEwHaO7rl1xqs4YaJ64U1KBKepd+8vrxSSNqNCEY6U6rpNoP8NSM8JpXvZSRRNMhrhPO4YKHFHlZ+MAOToySg+FsTRHaDRWf29kOFJqFAVmMsJ6oGa9QvzP66Q6vPQzJpJUU0EmD4UpRyZi0QbqMUmJ5iNDMJHM/BWRAZaYaNNZ2ZTgzkaeJ83TqntedW7PKrWbaR0lOIBDOAYXLqAG11CHBhDI4Rle4c16sl6sd+tjMrpgTXf24A+szx8XApV0</latexit>

f : {0, 1}n ! R
<latexit sha1_base64="Pk2bXlcWhqSjKjzcgZdW3O88bW4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6Eghe9SAW3LbRryabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrOTfXdUeRa9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1qreedW9P6vUb/M4inAEx3AKHlxAHW6gAT4QYPAMr/DmCOfFeXc+5q0FJ585hD9wPn8AHjiOQQ==</latexit>

N = 2n

Can be solved with               queries [Brassard, Høyer, Tapp 97]
<latexit sha1_base64="eN72goimtfl5c4W34JtSP43IfcU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXmqioh4LXvSiFewHtrFstpt26WYTdjdCCP0XXjwo4tV/481/47bNQVsfDDzem2FmnhdxprRtf1u5hcWl5ZX8amFtfWNzq7i901BhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7wc+80nKhULxb1OIuoGuC+YzwjWRnq4Ld88ps7RyeiwWyzZFXsCNE+cjJQgQ61b/Or0QhIHVGjCsVJtx460m2KpGeF0VOjEikaYDHGftg0VOKDKTScXj9CBUXrID6UpodFE/T2R4kCpJPBMZ4D1QM16Y/E/rx1r/8JNmYhiTQWZLvJjjnSIxu+jHpOUaJ4Ygolk5lZEBlhiok1IBROCM/vyPGkcV5yzin13WqpeZ3HkYQ/2oQwOnEMVrqAGdSAg4Ble4c1S1ov1bn1MW3NWNrMLf2B9/gDbhY/B</latexit>

O(N1/3)

• query K items
• search through remaining items for a duplicate
• cost                           is minimized with

<latexit sha1_base64="vTmcUl3rOg+xFwA87qWWOdhWbXk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCRIi7Iuox4EUJaATzgGQJs5PZZMjsw5leJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLjcSXIFlfRuZhcWl5ZXsam5tfWNzy8xv11UYS8pqNBShbLpEMcEDVgMOgjUjyYjvCtZwBxdjv/HApOJhcAfDiDk+6QXc45SAljpm/qZYwYe4re4lJNdHldFBxyxYJWsCPE/slBRQimrH/Gp3Qxr7LAAqiFIt24rASYgETgUb5dqxYhGhA9JjLU0D4jPlJJPTR3hfK13shVJXAHii/p5IiK/U0Hd1p0+gr2a9sfif14rBO3cSHkQxsIBOF3mxwBDicQ64yyWjIIaaECq5vhXTPpGEgk4rp0OwZ1+eJ/Xjkn1asm5PCuWrNI4s2kV7qIhsdIbK6BJVUQ1R9Iie0St6M56MF+Pd+Ji2Zox0Zgf9gfH5AxF4kp0=</latexit>

O(K +
p
N/K)

<latexit sha1_base64="/7gGqCQbkPhCrUAbIcVhFHN5DMM=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIl7irol6EgBdFkAh5QbKG2UlvMmT2wcyssCzxV7x4UMSrH+LNv3GS7EETCxqKqm66u9yIM6ks69tYWFxaXlnNreXXNza3ts2d3YYMY0GhTkMeipZLJHAWQF0xxaEVCSC+y6HpDq/GfvMRhGRhUFNJBI5P+gHzGCVKS12zcIsvcac2AEVKdw+pfXQyOuyaRatsTYDniZ2RIspQ7ZpfnV5IYx8CRTmRsm1bkXJSIhSjHEb5TiwhInRI+tDWNCA+SCedHD/CB1rpYS8UugKFJ+rviZT4Uia+qzt9ogZy1huL/3ntWHkXTsqCKFYQ0OkiL+ZYhXicBO4xAVTxRBNCBdO3YjogglCl88rrEOzZl+dJ47hsn5Wt+9Ni5SaLI4f20D4qIRudowq6RlVURxQl6Bm9ojfjyXgx3o2PaeuCkc0U0B8Ynz8BfJMX</latexit>

K = ⇥(N1/3)

· · · · · ·



The prospect of quantum speedup

Simon’s problem is a special case with enough additional structure to give a fast 
quantum algorithm (but not a fast classical algorithm) → exponential speedup

The collision problem does not have enough structure to allow a fast quantum 
algorithm

Major questions:  What problems have fast quantum algorithms?
What structures enable exponential speedup?

Another important question: When can we get polynomial quantum speedup, and 
how much is possible?



1. Quantum query complexity



Quantum query model

Query complexity is a very clean setting in which lower bounds are feasible.

Main question: How many queries are needed to compute some                , where  
             specifies a promise on the input?

<latexit sha1_base64="2cqY0/+rXBsz2/FRfZA+N6jmdrs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS4LbnRXoS9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3PuvXPvCRLOlHacb6u0sbm1vVPereztHxxW7aPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6W3u9x6pVCwWbT1LqB/hsWAhI1gbaWhXQy8fIlALeTpG7aFdc+rOAmiduAWpQYHW0P7yRjFJIyo04Vipgesk2s+w1IxwOq94qaIJJlM8pgNDBY6o8rPF4nN0bpQRCmNpntBoof7uyHCk1CwKTGWE9UStern4nzdIdXjjZ0wkqaaCLD8KU47MiXkKaMQkJZrPDMFEMrMrIhMsMdEmq4oJwV09eZ10L+tuo+48XNWa90UcZTiFM7gAF66hCXfQgg4QSOEZXuHNerJerHfrY1lasoqeE/gD6/MHnHWSbQ==</latexit>

f : P ! T
<latexit sha1_base64="YxgG95me6ECINAp7o0Ox/5CqK64=">AAAB/XicbVDLSgNBEJyNrxhf8XHzMhgET2FXRD0GvOgtonlAdg2zk95kyMzsOjMrxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurjDhTBvX/XZyC4tLyyv51cLa+sbmVnF7p67jVFGo0ZjHqhkSDZxJqBlmODQTBUSEHBph/2LsNx5AaRbLWzNIIBCkK1nEKDFWahf3qtjXaajBwD32b1hXkDsrl9yyOwGeJ15GSihDtV388jsxTQVIQznRuuW5iQmGRBlGOYwKfqohIbRPutCyVBIBOhhOrh/hQ6t0cBQrW9Lgifp7YkiE1gMR2k5BTE/PemPxP6+Vmug8GDKZpAYknS6KUo5NjMdR4A5TQA0fWEKoYvZWTHtEEWpsYAUbgjf78jypH5e907J7fVKqXGVx5NE+OkBHyENnqIIuURXVEEWP6Bm9ojfnyXlx3p2PaWvOyWZ20R84nz/3dZTw</latexit>

P ✓ ⌃n

• A query reveals            for any specified
• A quantum query is the unitary operation 

(This is the standard reversible computation of xi; it can be done efficiently if we 
have an efficient circuit to compute xi from i.)

<latexit sha1_base64="NJjBccW0AiH9iYXhrRSZ3u1fHmQ=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY8FL3qraD+gu5Zsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epIrRBYh6rdog15UzShmGG03aiKBYhp61weDnxWw9UaRbLOzNKaCBwX7KIEWysdP/UZchnEvm3rC9wt1xxq+4UaJF4OalAjnq3/OX3YpIKKg3hWOuO5yYmyLAyjHA6LvmppgkmQ9ynHUslFlQH2fTqMTqySg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREF0HGZJIaKslsUZRyZGI0iQD1mKLE8JElmChmb0VkgBUmxgZVsiF48y8vkuZJ1Turujenldp1HkcRDuAQjsGDc6jBFdShAQQUPMMrvDmPzovz7nzMWgtOPrMPf+B8/gDI9JIS</latexit>

xi 2 ⌃
<latexit sha1_base64="pHq4lheuKinHY/MU5fD8UGYr6lc=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgopRERF0W3Oiugn1AE8pkMmmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMklokyQ8kZ0AK8qZoE3NNKedVFIcB5y2g+H1xG8/UKlYIu71KKV+jPuCRYxgbaSefciQxwTycrfq8TDRqiq8cc+uODVnCrRI3IJUoECjZ395YUKymApNOFaq6zqp9nMsNSOcjstepmiKyRD3addQgWOq/Hx6/RidGCVEUSJNCY2m6u+JHMdKjeLAdMZYD9S8NxH/87qZjq78nIk001SQ2aIo40gnaBIFCpmkRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWWc29qDl355X6bRFHCY7gGE7BhUuoww00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucPTfyUhA==</latexit>

i 2 {1, . . . , n}
<latexit sha1_base64="nKE4lctzADMcUxnYxiXVERFPf18=">AAACDHicbVDLSsNAFL3xWeur6tLNYBEEpSQi6rLgRncV7AOaUCbTSTt0MgkzE7HGfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM653LnHjzlT2ra/rbn5hcWl5cJKcXVtfWOztLXdUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/uMj85i2VikXiRg9j6oW4J1jACNZG6pTKD+zo3pVY9DhFbohjpSOUaYd3HZbrJmVX7DHQLHFyUoYctU7py+1GJAmp0IRjpdqOHWsvxVIzwumo6CaKxpgMcI+2DRU4pMpLx8eM0L5RuiiIpHlCo7H6eyLFoVLD0DfJEOu+mvYy8T+vnejg3EuZiBNNBZksChKOzMFZM6jLJCWaDw3BRDLzV0T6WGKiTX9FU4IzffIsaRxXnNOKfX1Srl7ldRRgF/bgABw4gypcQg3qQOARnuEV3qwn68V6tz4m0Tkrn9mBP7A+fwC6yZtw</latexit>

|i, zi 7! |i, z + xii

Models:
• deterministic, D(f): classical algorithm that always suceeds
• randomized, R(f): randomized classical algorithm, success probability at least 2/3
• quantum, Q(f): quantum algorithm, success probability at least 2/3

<latexit sha1_base64="7YizsMFM8i9pEEPWaCFk7YS1vGk=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi6rHgRW8V7Qd0tyWbZtvQJLskWbUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+O0vLK6tr64WN4ubW9s5uaW+/oeNUEVonMY9VK8SaciZp3TDDaStRFIuQ02Y4vJr4zQeqNIvlvRklNBC4L1nECDZW6jwhn0nk37G+wB3ZLZXdijsFWiReTsqQo9Ytffm9mKSCSkM41rrtuYkJMqwMI5yOi36qaYLJEPdp21KJBdVBNr16jI6t0kNRrGxJg6bq74kMC61HIrSdApuBnvcm4n9eOzXRZZAxmaSGSjJbFKUcmRhNIkA9pigxfGQJJorZWxEZYIWJsUEVbQje/MuLpHFa8c4r7u1ZuXqTx1GAQziCE/DgAqpwDTWoAwEFz/AKb86j8+K8Ox+z1iUnnzmAP3A+fwDN65IW</latexit>

x 2 ⌃nGiven a black box for an input string



Adversary method

The quantum adversary method [Ambainis 00; Høyer, Lee, Špalek 07] uses a progress measure 
that quantifies entanglement with an adversary who holds a superposition of 
instances.

Can be computed by a semidefinite program

In principle, always gives a tight bound (more later)! But can be hard to evaluate.

Some variants are easier to apply, but not necessarily tight.

<latexit sha1_base64="fx1p0PGgaBZM7+wigia79j6MshA="></latexit>

Adv(f) = max
�

k�k
maxi k�ik

Theorem.                                where

<latexit sha1_base64="phYvQhemddNcX/LD4R+j+6TXWZQ="></latexit>

(�i)xy =

(
�xy if xi 6= yi
0 if xi = yi

<latexit sha1_base64="cnEtMMnFCFrrJAkJ/VyT9CNlcNg=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiE9lISEfUiVLzoyRZsLTShbDabduluEnY3hRJ68eJf8eJBEa/+B2/+GzdtDtr6YODx3gwz87yYUaks69soLC2vrK4V10sbm1vbO+buXltGicCkhSMWiY6HJGE0JC1FFSOdWBDEPUYevOF15j+MiJA0Cu/VOCYuR/2QBhQjpaWeedisBNVL546TPqo4HKmB4OmVP5poudozy1bNmgIuEjsnZZCj0TO/HD/CCSehwgxJ2bWtWLkpEopiRiYlJ5EkRniI+qSraYg4kW46/WICj7XiwyASukIFp+rviRRxKcfc053ZnXLey8T/vG6iggs3pWGcKBLi2aIgYVBFMIsE+lQQrNhYE4QF1bdCPEACYaWDK+kQ7PmXF0n7pGaf1azmabl+m8dRBAfgCFSADc5BHdyABmgBDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwCJCJdZ</latexit>

Q(f) = ⌦(Adv(f))

<latexit sha1_base64="52jnjCi6upmCU1FenASNDoZamCA=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiol6Eggf1VsF+QBvCZLtpl+4mYXcjxtBf4sWDIl79Kd78N27bHLT6YODx3gwz84KEM6Ud58sqLS2vrK6V1ysbm1vbVXtnt63iVBLaIjGPZTcARTmLaEszzWk3kRREwGknGF9O/c49lYrF0Z3OEuoJGEYsZAS0kXy72r8CIcDPH7IJvsCOb9ecujMD/kvcgtRQgaZvf/YHMUkFjTThoFTPdRLt5SA1I5xOKv1U0QTIGIa0Z2gEgiovnx0+wYdGGeAwlqYijWfqz4kchFKZCEynAD1Si95U/M/rpTo893IWJammEZkvClOOdYynKeABk5RonhkCRDJzKyYjkEC0yapiQnAXX/5L2sd197Tu3J7UGjdFHGW0jw7QEXLRGWqga9RELURQip7QC3q1Hq1n6816n7eWrGJmD/2C9fENvFySgQ==</latexit>

�xy = 0
<latexit sha1_base64="eho32gIVAvAcvckcP7gZGdJpCEc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahvZRdEfUiFLzorYL9kHYp2TTbhibZJcmKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh66rceqdIskvdmHFNf4IFkISPYWOkhLD9VrsLyuNIrltyqOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxISXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+T5mnVO6+6d2el2m0WRx6O4BjK4MEF1OAG6tAAAgKe4RXeHOW8OO/Ox7w152Qzh/AHzucPWwGPfA==</latexit>

f(x) = f(y)if



Polynomial method

Another lower bound method uses a connection between quantum query 
algorithms and polynomials.

So if we need a high-degree polynomial to represent the output, the query 
complexity must be high.

Lemma. The amplitudes of the final state of a t-query quantum algorithm with input 
                  are polynomials in                 of degree t.

<latexit sha1_base64="/KwoW/GCXXxLLUuAOAXiJtestlg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRbBg5SsiHoseNFbBfsB3bVk02wbms0uSVasS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFySCa4Pxt7O0vLK6tl7YKG5ube+Uyrt7TR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFw6uJ33pgSvNY3plRwvyI9CUPOSXGSt1y6RF5XCIvwyeuN763SgVX8RRokbg5qUCOerf85fVimkZMGiqI1h0XJ8bPiDKcCjYueqlmCaFD0mcdSyWJmPaz6eFjdGSVHgpjZUsaNFV/T2Qk0noUBbYzImag572J+J/XSU146WdcJqlhks4WhalAJkaTFFCPK0aNGFlCqOL2VkQHRBFqbFZFG4I7//IiaZ5W3fMqvj2r1G7yOApwAIdwDC5cQA2uoQ4NoJDCM7zCm/PkvDjvzsesdcnJZ/bhD5zPH1U7kkE=</latexit>

x 2 {0, 1}n <latexit sha1_base64="appNtzMm5GQW6OWKE9Y4d1CXBpE=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgoZRERD0WvOitgv2ANobNZtMu3eyG3Ym2hP4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzL0g40+A431ZhZXVtfaO4Wdra3tndK+8ftLRMFaFNIrlUnQBrypmgTWDAaSdRFMcBp+1geD31249UaSbFPYwT6sW4L1jECAYjPYx8t9rjoQRdHfnCL1ecmjODvUzcnFRQjoZf/uqFkqQxFUA41rrrOgl4GVbACKeTUi/VNMFkiPu0a6jAMdVeNrt6Yp8YJbQjqUwJsGfq74kMx1qP48B0xhgGetGbiv953RSiKy9jIkmBCjJfFKXcBmlPI7BDpigBPjYEE8XMrTYZYIUJmKBKJgR38eVl0jqruRc15+68Ur/N4yiiI3SMTpGLLlEd3aAGaiKCFHpGr+jNerJerHfrY95asPKZQ/QH1ucPBDCSOQ==</latexit>x1, . . . , xn

Proof: Query                                                                    increases degree by 1
<latexit sha1_base64="YaRFY/h7omoUA8feEONtvtvMTNo="></latexit>

|i, zi 7! |i, z � xii = (1� xi)|i, zi+ xi|i, z̄i

Example: Parity

0

1

<latexit sha1_base64="1pvpJJrYHkiGhZKusRPVgCwZK5U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF71FNA9IljA76U2GzM4uM7NiSPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eRWVtfWN/Kbha3tnd294v5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD66nfeESleSwfzDBBP6I9yUPOqLHS/fhp3CmW3LI7A1kmXkZKkKHaKX61uzFLI5SGCap1y3MT44+oMpwJnBTaqcaEsgHtYctSSSPU/mh26oScWKVLwljZkobM1N8TIxppPYwC2xlR09eL3lT8z2ulJrzyR1wmqUHJ5ovCVBATk+nfpMsVMiOGllCmuL2VsD5VlBmbTsGG4C2+vEzqZ2XvouzenZcqt1kceTiCYzgFDy6hAjdQhRow6MEzvMKbI5wX5935mLfmnGzmEP7A+fwBrTKOFA==</latexit>

|x|



Quantum speedup needs structure

So promises are necessary for exponential quantum speedup.

Symmetry can also prevent speedup by making the promise too unstructured.

Theorem. If f is permutation-invariant then R(f) = O(Q(f)3).
[Chailloux 18; improves Aaronson, Ambainis 11]

What other symmetries prevent exponential quantum speedup?
Symmetries of (hyper)graphs [Ben-David, Childs, Gilyén, Kretschmer, Podder, Wang 20]

recently improved to D(f) = O(Q(f)4). [Aaronson, Ben-David, Kothari, Rao, Tal 20]

If f is total (             ) then D(f) = O(Q(f)6).  [Beals, Buhrman, Cleve, Mosca, de Wolf 01]
<latexit sha1_base64="ZhAthYXiBO42xBtl/F9w7cnAI+w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6Eghe9VbQf0F1LNs22oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqe+u0nqjSL5YMZJzQQeCBZxAg2VvIb6Ar592wg8KPslStu1Z0BLRMvJxXI0eiVv/x+TFJBpSEca9313MQEGVaGEU4nJT/VNMFkhAe0a6nEguogm908QSdW6aMoVrakQTP190SGhdZjEdpOgc1QL3pT8T+vm5roMsiYTFJDJZkvilKOTIymAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0jqrerWqe3deqd/mcRThCI7hFDy4gDrcQAOaQCCBZ3iFNyd1Xpx352PeWnDymUP4A+fzB8WwkOQ=</latexit>

P = ⌃n

Recall main question: How many queries are needed to compute                 (where 
             is the promise)?

<latexit sha1_base64="2cqY0/+rXBsz2/FRfZA+N6jmdrs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS4LbnRXoS9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3PuvXPvCRLOlHacb6u0sbm1vVPereztHxxW7aPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6W3u9x6pVCwWbT1LqB/hsWAhI1gbaWhXQy8fIlALeTpG7aFdc+rOAmiduAWpQYHW0P7yRjFJIyo04Vipgesk2s+w1IxwOq94qaIJJlM8pgNDBY6o8rPF4nN0bpQRCmNpntBoof7uyHCk1CwKTGWE9UStern4nzdIdXjjZ0wkqaaCLD8KU47MiXkKaMQkJZrPDMFEMrMrIhMsMdEmq4oJwV09eZ10L+tuo+48XNWa90UcZTiFM7gAF66hCXfQgg4QSOEZXuHNerJerHfrY1lasoqeE/gD6/MHnHWSbQ==</latexit>

f : P ! T
<latexit sha1_base64="YxgG95me6ECINAp7o0Ox/5CqK64=">AAAB/XicbVDLSgNBEJyNrxhf8XHzMhgET2FXRD0GvOgtonlAdg2zk95kyMzsOjMrxBD8FS8eFPHqf3jzb5wke9DEgoaiqpvurjDhTBvX/XZyC4tLyyv51cLa+sbmVnF7p67jVFGo0ZjHqhkSDZxJqBlmODQTBUSEHBph/2LsNx5AaRbLWzNIIBCkK1nEKDFWahf3qtjXaajBwD32b1hXkDsrl9yyOwGeJ15GSihDtV388jsxTQVIQznRuuW5iQmGRBlGOYwKfqohIbRPutCyVBIBOhhOrh/hQ6t0cBQrW9Lgifp7YkiE1gMR2k5BTE/PemPxP6+Vmug8GDKZpAYknS6KUo5NjMdR4A5TQA0fWEKoYvZWTHtEEWpsYAUbgjf78jypH5e907J7fVKqXGVx5NE+OkBHyENnqIIuURXVEEWP6Bm9ojfnyXlx3p2PaWvOyWZ20R84nz/3dZTw</latexit>

P ✓ ⌃n



Structured queries

Can get a structured query problem by giving access to some underlying object in a 
variety of different ways. 

Example 1: Bernstein-Vazirani problem. Hidden string                  . Oracle reveals 
        for any input vector                  . Results of      possible queries are specified by 
only n bits. Learning s takes n classical queries but only 1 quantum query.

<latexit sha1_base64="1ppR/UdxmLvXTN5TbuRFVn2CYZM=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AIHqRkRdRjwYveKtgP6K4lm2bb0Gx2SbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCARXBuMv53Cyura+kZxs7S1vbNbruztt3ScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK6nfvuRKc1jeW/GCfMjMpA85JQYK/UqZY08LpGX4VPXmzxYpYpreAa0TNycVCFHo1f58voxTSMmDRVE666LE+NnRBlOBZuUvFSzhNARGbCupZJETPvZ7PAJOrZKH4WxsiUNmqm/JzISaT2OAtsZETPUi95U/M/rpia88jMuk9QwSeeLwlQgE6NpCqjPFaNGjC0hVHF7K6JDogg1NquSDcFdfHmZtM5q7kUN351X67d5HEU4hCM4ARcuoQ430IAmUEjhGV7hzXlyXpx352PeWnDymQP4A+fzB01hkjw=</latexit>

s 2 {0, 1}n
<latexit sha1_base64="s6jFmm806AM5sXzyJbyaT00635s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF71FMA9JljA7O0mGzGOZmRXDkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0PfVbj1QbpuS9HSc0FHggWZ8RbJ308IS6JFYWmV654lf9GdAyCXJSgRz1XvmrGyuSCiot4diYTuAnNsywtoxwOil1U0MTTEZ4QDuOSiyoCbPZwRN04pQY9ZV2JS2aqb8nMiyMGYvIdQpsh2bRm4r/eZ3U9q/CjMkktVSS+aJ+ypFVaPo9ipmmxPKxI5ho5m5FZIg1JtZlVHIhBIsvL5PmWTW4qPp355XabR5HEY7gGE4hgEuowQ3UoQEEBDzDK7x52nvx3r2PeWvBy2cO4Q+8zx8+rJAR</latexit>x · s

<latexit sha1_base64="/KwoW/GCXXxLLUuAOAXiJtestlg=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRbBg5SsiHoseNFbBfsB3bVk02wbms0uSVasS3+JFw+KePWnePPfmLZ70NYHA4/3ZpiZFySCa4Pxt7O0vLK6tl7YKG5ube+Uyrt7TR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFw6uJ33pgSvNY3plRwvyI9CUPOSXGSt1y6RF5XCIvwyeuN763SgVX8RRokbg5qUCOerf85fVimkZMGiqI1h0XJ8bPiDKcCjYueqlmCaFD0mcdSyWJmPaz6eFjdGSVHgpjZUsaNFV/T2Qk0noUBbYzImag572J+J/XSU146WdcJqlhks4WhalAJkaTFFCPK0aNGFlCqOL2VkQHRBFqbFZFG4I7//IiaZ5W3fMqvj2r1G7yOApwAIdwDC5cQA2uoQ4NoJDCM7zCm/PkvDjvzsesdcnJZ/bhD5zPH1U7kkE=</latexit>

x 2 {0, 1}n
<latexit sha1_base64="Ey3AjZ4fBFkfV5LpP6cYMbBMrk8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VjworeK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3nlBpHssHM07Qj+hA8pAzaqx0X32UvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRce/Oy7XbPI4CHMMJnIEHl1CDG6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AH/rY2i</latexit>

2n

• Graph connectivity with cut queries [Lee, Santha, Zhang 20]
• Graph properties with OR or PARITY queries [Montanaro, Shao 20]
• Linear algebra with matrix-vector queries [Childs, Hung, Li 21]

More recent examples, some with exponential speedup:

Example 2: Search with wildcards. Hidden string                  . Oracle takes input 
                     and tells whether x matches s, where * matches either 0 or 1. 
Learning s takes         classical queries,             quantum queries. [Ambainis, Montanaro 14]

<latexit sha1_base64="1ppR/UdxmLvXTN5TbuRFVn2CYZM=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AIHqRkRdRjwYveKtgP6K4lm2bb0Gx2SbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCARXBuMv53Cyura+kZxs7S1vbNbruztt3ScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjK6nfvuRKc1jeW/GCfMjMpA85JQYK/UqZY08LpGX4VPXmzxYpYpreAa0TNycVCFHo1f58voxTSMmDRVE666LE+NnRBlOBZuUvFSzhNARGbCupZJETPvZ7PAJOrZKH4WxsiUNmqm/JzISaT2OAtsZETPUi95U/M/rpia88jMuk9QwSeeLwlQgE6NpCqjPFaNGjC0hVHF7K6JDogg1NquSDcFdfHmZtM5q7kUN351X67d5HEU4hCM4ARcuoQ430IAmUEjhGV7hzXlyXpx352PeWnDymQP4A+fzB01hkjw=</latexit>

s 2 {0, 1}n
<latexit sha1_base64="hd0D4eXukscnUE4jKh6pM4ej8Xc=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCSCmJiHoseNFbBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuaXlldS2/XtjY3NreKZZ2mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh5cTv3VPpWKRuNWjmHoh7gsWMIK1kbrF0iNymUBualecyrE7vjNa2a7aU6BF4mSkDBnq3eKX24tIElKhCcdKdRw71l6KpWaE03HBTRSNMRniPu0YKnBIlZdOTx+jQ6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7xOooMLL2UiTjQVZLYoSDjSEZrkgHpMUqL5yBBMJDO3IjLAEhNt0iqYEJz5lxdJ86TqnFXtm9Ny7TqLIw/7cABH4MA51OAK6tAAAg/wDK/wZj1ZL9a79TFrzVnZzB78gfX5AyoEkqs=</latexit>

x 2 {0, 1, ⇤}n
<latexit sha1_base64="jkSmZv++iBGHfq09WbOLAuucJzQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRD0GvOjJCOYhyRJmJ51kyMzsMjMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcacaeN5305uZXVtfSO/Wdja3tndK+4fNHSUKIp1GvFItUKikTOJdcMMx1askIiQYzMcXU/95hMqzSL5YMYxBoIMJOszSoyVHjt3AgekLE+7xZJX8WZwl4mfkRJkqHWLX51eRBOB0lBOtG77XmyClCjDKMdJoZNojAkdkQG2LZVEoA7S2cET98QqPbcfKVvSuDP190RKhNZjEdpOQcxQL3pT8T+vnZj+VZAyGScGJZ0v6ifcNZE7/d7tMYXU8LElhCpmb3XpkChCjc2oYEPwF19eJo2zin9R8e7PS9XbLI48HMExlMGHS6jCDdSgDhQEPMMrvDnKeXHenY95a87JZg7hD5zPH/raj+Q=</latexit>

⌦(n)
<latexit sha1_base64="EqdbPRTSxX1xlVkZ6VgkTE8Sg1k=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIqMeCFz1ZwX5AE8pmu2mXbjZxd6KU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBYngGhzn21paXlldWy9sFDe3tnd27dJeU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJz4rQemNI/lHYwS5kekL3nIKQEjde2SB1z0GL6pePpeAZbHXbvsVJ0p8CJxc1JGOepd+8vrxTSNmAQqiNYd10nAz4gCTgUbF71Us4TQIemzjqGSREz72fT0MT4ySg+HsTIlAU/V3xMZibQeRYHpjAgM9Lw3Ef/zOimEF37GZZICk3S2KEwFhhhPcsA9rhgFMTKEUMXNrZgOiCIUTFpFE4I7//IiaZ5U3bOqc3tarl3ncRTQATpEFeSic1RDV6iOGoiiR/SMXtGb9WS9WO/Wx6x1ycpn9tEfWJ8/F8qTQw==</latexit>

Õ(
p
n)



Maximal separations

What is the largest possible quantum vs. classical query separation?

“Forrelation”: O(1) quantum vs.             classical [Aaronson, Ambainis 14]
<latexit sha1_base64="b2ULNwEe5jHSZhcZ6ytZ0RUOhMM=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAI8RJ2RdRjwIuejGAekA1hdtJJhszOrjO9Qog5+CtePCji1d/w5t84eRw0saChqOqmuytMpDDoed/OwuLS8spqZi27vrG5te3u7FZMnGoOZR7LWNdCZkAKBWUUKKGWaGBRKKEa9i5HfvUBtBGxusN+Ao2IdZRoC87QSk13P0AhW0CDmwg6LB+Ye41UHTfdnFfwxqDzxJ+SHJmi1HS/glbM0wgUcsmMqftego0B0yi4hGE2SA0kjPdYB+qWKhaBaQzG9w/pkVVatB1rWwrpWP09MWCRMf0otJ0Rw66Z9Ubif149xfZFYyBUkiIoPlnUTiXFmI7CoC2hgaPsW8K4FvZWyrtMM442sqwNwZ99eZ5UTgr+WcG7Pc0Vr6dxZMgBOSR54pNzUiRXpETKhJNH8kxeyZvz5Lw4787HpHXBmc7skT9wPn8A7n6Vaw==</latexit>

⌦̃(
p
n)

Optimal since t quantum queries can be simulated with                   randomized 
queries [Aaronson, Ambainis 14]

<latexit sha1_base64="AruZXcyr17qC/XKKiwJMLZWgG5M=">AAAB9HicbVDLSgNBEOyNrxhfUY9eFoMQD8bdIOox4EVPRjAPSNYwO5lNhszOrjO9gbDkO7x4UMSrH+PNv3HyOGi0oKGo6qa7y48F1+g4X1ZmaXlldS27ntvY3Nreye/u1XWUKMpqNBKRavpEM8ElqyFHwZqxYiT0BWv4g6uJ3xgypXkk73EUMy8kPckDTgkaybstyofUPXFPyzg+7uQLTsmZwv5L3DkpwBzVTv6z3Y1oEjKJVBCtW64To5cShZwKNs61E81iQgekx1qGShIy7aXTo8f2kVG6dhApUxLtqfpzIiWh1qPQN50hwb5e9Cbif14rweDSS7mME2SSzhYFibAxsicJ2F2uGEUxMoRQxc2tNu0TRSianHImBHfx5b+kXi655yXn7qxQuZnHkYUDOIQiuHABFbiGKtSAwiM8wQu8WkPr2Xqz3metGWs+sw+/YH18A8HGkNA=</latexit>

O(n1�1/2t)

[Sherstov, Storozhenko, Wu 20; Bansal, Sinha 20]

Recently improved to          quantum queries,                  classical queries
<latexit sha1_base64="e0EN9ph2mi0hZOzvuhhXgda2vP0=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrmpSRF0W3Oiugr1AE8pkOmmHTiZhZqKU2Edx40IRtz6JO9/GSZuFtv4w8PGfczhn/iDhTGnH+bZWVtfWNzZLW+Xtnd29fbty0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7O650HKhWLxb2eJNSP8FCwkBGsjdW3Kx4nlHE0PqsjT+bYt6tOzZkJLYNbQBUKNfv2lzeISRpRoQnHSvVcJ9F+hqVmhNNp2UsVTTAZ4yHtGRQ4osrPZqdP0YlxBiiMpXlCo5n7eyLDkVKTKDCdEdYjtVjLzf9qvVSHV37GRJJqKsh8UZhypGOU54AGTFKi+cQAJpKZWxEZYYmJNmmVTQju4peXoV2vuRc15+682rgt4ijBERzDKbhwCQ24gSa0gMAjPMMrvFlP1ov1bn3MW1esYuYQ/sj6/AEMGZM9</latexit>

dk/2e
<latexit sha1_base64="VW95FyEEjcPK7q0p3LbJbj14EBM=">AAACAXicbVBNS8NAEN34WetX1IvgZbEI9WBNRNRjwYuerGA/oK1ls5m0SzebsLsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnxZwp7Tjf1tz8wuLScm4lv7q2vrFpb23XVJRIClUa8Ug2PKKAMwFVzTSHRiyBhB6Hute/HPn1B5CKReJOD2Joh6QrWMAo0Ubq2LstzbgPuHUTQpcUxX3qHrnH/eFhxy44JWcMPEvcjBRQhkrH/mr5EU1CEJpyolTTdWLdTonUjHIY5luJgpjQPulC01BBQlDtdPzBEB8YxcdBJE0Jjcfq74mUhEoNQs90hkT31LQ3Ev/zmokOLtopE3GiQdDJoiDhWEd4FAf2mQSq+cAQQiUzt2LaI5JQbULLmxDc6ZdnSe2k5J6VnNvTQvk6iyOH9tA+KiIXnaMyukIVVEUUPaJn9IrerCfrxXq3Piatc1Y2s4P+wPr8AZzclbg=</latexit>

⌦̃(n1�1/k)

What is the largest possible separation for a total function?
• Recall                    [Aaronson, Ben-David, Kothari, Rao, Tal 20]

•  
•                                        [Aaronson, Ben-David, Kothari 15]

• Exponent improved to 3 by the above papers [SSW 20; BS 20]

<latexit sha1_base64="p8DMxQBgDMzmbM5RMWE/OwSVu14=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoipXoRCl70ZCv2A9tYNttNu3SzCbsboYT+Cy8eFPHqv/Hmv3Hb5qCtDwYe780wM8+LOFPatr+tzMrq2vpGdjO3tb2zu5ffP2iqMJaENkjIQ9n2sKKcCdrQTHPajiTFgcdpyxtdTf3WE5WKheJejyPqBnggmM8I1kZ6uEOX6LZYfyyf9vIFu2TPgJaJk5ICpKj18l/dfkjigApNOFaq49iRdhMsNSOcTnLdWNEIkxEe0I6hAgdUucns4gk6MUof+aE0JTSaqb8nEhwoNQ480xlgPVSL3lT8z+vE2r9wEyaiWFNB5ov8mCMdoun7qM8kJZqPDcFEMnMrIkMsMdEmpJwJwVl8eZk0z0pOpWTXy4XqTRpHFo7gGIrgwDlU4Rpq0AACAp7hFd4sZb1Y79bHvDVjpTOH8AfW5w8PVI88</latexit>

R = O(Q4)
<latexit sha1_base64="k4yKm7hiaPhrzkoCA+NWDZAaLNQ=">AAACEnicbVC7TkJBEN2LL8QXammzkZhAQ+4lRm1MSGy0EowgCSDZuwywYe8ju3ON5IZvsPFXbCw0xtbKzr9xeRQCnmSSk3NmMjPHDaXQaNs/VmJpeWV1Lbme2tjc2t5J7+5VdRApDhUeyEDVXKZBCh8qKFBCLVTAPFfCndu/GPl3D6C0CPxbHITQ9FjXFx3BGRqplc7dZBsIj6h5HKhhjp7TxrUHXZYtz+j3hVwrnbHz9hh0kThTkiFTlFrp70Y74JEHPnLJtK47dojNmCkUXMIw1Yg0hIz3WRfqhvrMA92Mxy8N6ZFR2rQTKFM+0rH6dyJmntYDzzWdHsOenvdG4n9ePcLOWTMWfhgh+HyyqBNJigEd5UPbQgFHOTCEcSXMrZT3mGIcTYopE4Iz//IiqRbyzkneLh9nilfTOJLkgBySLHHIKSmSS1IiFcLJE3khb+TderZerQ/rc9KasKYz+2QG1tcvpoOc2Q==</latexit>

R(or) = ⌦(Q(or)2)
<latexit sha1_base64="sbhn0Lop0M8eledteHDePUxA6ps=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhBIQMJMcEMQAl70ZCJmgUwMPZ2apEnPQnePGIZ8gRd/xYsHRbx69ubf2FkOmvig4dV7VVTXc0LOpDLNbyOxsLi0vJJcTa2tb2xupbd3ajKIBIUqDXggGg6RwJkPVcUUh0YogHgOh7rTvxj59XsQkgX+rRqE0PJI12cuo0RpqZ3O2vCgt0jsntkHNzk3j8+xfe1Bl+QqurqLi4WjYb6dzpgFcww8T6wpyaApyu30l90JaOSBrygnUjYtM1StmAjFKIdhyo4khIT2SReamvrEA9mKx+cMcVYrHewGQj9f4bH6eyImnpQDz9GdHlE9OeuNxP+8ZqTc01bM/DBS4NPJIjfiWAV4lA3uMAFU8YEmhAqm/4ppjwhClU4wpUOwZk+eJ7ViwToumJXDTOlqGkcS7aF9lEMWOkEldInKqIooekTP6BW9GU/Gi/FufExaE8Z0Zhf9gfH5A+YbmXw=</latexit>

9f : R(f) = ⌦(Q(f)2.5)



2. Algebraic problems



Hidden symmetry

Simon’s problem exemplifies a more general class of problems with hidden symmetry

H g 2
  H

g 3
  H

g i
  H· · ·

Hidden subgroup problem: Given a known group G and a black-box function 
                . Promised that f is constant on cosets of some (unknown) subgroup 
            and distinct on different cosets. Goal: find (a generating set for) H.

<latexit sha1_base64="U9O3m2+s0Pjc5jvumOWPs9Py+R4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURUZcFF+quin1AE8pkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxz7517T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9yv/NIpWKxeNCThPoRHgoWMoK1kfp2NfTyIQJdI0/H6L5v15y6MwNaJm5BalCg2be/vEFM0ogKTThWquc6ifYzLDUjnE4rXqpogskYD2nPUIEjqvxstvgUHRtlgMJYmic0mqm/OzIcKTWJAlMZYT1Si14u/uf1Uh1e+hkTSaqpIPOPwpQjc2KeAhowSYnmE0MwkczsisgIS0y0yapiQnAXT14m7dO6e1537s5qjdsijjIcwhGcgAsX0IAbaEILCKTwDK/wZj1ZL9a79TEvLVlFzwH8gfX5A4uTkmI=</latexit>

f : G ! R
<latexit sha1_base64="9kRecSTqgfG6fLAiMpaY/C4bgUg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIeix4sN4q2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLFSu0ZIVyC57ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n83unZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiIijYEb/HlZdI8r3iXFff+oly9y+MowDGcwBl4cAVVqEEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+czx9wIo7y</latexit>

H  G

“Standard method”:
<latexit sha1_base64="WFt8C1tiXhKu+jhDHyUAeIKYuMA="></latexit>

|Gi := 1p
|G|

P
g2G |gi

<latexit sha1_base64="Ol/rnOM81gW8Av+qPcgp6wCoWVQ="></latexit>

7! 1p
|G|

P
g2G |g, f(g)i

Discarding second register gives a coset state                                        for a 
uniformly random (unknown) g

<latexit sha1_base64="mQW9oRdfjgsmG263JhbGFi3prpY="></latexit>

|gHi := 1p
|H|

P
h2H

|ghi



Finite abelian HSP

This problem can be solved efficiently whenever G is a finite abelian group.

Sampling from the a coset state in the Fourier basis gives a result that is “orthogonal 
to H” (more precisely, gives a character that is trivial on H). Polynomially many 
samples suffice to efficiently determine a generating set for H.

(generalizes to other groups)

<latexit sha1_base64="zdC67eBPwzaep7tWE6ciG/Exqw4=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIuiy40Y1UsA9sQplMJ+3QyUyYuRFKyBe4d6u/4E7c+hX+gZ/hpM3Cth4YOJxz79zDCWLONDjOt1VaWV1b3yhvVra2d3b3qvsHbS0TRWiLSC5VN8CaciZoCxhw2o0VxVHAaScYX+d+54kqzaR4gElM/QgPBQsZwWAkz4swjIIgfcz6d/1qzak7U9jLxC1IDRVo9qs/3kCSJKICCMda91wnBj/FChjhNKt4iaYxJmM8pD1DBY6o9tNp5sw+McrADqUyT4A9Vf9upDjSehIFZjLPqBe9XPzP6yUQXvkpE3ECVJDZoTDhNkg7L8AeMEUJ8IkhmChmstpkhBUmYGqau5L/DVJynZlq3MUilkn7rO5e1J3781rjtiipjI7QMTpFLrpEDXSDmqiFCIrRC3pFb9az9W59WJ+z0ZJV7ByiOVhfv1U2m5M=</latexit>ZNQuantum Fourier transform over       :
<latexit sha1_base64="pa1AYQ6QftI8jTY2KmAexbf2dQY="></latexit>

|xi 7! 1p
N

X

k2ZN

e2⇡ikx/N |ki



Infinite abelian HSPs

Shor’s algorithm for factoring N finds the period of a function                   .
Can handle the non-finite domain by truncating to a sufficiently large subset.

<latexit sha1_base64="VUIHauJScqjMp0Mwm8aWNy0APeA=">AAACInicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG91IBfvATimZNNOGZpIhyQhl6Af4H+7d6i+4E1eCH+BnmGm76MMDgZNz3yeIOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP6hrmShCa0RyqZoB1pQzQWuGGU6bsaI4CjhtBIPrLN54okozKR7MMKbtCPcECxnBxkqdYin0syYC+RE2/SBIH0fIN3Lm27mzWW7ZHQMtE29KSjBFtVP89buSJBEVhnCsdctzY9NOsTKMcDoq+ImmMSYD3KMtSwWOqG6n42NG6MQqXRRKZZ8waKzOVqQ40noYBTYz21EvxjLxv1grMeFVO2UiTgwVZDIoTDiy12bOoC5TlBg+tAQTxeyuiPSxwsRY/+amZL2NlFyPrDXeohHLpH5W9i7K7v15qXI7NSkPR3AMp+DBJVTgBqpQAwLP8Apv8O68OB/Op/M1Sc0505pDmIPz8we1iaVC</latexit>

f : Z ! ZN

measure

Algorithm for Pell’s equation solves a hidden subgroup problem in     [Hallgren 02]
<latexit sha1_base64="IZnJVKGCJcRCOqay6Qb+nImKeTM=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgRndV7APboWTSTBuaSYbkjlCGfoB7t/oL7sStn+Ef+Blm2lnY1gOBw7mvkxPEghtw3W+nsLK6tr5R3Cxtbe/s7pX3D5pGJZqyBlVC6XZADBNcsgZwEKwda0aiQLBWMLrO6q0npg1X8gHGMfMjMpA85JSAlR67EYFhEKT3k1654lbdKfAy8XJSQTnqvfJPt69oEjEJVBBjOp4bg58SDZwKNil1E8NiQkdkwDqWShIx46dTxxN8YpU+DpW2TwKeqn8nUhIZM44C25k5NIu1TPyv1kkgvPJTLuMEmKSzQ2EiMCicfR/3uWYUxNgSQjW3XjEdEk0o2JDmrmS7QSlhsmi8xSCWSfOs6l1U3bvzSu02D6mIjtAxOkUeukQ1dIPqqIEokugFvaI359l5dz6cz1lrwclnDtEcnK9f4H2ayg==</latexit>R

Algorithms for other problems in number fields handle HSPs in
<latexit sha1_base64="HE35H5DuSLx8E2MHq1RByyepbJI=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIuiy40V0V+4Amlsl00g6dzISZG6GEfIF7t/oL7sStX+Ef+BlO2ixs64GBwzn3zj2cIOZMg+N8W6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2gAGn3VhRHAWcdoLxde53nqjSTIoHmMTUj/BQsJARDEbyvAjDKAjS++xR9Ks1p+5MYS8TtyA1VKDZr/54A0mSiAogHGvdc50Y/BQrYITTrOIlmsaYjPGQ9gwVOKLaT6eZM/vEKAM7lMo8AfZU/buR4kjrSRSYyTyjXvRy8T+vl0B45adMxAlQQWaHwoTbIO28AHvAFCXAJ4ZgopjJapMRVpiAqWnuSv43SMl1ZqpxF4tYJu2zuntRd+7Oa43boqQyOkLH6BS56BI10A1qohYiKEYv6BW9Wc/Wu/Vhfc5GS1axc4jmYH39Annzm6o=</latexit>

Rn [Hallgren 05; Hallgren, 
Eisenträger, Kitaev, Song 14]



Aside: Phase estimation

An equivalent approach to period finding is to apply phase estimation to a unitary 
operator that computes the periodic function (in place). 

|0i QFT
x

Ux

QFT†

| ji | ji

|✓̃ji

X

j

↵j |0i| ji 7!
X

j

↵j |✓̃ji| ji

To get an estimate with precision ², we raise U to a power that is O(1/²).

[Kitaev 95]
This is a useful tool in many quantum algorithms!

Problem:  Given a unitary operator U with eigenvectors       , where
, produce an estimate of

<latexit sha1_base64="2c/wYNHqdTTD+gRh1xufC26rw7o=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFclRkRdVlwo7sK9gGdWjJppo3NJEOSEcrYT3DvVn/Bnbj1I/wDP8NMOwvbeuDC4Zz74gQxZ9q47reztLyyurZe2Chubm3v7Jb29htaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfAq85uPVGkmxZ0ZxbQT4b5gISPYWOn+yY816z74Cos+p91S2a24E6BF4uWkDDlq3dKP35MkiagwhGOt254bm06KlWGE03HRTzSNMRniPm1bKnBEdSedfD1Gx1bpoVAqW8Kgifp3IsWR1qMosJ0RNgM972Xif147MeFlJ2UiTgwVZHooTDgyEmURoB5TlBg+sgQTxeyviAywwsTYoGauZLuNlFyPbTTefBCLpHFa8c4r7u1ZuXqTh1SAQziCE/DgAqpwDTWoAwEFL/AKb86z8+58OJ/T1iUnnzmAGThfvzmDnKA=</latexit>

| ji
<latexit sha1_base64="drZ7orM7Q3Jr2HBRmFxAVa8en14=">AAACLnicbVDLSgMxFM34rPVVdekmWARXdUZE3QgFN7qrYFXo1CGT3rbRTDIkd4Qy9jP8D/du9RcEF+LWzzB9LKx64MLhnHtzc0+cSmHR99+9qemZ2bn5wkJxcWl5ZbW0tn5pdWY41LmW2lzHzIIUCuooUMJ1aoAlsYSr+O5k4F/dg7FCqwvspdBMWEeJtuAMnRSVdusPYWpFdBsapjoS6DGFm1zQELuALLrt00k/KpX9ij8E/UuCMSmTMWpR6StsaZ4loJBLZm0j8FNs5syg4BL6xTCzkDJ+xzrQcFSxBGwzHx7Wp9tOadG2Nq4U0qH6cyJnibW9JHadCcOu/e0NxP+8Robto2YuVJohKD5a1M4kRU0HKdGWMMBR9hxh3Aj3V8q7zDCOLsuJLYO3UWtp+y6a4HcQf8nlXiU4qPjn++Xq2TikAtkkW2SHBOSQVMkpqZE64eSRPJMX8uo9eW/eh/c5ap3yxjMbZALe1zeBhqpO</latexit>

U | ji = ei✓j | ji
<latexit sha1_base64="8/6FTjewJaTsA4zH+c7X9R/tKNM=">AAACBXicbVDLSsNAFJ34rPVVdekmWARXJRFRlwU3uqtgH9CGMpnetGMnM2HmRiila/du9RfciVu/wz/wM5y0WdjWAwOHc+5rTpgIbtDzvp2V1bX1jc3CVnF7Z3dvv3Rw2DAq1QzqTAmlWyE1ILiEOnIU0Eo00DgU0AyHN5nffAJtuJIPOEogiGlf8ogzilZqdXAASLuP3VLZq3hTuMvEz0mZ5Kh1Sz+dnmJpDBKZoMa0fS/BYEw1ciZgUuykBhLKhrQPbUsljcEE4+m9E/fUKj03Uto+ie5U/dsxprExozi0lTHFgVn0MvE/r51idB2MuUxSBMlmi6JUuKjc7PNuj2tgKEaWUKa5vdVlA6opQxvR3JZsNiolzMRG4y8GsUwa5xX/suLdX5Srd3lIBXJMTsgZ8ckVqZJbUiN1woggL+SVvDnPzrvz4XzOSlecvOeIzMH5+gU0Jpnd</latexit>

✓j



Abelian HSP applications

Finite abelian groups:
• Discrete log [Shor 94]

• Decomposing abelian groups [Cheung, Mosca 01]

• Counting points on curves [Kedlaya 06]

Infinite abelian groups:
• Factoring [Shor 94]

• Pell’s equation (                     ) [Hallgren 02]

• Unit group of a number field [Hallgren 05; Hallgren, Eisenträger, Kitaev, Song 14]

• Principal ideal problem, class groups [Hallgren 05; Biasse, Song 16]

• Ray class groups, Hilbert class fields [Hallgren, Eisenträger 10]

<latexit sha1_base64="zM3NrlZBiuTSeyP4Q7ei35/++f8=">AAACDnicbVDLSgMxFM3UV62Pjrp0EyyCG8tMEXUjFNzoroJ9QDuWTCbThmaSIcmIQ+k/uHerv+BO3PoL/oGfYaadhW09EHI45744fsyo0o7zbRVWVtfWN4qbpa3tnd2yvbffUiKRmDSxYEJ2fKQIo5w0NdWMdGJJUOQz0vZH15nffiRSUcHvdRoTL0IDTkOKkTZS3y4/PdTgKQxgav4r6PbtilN1poDLxM1JBeRo9O2fXiBwEhGuMUNKdV0n1t4YSU0xI5NSL1EkRniEBqRrKEcRUd54evgEHhslgKGQ5nENp+rfjjGKlEoj31RGSA/VopeJ/3ndRIeX3pjyONGE49miMGFQC5ilAAMqCdYsNQRhSc2tEA+RRFibrOa2ZLO1EExNTDTuYhDLpFWruudV5+6sUr/NQyqCQ3AEToALLkAd3IAGaAIMEvACXsGb9Wy9Wx/W56y0YOU9B2AO1tcvfnCayQ==</latexit>

x2 � dy2 = 1



Nonabelian HSP

What if G is a nonabelian group?

The “only” problem: how do we determine H efficiently?

HSP definition still makes sense: given                 constant on a subgroup            , 
distinct on different (say, left) cosets

<latexit sha1_base64="MlDWu+4zZHjUTFbaEXda1Z4rUMk=">AAACDnicbVDLSgMxFL1TX7U+OurSTbAIrsqMiLosuFB3VewDOqVk0kwbmkmGJCOU0n9w71Z/wZ249Rf8Az/DTDsLWz0QOJxzXzlhwpk2nvflFFZW19Y3ipulre2d3bK7t9/UMlWENojkUrVDrClngjYMM5y2E0VxHHLaCkdXmd96pEozKR7MOKHdGA8EixjBxko9txwF2RCBrlFgJLrvuRWv6s2A/hI/JxXIUe+530FfkjSmwhCOte74XmK6E6wMI5xOS0GqaYLJCA9ox1KBY6q7k9nhU3RslT6KpLJPGDRTf3dMcKz1OA5tZYzNUC97mfif10lNdNmdMJGkhgoyXxSlHNkvZimgPlOUGD62BBPF7K2IDLHCxNisFrZks42UXE9tNP5yEH9J87Tqn1e9u7NK7TYPqQiHcAQn4MMF1OAG6tAAAik8wwu8Ok/Om/PufMxLC07ecwALcD5/AMQenC4=</latexit>

f : G ! R
<latexit sha1_base64="VrdFqZ+UcfO8equLGJPB5bzEe1Y=">AAACBHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgwrqrYB/QDiWTZtrQTDIkd4QydOverf6CO3Hrf/gHfoaZdha29UDgcM595QSx4AZc99sprK1vbG4Vt0s7u3v7B+XDo5ZRiaasSZVQuhMQwwSXrAkcBOvEmpEoEKwdjG8zv/3EtOFKPsIkZn5EhpKHnBKwUruOe4Lhu3654lbdGfAq8XJSQTka/fJPb6BoEjEJVBBjup4bg58SDZwKNi31EsNiQsdkyLqWShIx46ezc6f4zCoDHCptnwQ8U/92pCQyZhIFtjIiMDLLXib+53UTCG/8lMs4ASbpfFGYCAwKZ3/HA64ZBTGxhFDN7a2YjogmFGxCC1uy2aCUMFMbjbccxCppXVS9q6r7cFmp3echFdEJOkXnyEPXqIbqqIGaiKIxekGv6M15dt6dD+dzXlpw8p5jtADn6xcKtZiU</latexit>

H  G
<latexit sha1_base64="7aAyDe1fLre+0oTwECcq7JQ9uzU=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSyCCylJEXVZcFN3FewD2hAm02k7dJIJMzdCqf0O9271F9yJW9f+gZ/hJM3Cth4Y7uGce+deThALrsFxvq2V1bX1jc3CVnF7Z3dv3z44bGqZKMoaVAqp2gHRTPCINYCDYO1YMRIGgrWC0W3qtx6Z0lxGDzCOmReSQcT7nBIwkm8f1y7wwHdxViqmdEVPgvbtklN2MuBl4uakhHLUffun25M0CVkEVBCtO64TgzchCjgVbFrsJprFhI7IgHUMjUjItDfJ7p/iM6P0cF8q8yLAmfp3YkJCrcdhYDpDAkO96KXif14ngf6NN+FRnACL6GxRPxEYJE7DwD2uGAUxNoRQxc2tmA6JIhRMZHNb0r9BSqGnJhp3MYhl0qyU3auyc39Zqt7lIRXQCTpF58hF16iKaqiOGoiiJ/SCXtGb9Wy9Wx/W56x1xcpnjtAcrK9f0CydrA==</latexit>

H, g1H, g2H, . . .

This can be used to show that polynomially many coset state samples are sufficient 
to determine H [Ettinger, Hoyer, Knill 04]

If H, K are distinct subgroups, the states         and         cannot have high overlap
<latexit sha1_base64="H36GTSgjH9Dy3xda4Ekc5zNCbU8=">AAACB3icbVDLTgIxFO3gC/GFunTTSExckRlj1CWJG9xhIo8IE9Ipd6Ch007ajpEgH+Derf6CO+PWz/AP/Aw7MAsBT9Lk5Jz76glizrRx3W8nt7K6tr6R3yxsbe/s7hX3DxpaJopCnUouVSsgGjgTUDfMcGjFCkgUcGgGw+vUbz6A0kyKOzOKwY9IX7CQUWKsdP/0WO0oIvocusWSW3anwMvEy0gJZah1iz+dnqRJBMJQTrRue25s/DFRhlEOk0In0RATOiR9aFsqSATaH08vnuATq/RwKJV9wuCp+rdjTCKtR1FgKyNiBnrRS8X/vHZiwit/zEScGBB0tihMODYSp9/HPaaAGj6yhFDF7K2YDogi1NiQ5raks42UXE9sNN5iEMukcVb2Lsru7XmpcpOFlEdH6BidIg9dogqqohqqI4oEekGv6M15dt6dD+dzVppzsp5DNAfn6xfcLJrH</latexit>

|xHi
<latexit sha1_base64="2PWeKm7DFCf/ONQQ36sr1KTQNS4=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG8VNBfvAdiiZNNOGZpIhyQhD7Qe4d6u/4E7c+hn+gZ9hpp2FrR4IHM65r5wg5kwb1/1yCkvLK6trxfXSxubW9k55d6+pZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYwuM7/1QJVmUtyZNKZ+hAeChYxgY6X7x/Smq7AYcNorV9yqOwX6S7ycVCBHvVf+7vYlSSIqDOFY647nxsYfY2UY4XRS6iaaxpiM8IB2LBU4otofTy+eoCOr9FEolX3CoKn6u2OMI63TKLCVETZDvehl4n9eJzHhhT9mIk4MFWS2KEw4MhJl30d9pigxPLUEE8XsrYgMscLE2JDmtmSzjZRcT2w03mIQf0nzpOqdVd3b00rtOg+pCAdwCMfgwTnU4Arq0AACAp7hBV6dJ+fNeXc+ZqUFJ+/Zhzk4nz/isZrL</latexit>

|yKi

The “standard method” generates coset states         for uniformly random 
(unknown)

<latexit sha1_base64="woahHi5+J0KXBWrhSZwGbUzWDNA=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgpu4q2Ae2Q8mkmTY0kwzJHaGM/QD3bvUX3IlbP8M/8DPMtLOw1QOBwzn3lRPEghtw3S+nsLK6tr5R3Cxtbe/s7pX3D1pGJZqyJlVC6U5ADBNcsiZwEKwTa0aiQLB2ML7O/PYD04YreQeTmPkRGUoeckrASvePw3pPEzkUrF+uuFV3BvyXeDmpoByNfvm7N1A0iZgEKogxXc+NwU+JBk4Fm5Z6iWExoWMyZF1LJYmY8dPZxVN8YpUBDpW2TwKeqb87UhIZM4kCWxkRGJllLxP/87oJhFd+ymWcAJN0vihMBAaFs+/jAdeMgphYQqjm9lZMR0QTCjakhS3ZbFBKmKmNxlsO4i9pnVW9i6p7e16p3eQhFdEROkanyEOXqIbqqIGaiCKJntELenWenDfn3fmYlxacvOcQLcD5/AHAapq2</latexit>

|gHi
<latexit sha1_base64="SyO4qGPXc/UzVlbeKojCpyVtEJM=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCC3VXwT6gHUomTdvQTDIkd4QydOverf6CO3Hrf/gHfobpY2GrBwKHc+4rJ0qksOj7X15uZXVtfSO/Wdja3tndK+4f1K1ODeM1pqU2zYhaLoXiNRQoeTMxnMaR5I1oeD3xG4/cWKHVA44SHsa0r0RPMIpOavRJWyhy0ymW/LI/BflLgjkpwRzVTvG73dUsjblCJqm1rcBPMMyoQcEkHxfaqeUJZUPa5y1HFY25DbPpuWNy4pQu6WnjnkIyVX93ZDS2dhRHrjKmOLDL3kT8z2ul2LsKM6GSFLlis0W9VBLUZPJ30hWGM5QjRygzwt1K2IAaytAltLBlMhu1lnbsogmWg/hL6mfl4KLs35+XKnfzkPJwBMdwCgFcQgVuoQo1YDCEZ3iBV+/Je/PevY9Zac6b9xzCArzPH0a6mLk=</latexit>

g 2 G



Nonabelian HSP: Examples and applications

Efficient algorithms known for specific HSPs: normal subgroups, metacyclic groups, 
Heisenberg/extraspecial groups, etc.

HSPs with exciting potential applications:
• Symmetric group: graph isomorphism, code equivalence
• Dihedral group: lattice problems [Regev 02]

A standard method algorithm for the symmetric group HSP would require highly 
entangled measurements [Hallgren, Moore, Rötteler, Russell, Sen, 06]

Standard method algorithms can start with nonabelian Fourier sampling WLOG

“Kuperberg sieve” solves the dihedral HSP in subexponential time
• No quantum speedup for lattice problems
• Subexponential quantum algorithm for elliptic curve isogenies [Childs, Jao, Soukharev 14]



Dihedral HSP challenge problem

With poly(log N) samples of such states, we have enough info to determine s.

Can we determine s efficiently?

The standard method and Fourier sampling produces a qubit state
<latexit sha1_base64="ho4Egl+PYAXIW9pS8f0Bmk1F+2w=">AAACIXicbVBNS8NAEN34bf2KevSyWISKUJOi2GPBi16kglWhiWWzndSlm03c3Qgl5q948a948aBIb+KfcVtz0OqDgcd7M8zMCxLOlHacD2tqemZ2bn5hsbS0vLK6Zq9vXKo4lRRaNOaxvA6IAs4EtDTTHK4TCSQKOFwF/eORf3UPUrFYXOhBAn5EeoKFjBJtpI5d90JJaObmmafupK7llQfHk0T0OOA9DDdZDXsJwwwr3N8/yx/cwtzt2GWn6oyB/xK3IGVUoNmxh143pmkEQlNOlGq7TqL9jEjNKIe85KUKEkL7pAdtQwWJQPnZ+MMc7xili8NYmhIaj9WfExmJlBpEgemMiL5Vk95I/M9rpzqs+xkTSapB0O9FYcqxjvEoLtxlEqjmA0MIlczciuktMZFpE2rJhOBOvvyXXNaq7mHVOT8oN06LOBbQFtpGFeSiI9RAJ6iJWoiiR/SMXtGb9WS9WO/W8Lt1yipmNtEvWJ9fh9+ifA==</latexit>

1p
2
(|0i+ e2⇡isk/N |1i)

with             known, selected uniformly at random.
<latexit sha1_base64="eScLkzfg72UHZBvWo+GHhc/tOvI=">AAACEXicbVDLSgMxFM3UV62vsS7dBIvgqsyIqMuCG91IBfvAzjBk0rQNzSRDkhHLMF/h3q3+gjtx6xf4B36GmXYWtvVA4HDOvbmHE8aMKu0431ZpZXVtfaO8Wdna3tnds/erbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfJX7nUciFRX8Xk9i4kdoyOmAYqSNFNjVMfQoh16E9CgM04csuA3smlN3poDLxC1IDRRoBvaP1xc4iQjXmCGleq4Taz9FUlPMSFbxEkVihMdoSHqGchQR5afT7Bk8NkofDoQ0j2s4Vf9upChSahKFZjLPqBa9XPzP6yV6cOmnlMeJJhzPDg0SBrWAeRGwTyXBmk0MQVhSkxXiEZIIa1PX3JX8by0EU5mpxl0sYpm0T+vued25O6s1boqSyuAQHIET4IIL0ADXoAlaAIMn8AJewZv1bL1bH9bnbLRkFTsHYA7W1y/Hi53e</latexit>

k 2 ZN



3. Quantum walk



From random to quantum walk

Quantum analog of a random walk on a graph.

Idea: Replace probabilities by quantum amplitudes.
Interference can produce radically different behavior!

-60 -40 -20 0 20 40 60

classical

-60 -40 -20 0 20 40 60

quantum



Continuous-time quantum walk

Graph G:
1 2

3 4

5
A =

�

⇧⇧⇧⇧⇤

0 1 1 0 0
1 0 0 1 1
1 0 0 1 0
0 1 1 0 1
0 1 0 1 0

⇥

⌃⌃⌃⌃⌅

adjacency matrix Laplacian

L =

0

BBBB@

2 �1 �1 0 0
�1 3 0 �1 �1
�1 0 2 �1 0
0 �1 �1 3 �1
0 �1 0 �1 2

1

CCCCA

<latexit sha1_base64="2b7tasnQF1sTTsTln6KwKvgTryY=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXJWkKLoRKm50V8FeoAllMp20Q2cmYWZSKCHv4cZXceNCEVeCC9/GSZuFtv4w8PGfc5hz/iBmVGnH+bZKK6tr6xvlzcrW9s7unr1/0FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/k9c6ESEUj8aCnMfE5GgoaUoy0sfp2nUIvlAinHkd6JHk6yLJfrDPoTQiGCF7B6wL7dtWpOTPBZXALqIJCzb796Q0inHAiNGZIqZ7rxNpPkdQUM5JVvESRGOExGpKeQYE4UX46uy2DJ8YZwDCS5gkNZ+7viRRxpaY8MJ351mqxlpv/1XqJDi/9lIo40UTg+UdhwqCOYB4UHFBJsGZTAwhLanaFeIRMVNrEWTEhuIsnL0O7XnPPa879WbVxV8RRBkfgGJwCF1yABrgFTdACGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2R9/QDhL6FF</latexit>

i
d

dt
~a = A~a

Quantum walk on G

State:  Amplitude av(t) to be at 
vertex v at time t

Dynamics:
<latexit sha1_base64="2buCbaWiTCPzXYoGfjB+Ujf2QL0=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARXJWkKLoRCm4UXFSwF2hCmUwn7dCZSZiZFErIe7jxVdy4UMSV4MK3cdJmoa0/DHz85xzmnD+IGVXacb6t0srq2vpGebOytb2zu2fvH7RVlEhMWjhikewGSBFGBWlpqhnpxpIgHjDSCcbXeb0zIVLRSDzoaUx8joaChhQjbay+XafQCyXCqceRHkmeDrLsF+sMehOCIYJX8K7Avl11as5McBncAqqgULNvf3qDCCecCI0ZUqrnOrH2UyQ1xYxkFS9RJEZ4jIakZ1AgTpSfzm7L4IlxBjCMpHlCw5n7eyJFXKkpD0xnvrVarOXmf7VeosNLP6UiTjQReP5RmDCoI5gHBQdUEqzZ1ADCkppdIR4hE5U2cVZMCO7iycvQrtfc85pzf1Zt3BZxlMEROAanwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2PeWvJKmYOwR9ZXz/yKKFQ</latexit>

i
d

dt
~a = L~a

Random walk on G

State:  Probability pv(t) of being 
at vertex v at time t

Dynamics:
<latexit sha1_base64="/nosY9uMfuE2/xiP9st5v2vhri0=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJVEFN0IBTcKLirYCzShTKaTdujMJMxMCiXkNdz4Km5cKOJSV76NkzaL2vrDwMd/zmHO+YOYUaUd58cqrayurW+UNytb2zu7e/b+QUtFicSkiSMWyU6AFGFUkKammpFOLAniASPtYHST19tjIhWNxKOexMTnaCBoSDHSxurZjhdKhFOPIz2UPO1n2RzrDHpjgmEMr+F9gT276tScqeAyuAVUQaFGz/7y+hFOOBEaM6RU13Vi7adIaooZySpeokiM8AgNSNegQJwoP51elsET4/RhGEnzhIZTd34iRVypCQ9MZ761Wqzl5n+1bqLDKz+lIk40EXj2UZgwqCOYxwT7VBKs2cQAwpKaXSEeIhOVNmFWTAju4snL0DqruRc15+G8Wr8r4iiDI3AMToELLkEd3IIGaAIMnsALeAPv1rP1an1Yn7PWklXMHII/sr5/Aeu1oNE=</latexit>

d

dt
~p = L~p



Exponential speedup

in out

[Childs, Cleve, Deotto, Farhi, Gutmann, Spielman 03]

Using polynomially many queries, a 
classical algorithm cannot distinguish the 
graph from an infinite binary tree rooted 
at in.

Problem: Given the label of in and an 
adjacency-list black box for the graph, 
find the label of out.

Quantum walk from       stays in the 
column subspace (uniform superpositions 
over vertices at fixed distance from in).

<latexit sha1_base64="Yc1iUM1GjdJSfgZ3smYskKudcVM=">AAACEnicbVC7TsMwFHXKq5RXoCOLRYXEVCUIAWMlFtiKRB9SE1WO67RWHTuyHaQo5C/YWeEX2BArP8Af8Bk4bQbaciRLR+e+jk8QM6q043xblbX1jc2t6nZtZ3dv/8A+POoqkUhMOlgwIfsBUoRRTjqaakb6sSQoChjpBdObot57JFJRwR90GhM/QmNOQ4qRNtLQrj95EdITGWWU555EfMzI0G44TWcGuErckjRAifbQ/vFGAicR4RozpNTAdWLtZ0hqihnJa16iSIzwFI3JwFCOIqL8bGY+h6dGGcFQSPO4hjP170SGIqXSKDCdhVO1XCvE/2qDRIfXvvlWnGjC8fxQmDCoBSySgCMqCdYsNQRhSY1XiCdIIqxNXgtXit1aCKZyE427HMQq6Z433cumc3/RaN2VIVXBMTgBZ8AFV6AFbkEbdAAGKXgBr+DNerberQ/rc95ascqZOliA9fULMEqfRg==</latexit>

|ini

This walk rapidly reaches a state with 
significant overlap on        . 

<latexit sha1_base64="Sw3fw/4pt7i121tcgSuxa+bdwa0=">AAACE3icbVDLSsNAFJ34rPUVHzs3wSK4KomIuiy40V0F+4AmlMl02g6dzISZG6HGfIZ7t/oL7sStH+Af+BlO2ixs64GBwzn3zj2cMOZMg+t+W0vLK6tr66WN8ubW9s6uvbff1DJRhDaI5FK1Q6wpZ4I2gAGn7VhRHIWctsLRde63HqjSTIp7GMc0iPBAsD4jGIzUtQ+f/AjDUEWpTCDzFRYDTrt2xa26EziLxCtIBRWod+0fvydJElEBhGOtO54bQ5BiBYxwmpX9RNMYkxEe0I6hAkdUB+kkfeacGKXn9KUyT4AzUf9upDjSehyFZjKPque9XPzP6yTQvwpSJuIEqCDTQ/2EOyCdvAqnxxQlwMeGYKKYyeqQIVaYgCls5kr+N0jJdWaq8eaLWCTNs6p3UXXvziu126KkEjpCx+gUeegS1dANqqMGIugRvaBX9GY9W+/Wh/U5HV2yip0DNAPr6xcs/p/R</latexit>

|outi



Discrete-time quantum walk

A walk with discrete time steps is a little harder to define.

Not unitary!On a path:                                            ?
<latexit sha1_base64="x8cbjUesy+eCXUulssBQ+ZZlcno="></latexit>

|xi 7! 1p
2

�
|x� 1i+ |x+ 1i

�

Solution: Introduce another register (“coin”) that remembers the previous position
(reduces the potential for interference, but only slightly)

Szegedy walk: For a stochastic transition matrix P,

v u

Puv

[Szegedy 05]

• Reflect about

where

<latexit sha1_base64="JZzMkijTZxo9XNF55Un6kzDVeZ8=">AAACKHicbVC7TsMwFHV4lvIKMLJYVEiwVAlCgJgqscBWJPqQmihyXLe16tiR7VSqQr6B/2BnhV9gQ12Z+AycNgNtOZKlo3Puw/eEMaNKO87EWlldW9/YLG2Vt3d29/btg8OmEonEpIEFE7IdIkUY5aShqWakHUuCopCRVji8y/3WiEhFBX/S45j4Eepz2qMYaSMF9rkXIT2QUapixDMvffZiRYORJxHvMwJv4Qh6lMOmlwV2xak6U8Bl4hakAgrUA/vH6wqcRIRrzJBSHdeJtZ8iqSlmJCt7iSIxwkPUJx1DOYqI8tPpSRk8NUoX9oQ0j2s4Vf92pChSahyFpjI/QC16ufif10l078ZPKY8TTTieLeolDGoB83xgl0qCNRsbgrCk5q8QD5BEWJsU57bks7UQTOXRuItBLJPmRdW9qjqPl5XaQxFSCRyDE3AGXHANauAe1EEDYPAC3sA7+LBerU/ry5rMSlesoucIzMH6/gXXfKfj</latexit>

span{| vi : v 2 V }
<latexit sha1_base64="GRut6IMBEiQI2oiQ1VUbpPwXyLg="></latexit>

| vi :=
X

u2V

p
Puv|v, ui

• Swap the edge direction:
<latexit sha1_base64="Q9P++pKpGAOm38AeA+GYC95c36Q="></latexit>

S :=
X

u,v2V

|u, vihv, u|



Quantum walk search

Problem: Given a graph G = (V, E) with a subset             of marked vertices. Using 
an oracle that tells whether a vertex is marked, determine whether M is empty.

<latexit sha1_base64="he4OCX85kIFws2P6FdFVBlISLXw=">AAACCnicbVC7SgNBFJ31GeMramkzGASrsCuilgEbLYQI5gHJEmYnN8mQ2Z3NzF0hLPkDe1v9BTux9Sf8Az/DSbKFSTxw4XDOfXGCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OaUYnmUOVKKt0ImAEpIqiiQAmNWAMLAwn1YHAz8etPoI1Q0SOOYvBD1otEV3CGVvLvacskgQGEIa21C0W35E5Bl4mXkSLJUGkXflodxZMQIuSSGdP03Bj9lGkUXMI430oMxIwPWA+alkYsBOOn06fH9NQqHdpV2laEdKr+nUhZaMwoDGxnyLBvFr2J+J/XTLB77aciihOEiM8OdRNJUdFJArQjNHCUI0sY18L+SnmfacbR5jR3ZbIblZJmbKPxFoNYJrXzkndZch8uiuW7LKQcOSYn5Ix45IqUyS2pkCrhZEheyCt5c56dd+fD+Zy1rjjZzBGZg/P1C0s7m38=</latexit>

M ✓ V

Classical strategy:
Time to hit a marked vertex is              , where

<latexit sha1_base64="Hr+A1DSxXfwBTPwXqTnrxR2mMfE=">AAACEnicbVC7TgJBFJ3FF+ILpbTZSEywwV1j1JLERisxESFhN2R2uMCE2ZnNzF0TQvgLe1v9BTtj6w/4B36Gw6MQ8CQ3OTnnvnKiRHCDnvftZFZW19Y3spu5re2d3b38/sGjUalmUGNKKN2IqAHBJdSQo4BGooHGkYB61L8e+/Un0IYr+YCDBMKYdiXvcEbRSq184a7knwZtEEgDSAwXSp608kWv7E3gLhN/Ropkhmor/xO0FUtjkMgENabpewmGQ6qRMwGjXJAaSCjr0y40LZU0BhMOJ8+P3GOrtN2O0rYkuhP178SQxsYM4sh2xhR7ZtEbi/95zRQ7V+GQyyRFkGx6qJMKF5U7TsJtcw0MxcASyjS3v7qsRzVlaPOauzLejUoJM7LR+ItBLJPHs7J/Ufbuz4uV21lIWXJIjkiJ+OSSVMgNqZIaYWRAXsgreXOenXfnw/mctmac2UyBzMH5+gUQrp39</latexit>

O(1/�✏)
<latexit sha1_base64="aInAwl5m2URykl4J/jm5+wYVyJQ=">AAACEXicbVDLSsNAFJ3UV62vWJduBovgqiYi6kYouNGFUME+oA1lMp20QyczYWYilqRf4d6t/oI7cesX+Ad+hpM2C1s9cOFwzn1x/IhRpR3nyyosLa+srhXXSxubW9s79m65qUQsMWlgwYRs+0gRRjlpaKoZaUeSoNBnpOWPrjK/9UCkooLf63FEvBANOA0oRtpIPbvcJZGiTHB4CdPb9Dhtpj274lSdKeBf4uakAnLUe/Z3ty9wHBKuMUNKdVwn0l6CpKaYkUmpGysSITxCA9IxlKOQKC+Z/j6Bh0bpw0BIU1zDqfp7IkGhUuPQN50h0kO16GXif14n1sGFl1AexZpwPDsUxAxqAbMgYJ9KgjUbG4KwpOZXiIdIIqxNXHNXst1aCKYmJhp3MYi/pHlSdc+qzt1ppXaTh1QE++AAHAEXnIMauAZ10AAYPIJn8AJerSfrzXq3PmatBSuf2QNzsD5/AK2cncw=</latexit>

✏ = |M |/|V |   = spectral gap of walk
<latexit sha1_base64="Pwb9fLctHpxGGV+NBh6t1wFVYQo=">AAACA3icbVDLSgMxFM34rPVVdekmWARXZUZEXRbc6K6CfUA7lEwm08ZmkiG5I5ShS/du9RfciVs/xD/wM8y0s7CtBwKHc+4rJ0gEN+C6387K6tr6xmZpq7y9s7u3Xzk4bBmVasqaVAmlOwExTHDJmsBBsE6iGYkDwdrB6Cb3209MG67kA4wT5sdkIHnEKQErtXohE0D6lapbc6fAy8QrSBUVaPQrP71Q0TRmEqggxnQ9NwE/Ixo4FWxS7qWGJYSOyIB1LZUkZsbPptdO8KlVQhwpbZ8EPFX/dmQkNmYcB7YyJjA0i14u/ud1U4iu/YzLJAUm6WxRlAoMCudfxyHXjIIYW0Ko5vZWTIdEEwo2oLkt+WxQSpiJjcZbDGKZtM5r3mXNvb+o1u+KkEroGJ2gM+ShK1RHt6iBmoiiR/SCXtGb8+y8Ox/O56x0xSl6jtAcnK9fj16Y9A==</latexit>

�

Take a random walk until we reach a marked vertex.

(second-largest magnitude of an eigenvalue of transition matrix is         )
<latexit sha1_base64="3OBZV3Uoe9D9v2ICh1buABNuOwM=">AAACBXicdVDLSgMxFM3UV62vqks3wSK4cZgRX8uiG5cV7APaoWQymTY0kwzJHaGUrt271V9wJ279Dv/AzzDTVrA+LoQczrnPE6aCG/C8d6ewsLi0vFJcLa2tb2xulbd3GkZlmrI6VULpVkgME1yyOnAQrJVqRpJQsGY4uMr15h3Thit5C8OUBQnpSR5zSsBSLf+oEzEBpFuueO6plwf+DXx38nsVNItat/zRiRTNEiaBCmJM2/dSCEZEA6eCjUudzLCU0AHpsbaFkiTMBKPJvmN8YJkIx0rbJwFP2O8VI5IYM0xCm5kQ6JufWk7+pbUziC+CEZdpBkzS6aA4ExgUzo/HEdeMghhaQKjmdldM+0QTCtaiuSl5b1BKmLG15ut+/D9oHLv+mevdnFSqlzOTimgP7aND5KNzVEXXqIbqiCKBHtAjenLunWfnxXmdphacWc0umgvn7ROHcplu</latexit>

1� �

Quantum strategy:

<latexit sha1_base64="LbtEkWtT6T6xl8Eu30NN8824Eos="></latexit>

| i /
P

x/2M | xiPerform phase estimation on

Consider the Szegedization of the absorbing walk that remains 
at a marked vertex

This state is invariant if               and lives in eigenspaces with 
phase              if              , so                  steps of the walk 
suffice to determine whether             .

<latexit sha1_base64="AnCFfu4FA2EmQwLVvBK4qahRGOE=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSMU3OhCqGDaQhvKZDpph04yYeZGKGl37t3qL7gTt/6If+BnOGmzsK0HBg7n3NccPxZcg21/W4WV1bX1jeJmaWt7Z3evvH/Q0DJRlLlUCqlaPtFM8Ii5wEGwVqwYCX3Bmv7wJvObT0xpLqNHGMXMC0k/4gGnBIzkju/H13a3XLGr9hR4mTg5qaAc9W75p9OTNAlZBFQQrduOHYOXEgWcCjYpdRLNYkKHpM/ahkYkZNpLp8dO8IlRejiQyrwI8FT925GSUOtR6JvKkMBAL3qZ+J/XTiC48lIexQmwiM4WBYnAIHH2c9zjilEQI0MIVdzciumAKELB5DO3JZsNUgo9MdE4i0Esk8ZZ1bmo2g/nldpdHlIRHaFjdIocdIlq6BbVkYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fSDqYNg==</latexit>

|M | = 0
<latexit sha1_base64="zqlOBZyXqL/zmPEREeZp4d3COpY=">AAACBXicbVDLSgMxFM34rPVVdekmWARXZUZEXRbc6EKoYB/QDiWTZtrQTDIkd4Qy7dq9W/0Fd+LW7/AP/Awz7Sxs64HA4Zz7ygliwQ247rezsrq2vrFZ2Cpu7+zu7ZcODhtGJZqyOlVC6VZADBNcsjpwEKwVa0aiQLBmMLzJ/OYT04Yr+QijmPkR6UseckrASq3x/bgjGXa7pbJbcafAy8TLSRnlqHVLP52eoknEJFBBjGl7bgx+SjRwKtik2EkMiwkdkj5rWypJxIyfTu+d4FOr9HCotH0S8FT925GSyJhRFNjKiMDALHqZ+J/XTiC89lMu4wSYpLNFYSIwKJx9Hve4ZhTEyBJCNbe3YjogmlCwEc1tyWaDUsJMbDTeYhDLpHFe8S4r7sNFuXqXh1RAx+gEnSEPXaEqukU1VEcUCfSCXtGb8+y8Ox/O56x0xcl7jtAcnK9fdW6ZZg==</latexit>

|M | 6= 0
<latexit sha1_base64="hSNpJgaYfWXmj/chpcZtk+wSrMM=">AAACGnicbVC7TgMxEPSFV3gfUNJYREihCXcIAWUkGqgIEgGkXBT5nA1Y8dmHvYcUnVLwH/S08At0iJaGP+AzcB4FEEZaaTSz6/VOnEphMQg+vcLU9MzsXHF+YXFpeWXVX1u/tDozHOpcS22uY2ZBCgV1FCjhOjXAkljCVdw9HvhX92Cs0OoCeyk0E3ajREdwhk5q+Ztn5XA3sncG86gNEhmNILVCatXfafmloBIMQSdJOCYlMkat5X9Fbc2zBBRyyaxthEGKzZwZFFxCfyHKLKSMd9kNNBxVLAHbzIdH9Om2U9q0o40rhXSo/pzIWWJtL4ldZ8Lw1v71BuJ/XiPDzlEzFyrNEBQfLepkkqKmg0RoWxjgKHuOMG6E+yvlt8wwji63X1sGb6PW0vZdNOHfICbJ5V4lPKgE5/ul6uk4pCLZJFukTEJySKrkhNRInXDyQJ7IM3nxHr1X7817H7UWvPHMBvkF7+Mbr/+hiw==</latexit>

O(1/
p
�✏)

<latexit sha1_base64="0SLgRKK3q63Tvjp6eE/MB3d9GQE=">AAACHnicbVDLSgMxFM3Ud32NunRhsAi6KTMi6rLgRlcq2FbolJJJb2swk4zJHaEMXfof7t3qL7gTt/oHfobpY2HVAxcO59ybm3viVAqLQfDpFaamZ2bn5heKi0vLK6v+2nrN6sxwqHIttbmOmQUpFFRRoITr1ABLYgn1+PZk4NfvwVih1RX2UmgmrKtER3CGTmr5W9F5Al22G9k7g3nUBomMRpBaIbXq79GWXwrKwRD0LwnHpETGuGj5X1Fb8ywBhVwyaxthkGIzZwYFl9AvRpmFlPFb1oWGo4olYJv58JA+3XFKm3a0caWQDtWfEzlLrO0lsetMGN7Y395A/M9rZNg5buZCpRmC4qNFnUxS1HSQCm0LAxxlzxHGjXB/pfyGGcbRZTexZfA2ai1t30UT/g7iL6ntl8PDcnB5UKqcjUOaJ5tkm+ySkByRCjklF6RKOHkgT+SZvHiP3qv35r2PWgveeGaDTMD7+AY5WKNp</latexit>

⌦(
p
�✏)

<latexit sha1_base64="AnCFfu4FA2EmQwLVvBK4qahRGOE=">AAACAnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSMU3OhCqGDaQhvKZDpph04yYeZGKGl37t3qL7gTt/6If+BnOGmzsK0HBg7n3NccPxZcg21/W4WV1bX1jeJmaWt7Z3evvH/Q0DJRlLlUCqlaPtFM8Ii5wEGwVqwYCX3Bmv7wJvObT0xpLqNHGMXMC0k/4gGnBIzkju/H13a3XLGr9hR4mTg5qaAc9W75p9OTNAlZBFQQrduOHYOXEgWcCjYpdRLNYkKHpM/ahkYkZNpLp8dO8IlRejiQyrwI8FT925GSUOtR6JvKkMBAL3qZ+J/XTiC48lIexQmwiM4WBYnAIHH2c9zjilEQI0MIVdzciumAKELB5DO3JZsNUgo9MdE4i0Esk8ZZ1bmo2g/nldpdHlIRHaFjdIocdIlq6BbVkYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fSDqYNg==</latexit>

|M | = 0



Quantum walk search: examples

This provides a powerful, general tool for search problems

Unstructured search: G = complete graph on N vertices

Classical: O(N)

<latexit sha1_base64="G9Iq4lPn4XaXd9ApAiHZ/lzjBNQ=">AAACEXicbVC7SgNBFJ2NrxhfayxtBoMQm7ArojZCwEa7CHlBEsLs5CYZMruzzNwVQ8hX2NvqL9iJrV/gH/gZTh6FSTxw4XDOfXGCWAqDnvftpNbWNza30tuZnd29/QP3MFs1KtEcKlxJpesBMyBFBBUUKKEea2BhIKEWDG4nfu0RtBEqKuMwhlbIepHoCs7QSm032+yAREZvaLPcB2R5/6zt5ryCNwVdJf6c5Mgcpbb70+wonoQQIZfMmIbvxdgaMY2CSxhnmomBmPEB60HD0oiFYFqj6e9jemqVDu0qbStCOlX/ToxYaMwwDGxnyLBvlr2J+J/XSLB73RqJKE4QIj471E0kRUUnQdCO0MBRDi1hXAv7K+V9phlHG9fClcluVEqasY3GXw5ilVTPC/5lwXu4yBXv5yGlyTE5IXnikytSJHekRCqEkyfyQl7Jm/PsvDsfzuesNeXMZ47IApyvX0WznO4=</latexit>

� = ⇥(1)
<latexit sha1_base64="fOEovPb1yxGddxcZj+5RgBk9KfI=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4qjMi6kYouNGNVLAPaMeSSe+0oZlkSDJCGfoJ7t3qL7gTt36Ef+BnmGm7sK0HLhzOuS9OEHOmjet+O7ml5ZXVtfx6YWNza3unuLtX1zJRFGpUcqmaAdHAmYCaYYZDM1ZAooBDIxhcZ37jCZRmUjyYYQx+RHqChYwSY6XHNsSacSnwFfZO7jrFklt2x8CLxJuSEpqi2in+tLuSJhEIQznRuuW5sfFTogyjHEaFdqIhJnRAetCyVJAItJ+Ovx7hI6t0cSiVLWHwWP07kZJI62EU2M6ImL6e9zLxP6+VmPDST5mIEwOCTg6FCcdG4iwC3GUKqOFDSwhVzP6KaZ8oQo0NauZKtttIyfXIRuPNB7FI6qdl77zs3p+VKrfTkPLoAB2iY+ShC1RBN6iKaogihV7QK3pznp1358P5nLTmnOnMPpqB8/ULM1GbXw==</latexit>

✏ = 1/N

Quantum:
<latexit sha1_base64="K18XbydJsA0tPVKYdx3AYnfVI/Y=">AAACB3icbVDLTgIxFO3gC/GFunTTSExwQ2aMUZckbnSjmMgjAiGdUqCh047tHRMy4QPcu9VfcGfc+hn+gZ9hB2Yh4EmanJxzXz1+KLgB1/12MkvLK6tr2fXcxubW9k5+d69mVKQpq1IllG74xDDBJasCB8EaoWYk8AWr+8PLxK8/MW24kvcwClk7IH3Je5wSsNLDbbFlHjXgm+NOvuCW3AnwIvFSUkApKp38T6uraBQwCVQQY5qeG0I7Jho4FWyca0WGhYQOSZ81LZUkYKYdTy4e4yOrdHFPafsk4In6tyMmgTGjwLeVAYGBmfcS8T+vGUHvoh1zGUbAJJ0u6kUCg8LJ93GXa0ZBjCwhVHN7K6YDogkFG9LMlmQ2KCXM2EbjzQexSGonJe+s5N6dFsrXaUhZdIAOURF56ByV0RWqoCqiSKIX9IrenGfn3flwPqelGSft2UczcL5+AXbRmeo=</latexit>

O(
p
N)

Element distinctness: [Ambainis 04]

Given                   , are there distinct                 with                    ?
<latexit sha1_base64="jNLoVvSQZrEJvZ3atLMv/rwi3ik=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBFcSJkRUZcFN7qRCvYB06Fk0kwbmkmGJCOW0h9w71Z/wZ249S/8Az/DTDsL23ogcDjnvnLChDNtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNLVNFaJ1ILlUrxJpyJmjdMMNpK1EUxyGnzXBwnfnNR6o0k+LBDBMaxLgnWMQINlbyn06HqM0E8u+CTqnsVtwJ0CLxclKGHLVO6afdlSSNqTCEY619z01MMMLKMMLpuNhONU0wGeAe9S0VOKY6GE1OHqNjq3RRJJV9wqCJ+rdjhGOth3FoK2Ns+nrey8T/PD810VUwYiJJDRVkuihKOTISZf9HXaYoMXxoCSaK2VsR6WOFibEpzWzJZhspuR7baLz5IBZJ46ziXVTc+/Ny9TYPqQCHcAQn4MElVOEGalAHAhJe4BXenGfn3flwPqelS07ecwAzcL5+ATvxmlY=</latexit>

x, y 2 [N ]
<latexit sha1_base64="Y59bPBjfvAZXxLJDUwgvATxxHF0=">AAACEXicbVC7TsMwFHXKq5RXKCOLRYXEVCUIAWMlFlhQQfQhJVHluE5r1bEj20FUUb+CnRV+gQ2x8gX8AZ+B02agLUeydHTOffmECaNKO863VVpZXVvfKG9WtrZ3dvfs/WpbiVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxxd5X7nkUhFBX/Q44QEMRpwGlGMtJF6djWCfj6FQ+82gL4W8L5n15y6MwVcJm5BaqBAs2f/+H2B05hwjRlSynOdRAcZkppiRiYVP1UkQXiEBsQzlKOYqCCb3j6Bx0bpw0hI87iGU/VvR4ZipcZxaCpjpIdq0cvF/zwv1dFlkFGepJpwPFsUpQyaL+ZBwD6VBGs2NgRhSc2tEA+RRFibuOa25LO1EExNTDTuYhDLpH1ad8/rzt1ZrXFThFQGh+AInAAXXIAGuAZN0AIYPIEX8ArerGfr3fqwPmelJavoOQBzsL5+AablnSs=</latexit>

f : [N ] ! R
<latexit sha1_base64="+Gt16vccZ0rVOlvBmFF8S9H/1Uc=">AAACBnicbVDLSgMxFM3UV62vqks3wSK0mzIjom6EghvdVbAPaYeSSTNtaB5DkhGH0r17t/oL7sStv+Ef+Blm2lnY1gOBwzn3lRNEjGrjut9ObmV1bX0jv1nY2t7Z3SvuHzS1jBUmDSyZVO0AacKoIA1DDSPtSBHEA0Zaweg69VuPRGkqxb1JIuJzNBA0pBgZKz2E5afKVVhOKr1iya26U8Bl4mWkBDLUe8Wfbl/imBNhMENadzw3Mv4YKUMxI5NCN9YkQniEBqRjqUCcaH88PXgCT6zSh6FU9gkDp+rfjjHiWic8sJUcmaFe9FLxP68Tm/DSH1MRxYYIPFsUxgwaCdPfwz5VBBuWWIKwovZWiIdIIWxsRnNb0tlGSqYnNhpvMYhl0jyteudV9+6sVLvNQsqDI3AMysADF6AGbkAdNAAGHLyAV/DmPDvvzofzOSvNOVnPIZiD8/ULWfiZSA==</latexit>

f(x) = f(y)
<latexit sha1_base64="8eGFl+i1qrpUKbnib4i1v1+mu/c=">AAACFHicdVDLSsNAFJ3UV62vqrhyM1gEFyUk4gtBKLpxVSrYBzShTCbTdugkE2ZuhBL6G+7d6i+4E7fu/QM/w6StYH0cGOZwzr1z7xwvElyDZb0bubn5hcWl/HJhZXVtfaO4udXQMlaU1akUUrU8opngIasDB8FakWIk8ARreoOrzG/eMaW5DG9hGDE3IL2QdzklkEqd4k676uLzC+wkdtkRvgRdrjqjTrFkmcdWBvyb2Ob4tkpoilqn+OH4ksYBC4EKonXbtiJwE6KAU8FGBSfWLCJ0QHqsndKQBEy7yXj9Ed5PFR93pUpPCHisfu9ISKD1MPDSyoBAX//0MvEvrx1D98xNeBjFwEI6GdSNBQaJsyywzxWjIIYpIVTxdFdM+0QRCmliM1Oyt0FKobNovv6P/yeNQ9M+Ma2bo1LlchpSHu2iPXSAbHSKKuga1VAdUZSgB/SInox749l4MV4npTlj2rONZmC8fQKGUp4j</latexit>

[N ] := {1, . . . , N}

Classical:
<latexit sha1_base64="1NIbZ8FCSIV00jBLAiBIaNUeLR4=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBHqpsyIqMuCG91oBfuQdiiZNNOGJpMhyQildO/erf6CO3Hrb/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeUsojXDDKfNWFEsAk4bweAq9RtPVGkmowczjKkvcC9iISPYWOmxfSdoD5duTzqFolt2J0CLxMtIETJUO4WfdleSRNDIEI61bnlubPwRVoYRTsf5dqJpjMkA92jL0ggLqv3R5OAxOrZKF4VS2RcZNFH/doyw0HooAlspsOnreS8V//NaiQkv/RGL4sTQiEwXhQlHRqL096jLFCWGDy3BRDF7KyJ9rDAxNqOZLelsIyXXYxuNNx/EIqmflr3zsnt/VqzcZCHl4BCOoAQeXEAFrqEKNSAg4AVe4c15dt6dD+dzWrrkZD0HMAPn6xfPYZmQ</latexit>

⌦(N)

store function values associated with the K inputs
<latexit sha1_base64="6lRz8iokLgeK8vG1E23TJIhcSls=">AAACE3icbVBJSgNBFK2OU4xTHHZuCoMQN7FbRN0IATeKCyOYAZIQqis/SZHqrqbqtxBDjuHerV7Bnbj1AN7AY1gZFibxwYfHe3/i+ZEUBl3320ksLC4tryRXU2vrG5tb6e2dklGx5lDkSipd8ZkBKUIookAJlUgDC3wJZb97NfTLj6CNUOED9iKoB6wdipbgDK3USO/VmiCR0UtauwugzbLe8e1RI51xc+4IdJ54E5IhExQa6Z9aU/E4gBC5ZMZUPTfCep9pFFzCIFWLDUSMd1kbqpaGLABT74++H9BDqzRpS2lbIdKR+neizwJjeoFvOwOGHTPrDcX/vGqMrYt6X4RRjBDy8aFWLCkqOoyCNoUGjrJnCeNa2F8p7zDNONrApq4Md6NS0gxsNN5sEPOkdJLzznLu/WkmfzMJKUn2yQHJEo+ckzy5JgVSJJw8kRfySt6cZ+fd+XA+x60JZzKzS6bgfP0CSj6dbw==</latexit>

� = ⌦(1/K)
<latexit sha1_base64="1hFjhg0liCVNl7tnBuWYTGPML+w=">AAACGXicbVDLSgMxFM3UV62vqjvdBIvQbupMEXUjFNwoglawD2hryaS3bWgmGZKMUErB/3DvVn/Bnbh15R/4GaaPhW09cOFwzr25uccPOdPGdb+d2MLi0vJKfDWxtr6xuZXc3ilpGSkKRSq5VBWfaOBMQNEww6ESKiCBz6Hsdy+GfvkRlGZS3JteCPWAtAVrMUqMlRrJvRqEmnEp8Dmu3QbQJun09dFN5iGXaSRTbtYdAc8Tb0JSaIJCI/lTa0oaBSAM5UTrqueGpt4nyjDKYZCoRRpCQrukDVVLBQlA1/ujGwb40CpN3JLKljB4pP6d6JNA617g286AmI6e9Ybif141Mq2zep+JMDIg6HhRK+LYSDwMBDeZAmp4zxJCFbN/xbRDFKHGxja1Zfi2kZLrgY3Gmw1inpRyWe8k694dp/JXk5DiaB8doDTy0CnKo0tUQEVE0RN6Qa/ozXl23p0P53PcGnMmM7toCs7XL3IRn5k=</latexit>

✏ = ⌦((K/N)2)

complexity                    , optimized with
<latexit sha1_base64="IXZztJwOuO9tN3m7RJ0RuLpfeGw=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBMRdVlwoxSkgn1AG8tkOmmHTmbizI1QQj/BvVv9BXfi1o/wD/wMkzYL23rgwuGc++J4oeAGbPvbWlhcWl5Zza3l1zc2t7YLO7t1oyJNWY0qoXTTI4YJLlkNOAjWDDUjgSdYwxtcpX7jiWnDlbyHYcjcgPQk9zklkEgPFXyMb0/a5lFDXBl1CkW7ZI+B54mTkSLKUO0UftpdRaOASaCCGNNy7BDcmGjgVLBRvh0ZFhI6ID3WSqgkATNuPP56hA8TpYt9pZOSgMfq34mYBMYMAy/pDAj0zayXiv95rQj8SzfmMoyASTo55EcCg8JpBLjLNaMghgkhVPPkV0z7RBMKSVBTV9LdoJQwaTTObBDzpH5acs5L9t1ZsXyThZRD++gAHSEHXaAyukZVVEMUafSCXtGb9Wy9Wx/W56R1wcpm9tAUrK9fVRSbeg==</latexit>

K +N/
p
K

<latexit sha1_base64="mn+4in1LemO+67mwrgIDPjMcN9w=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBFc1Zkq6kYouFEEqWAfMB1LJk3b0EwyJBmhDP0B9271F9yJW//CP/AznGlnYVsPBA7n3FeOH3KmjW1/WwuLS8srq7m1/PrG5tZ2YWe3rmWkCK0RyaVq+lhTzgStGWY4bYaK4sDntOEPrlK/8USVZlI8mGFIvQD3BOsygk0iubfoEt09xuXjk1G7ULRL9hhonjgZKUKGarvw0+pIEgVUGMKx1q5jh8aLsTKMcDrKtyJNQ0wGuEfdhAocUO3F45NH6DBROqgrVfKEQWP1b0eMA62HgZ9UBtj09ayXiv95bmS6F17MRBgZKshkUTfiyEiU/h91mKLE8GFCMFEsuRWRPlaYmCSlqS3pbCMl12k0zmwQ86ReLjlnJfv+tFi5yULKwT4cwBE4cA4VuIYq1ICAhBd4hTfr2Xq3PqzPSemClfXswRSsr19HBJnA</latexit>

K = N2/3

Quantum:
vertices =        , edges between K-tuples that differ in one coordinate

<latexit sha1_base64="TNSz03I5DnjdInEdMwyYqNrcPes=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKiLgtuFEEqmLaQxjKZTtqhk0yYuRFK6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7mhMkgmuw7W9raXlldW29tFHe3Nre2a3s7Te1TBVlLpVCqnZANBM8Zi5wEKydKEaiQLBWMLzK/dYTU5rL+AFGCfMj0o95yCkBI7nenf94261U7Zo9AV4kTkGqqECjW/np9CRNIxYDFURrz7ET8DOigFPBxuVOqllC6JD0mWdoTCKm/Wxy7BgfG6WHQ6nMiwFP1L8dGYm0HkWBqYwIDPS8l4v/eV4K4aWf8ThJgcV0uihMBQaJ85/jHleMghgZQqji5lZMB0QRCiafmS35bJBS6LGJxpkPYpE0T2vOec2+P6vWb4qQSugQHaET5KALVEfXqIFcRBFHL+gVvVnP1rv1YX1OS5esoucAzcD6+gVCzpgz</latexit>

[N ]K
Consider walk on Hamming graph H(N, K)



Quantum walk search: refinements and generalization

Can give a quantum walk search algorithm with quadratic speedup over the classical 
hitting time, not just the upper bound               [Szegedy 05]

<latexit sha1_base64="Hr+A1DSxXfwBTPwXqTnrxR2mMfE=">AAACEnicbVC7TgJBFJ3FF+ILpbTZSEywwV1j1JLERisxESFhN2R2uMCE2ZnNzF0TQvgLe1v9BTtj6w/4B36Gw6MQ8CQ3OTnnvnKiRHCDnvftZFZW19Y3spu5re2d3b38/sGjUalmUGNKKN2IqAHBJdSQo4BGooHGkYB61L8e+/Un0IYr+YCDBMKYdiXvcEbRSq184a7knwZtEEgDSAwXSp608kWv7E3gLhN/Ropkhmor/xO0FUtjkMgENabpewmGQ6qRMwGjXJAaSCjr0y40LZU0BhMOJ8+P3GOrtN2O0rYkuhP178SQxsYM4sh2xhR7ZtEbi/95zRQ7V+GQyyRFkGx6qJMKF5U7TsJtcw0MxcASyjS3v7qsRzVlaPOauzLejUoJM7LR+ItBLJPHs7J/Ufbuz4uV21lIWXJIjkiJ+OSSVMgNqZIaYWRAXsgreXOenXfnw/mctmac2UyBzMH5+gUQrp39</latexit>

O(1/�✏)

Quantum walk can find (multiple) marked items in this time
[Ambainis, Gilyén, Jeffery, Kokainis 20]



Formula evaluation

Consider a balanced binary AND-OR tree:

and

or or

and and and and

or or or or or or or or

x1 x2 xn

Classical complexity:                    [Snir 85; Saks, Wigderson 86; Santha 95]
<latexit sha1_base64="2dve/7/FTLuEIl7W7KWZ5gNsshw=">AAACFnicbVC7TsMwFHXKq5RXgYGBJaJCKkuU8CpjJRbYitSX1JbKcZ3WqmNH9g1SFeU/2FnhF9gQKyt/wGfgPgbacqQrHZ1zr6/v8SPONLjut5VZWV1b38hu5ra2d3b38vsHdS1jRWiNSC5V08eaciZoDRhw2owUxaHPacMf3o79xhNVmklRhVFEOyHuCxYwgsFI3fxRuzqggIviMXGd0tVFm/ck6PSsmy+4jjuBvUy8GSmgGSrd/E+7J0kcUgGEY61bnhtBJ8EKGOE0zbVjTSNMhrhPW4YKHFLdSSYHpPapUXp2IJUpAfZE/TuR4FDrUeibzhDDQC96Y/E/rxVDcNNJmIhioIJMFwUxt0Ha4zTsHlOUAB8Zgoli5q82GWCFCZjM5raM3wYpuU5NNN5iEMukfu541477cFko389CyqJjdIKKyEMlVEZ3qIJqiKAUvaBX9GY9W+/Wh/U5bc1Ys5lDNAfr6xehj59P</latexit>

⇥(n0.753...)

Quantum lower bound:             [Barnum, Saks 02]

(holds for arbitrary AND-OR formulas)

<latexit sha1_base64="SNT7bp8Mw9ILtW9VivpKu7yaxvw=">AAACDnicbVDLTgIxFO3gC/HBqEs3jcQEN2TGGHVJ4kZXYiJIwhDSKQUaOu3Y3jEhhH9w71Z/wZ1x6y/4B36GHZiFgCe5yck595UTxoIb8LxvJ7eyura+kd8sbG3v7Bbdvf2GUYmmrE6VULoZEsMEl6wOHARrxpqRKBTsIRxepf7DE9OGK3kPo5i1I9KXvMcpASt13GJwG7E+KQfmUQOWJx235FW8KfAy8TNSQhlqHfcn6CqaREwCFcSYlu/F0B4TDZwKNikEiWExoUPSZy1LJYmYaY+nj0/wsVW6uKe0LQl4qv6dGJPImFEU2s6IwMAseqn4n9dKoHfZHnMZJ8AknR3qJQKDwmkKuMs1oyBGlhCquf0V0wHRhILNau5KuhuUEmZio/EXg1gmjdOKf17x7s5K1ZsspDw6REeojHx0garoGtVQHVGUoBf0it6cZ+fd+XA+Z605J5s5QHNwvn4BGU2cYw==</latexit>

⌦(
p
n)



Formula evaluation by scattering

0 1 0 0 1 1 1 0 1 0 1 1 0 0 0 0

k

Claim: For                      , the wave is transmitted if the formula (translated into 
NAND gates) evaluates to 0, and reflected if it evaluates to 1. [Farhi, Goldstone, Gutmann 07]

<latexit sha1_base64="OwDUc2o/vaezO1keOasX0ACco3s=">AAACFHicbVDLSgMxFM3UV62vqrhyEyxC3dQZEXUjFNzorkJf0Cklk6ZtaCYZkztCGfob7t3qL7gTt+79Az/DtJ2FrR64cDjnvjhBJLgB1/1yMkvLK6tr2fXcxubW9k5+d69uVKwpq1EllG4GxDDBJasBB8GakWYkDARrBMObid94ZNpwJaswilg7JH3Je5wSsFInfzDE19ivDhiQonfqmwcNWJ508gW35E6B/xIvJQWUotLJf/tdReOQSaCCGNPy3AjaCdHAqWDjnB8bFhE6JH3WslSSkJl2Mn1/jI+t0sU9pW1JwFP190RCQmNGYWA7QwIDs+hNxP+8Vgy9q3bCZRQDk3R2qBcLDApPssBdrhkFMbKEUM3tr5gOiCYUbGJzVya7QSlhxjYabzGIv6R+VvIuSu79eaF8l4aURYfoCBWRhy5RGd2iCqohihL0jF7Qq/PkvDnvzsesNeOkM/toDs7nDzTKnfQ=</latexit>

k = ⇥(1/
p
n)



General formulas and span programs

One approach: apply phase estimation to a quantum walk on a tree that encodes the 
formula

Alternative: construct a span program, composing span programs for elementary gates

Recall the quantum adversary method:
<latexit sha1_base64="fx1p0PGgaBZM7+wigia79j6MshA="></latexit>

Adv(f) = max
�

k�k
maxi k�ik

The dual of this semidefinite program can be used to construct a quantum algorithm 
for evaluating f with O(Adv(f)) queries (apply phase estimation to a kind of 
generalized quantum walk)

[Reichardt 10]

In fact the quantum query complexity of any n-input AND-OR formula is
<latexit sha1_base64="RDU2DUlwuwSKeZlBNOPbP8eGAvo=">AAACB3icbVDLSgMxFM34rPVVdekmWIS6KTMi6rLgRldWsA9sh5JJM21oJhmTO0Ip/QD3bvUX3IlbP8M/8DPMtLOwrQcCh3PuKyeIBTfgut/O0vLK6tp6biO/ubW9s1vY268blWjKalQJpZsBMUxwyWrAQbBmrBmJAsEaweAq9RtPTBuu5D0MY+ZHpCd5yCkBKz3cltrmUQOWJ51C0S27E+BF4mWkiDJUO4WfdlfRJGISqCDGtDw3Bn9ENHAq2DjfTgyLCR2QHmtZKknEjD+aXDzGx1bp4lBp+yTgifq3Y0QiY4ZRYCsjAn0z76Xif14rgfDSH3EZJ8AknS4KE4FB4fT7uMs1oyCGlhCqub0V0z7RhIINaWZLOhuUEmZso/Hmg1gk9dOyd152786KlZsspBw6REeohDx0gSroGlVRDVEk0Qt6RW/Os/PufDif09IlJ+s5QDNwvn4BqjGaCg==</latexit>

O(
p
n)

Useful for understanding general features of query complexity.
In particular:

<latexit sha1_base64="GUx1hUwhlWHLB/uvaVotsJuV58g=">AAACPXicbVBLSwMxGMzWV62vVY9egkVoQcquiHqSihe9VbAP6JaSTbNtaLJZkmyhLP03/g/vXvXiDxA8iFevZts92NaBwDDzvTJ+xKjSjvNu5VZW19Y38puFre2d3T17/6ChRCwxqWPBhGz5SBFGQ1LXVDPSiiRB3Gek6Q9vU785IlJRET7qcUQ6HPVDGlCMtJG69rXHkR5Intz0RpNSAD1MJYb9MvQYgfOe0U7npX65axedijMFXCZuRoogQ61rf3o9gWNOQo0ZUqrtOpHuJEhqihmZFLxYkQjhIeqTtqEh4kR1kuk/J/DEKD0YCGleqOFU/duRIK7UmPumMj1TLXqp+J/XjnVw1UloGMWahHi2KIgZ1AKmocEelQRrNjYEYUnNrRAPkERYm2jntqSztRBMTUw07mIQy6RxVnEvKs7DebF6n4WUB0fgGJSACy5BFdyBGqgDDJ7AC3gFb9az9WF9Wd+z0pyV9RyCOVg/vxWArtY=</latexit>

Adv(f � g)  Adv(f)Adv(g)



4. Hamiltonian simulation



Simulating Hamiltonian dynamics
“… nature isn’t classical, dammit, 
and if you want to make a 
simulation of nature, you’d better 
make it quantum mechanical, and 
by golly it’s a wonderful problem, 
because it doesn’t look so easy.”

Richard Feynman (1981)
Simulating physics with computers

Quantum simulation problem: Given a 
description of the Hamiltonian H, an 
evolution time t, and an initial state          , 
produce the final state          (to within 
some error tolerance ²)

| (0)i
| (t)i

A classical computer cannot even represent 
the state efficiently.

A quantum computer cannot produce a 
complete description of the state.

But given succinct descriptions of
• the initial state (suitable for a quantum 

computer to prepare it efficiently) and
• a final measurement (say, measurements 

of the individual qubits in some basis),
a quantum computer can efficiently answer 
questions that (apparently) a classical one 
cannot. Simulation is BQP-complete!



Computational quantum physics

nuclear/particle 
physics

quantum chemistry 
(e.g., nitrogen fixation)

condensed matter physics/
properties of materials



Implementing quantum algorithms

exponential 
speedup by 

quantum walk

evaluating 
Boolean 
formulas

linear/
differential 
equations, 

convex 
optimization

A|xi = |bi
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adiabatic 
optimization

H̃(0)

H̃(1)

H̃(s)



Product formulas

Combine individual simulations with the Lie 
product formula.  E.g., with two terms:

lim
r!1

�
e�iAt/re�iBt/r

�r
= e�i(A+B)t

�
e
�iAt/r

e
�iBt/r

�r
= e

�i(A+B)t +O(t2/r)

[Lloyd 96]

To ensure error at most ², take                              
r = O

�
(kHkt)2/✏

�

To get a better approximation, use higher-order 
formulas.

E.g., second order:

(e�iAt/2r
e
�iBt

e
�iAt/2r)r = e

�i(A+B)t

+O(t3/r2)

Suppose we want to simulate H =
LX

`=1

H`

[Berry, Ahokas, Cleve, Sanders 07]

Systematic expansions to arbitrary order are 
known [Suzuki 92]

Using the 2kth order expansion, the number of 
exponentials required for an approximation 
with error at most ² is at most

52kL2kHkt
⇣

LkHkt
✏

⌘1/2k
Gives simulation of d-sparse Hamiltonians 
with complexity poly(d) [Aharonov, Ta-Shma 03]



Post-Trotter algorithms I

Linear-time simulation

Applying phase estimation to a Szegedization of H gives an O(t) simulation
[Childs10; Berry, Childs 12]

[Berry, Ahokas, Cleve, Sanders 07]

“No Fast-Fowarding Theorem”: simulation for time t has complexity
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⌦(t)

High-precision simulation

LCU Lemma: implement                     with complexityU =
P

j �jVj O(
P

j |�j |)

[Berry, Childs, Cleve, Kothari, Somma 14 & 15]

Directly implement the truncated Taylor series of                  , cost O
�
t

log(t/✏)
log log(t/✏)
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exp(�iHt)
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Post-Trotter algorithms II

Also other algorithms using multiproduct formulas, interaction picture, randomization, other norms, …

Optimal tradeoff
Quantum signal processing (QSP) implements polynomials of a 
given “block-encoded” Hamiltonian (or more general matrix)
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U =

✓
H ·
· ·

◆

QSP and “quantum singular value transformation” [Gilyén, Su, Low, Wiebe 19] provide 
versatile tools for other tasks

Gives d-sparse Hamiltonian simulation with cost                            [Low, Chuang 17]
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O(dt+ log(1/✏))

Lattice Hamiltonians
Can do even better if the Hamiltonian has spatially local interactions
All above methods use           gates to simulate n spins with local interactions 
for constant time
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⌦(n2)

Combining forward and backward evolution and applying Lieb-Robinson bounds, 
can improve this to         , which is optimal [Haah, Hastings, Kothari, Low 18]
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Product formulas strike back

Numerical simulations suggest that product formulas can perform much better than 
straightforward bounds show

Can give tighter bounds using integral representations of the error

e�iBte�iAt � e�i(A+B)t =

Z t

0
d⌧1

Z ⌧1

0
d⌧2 e

�i(A+B)(t�⌧1)ei(⌧2�⌧1)B [A,B]e�i⌧2Be�i⌧1A
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Provides bounds that can take advantage of small commutators between terms

Can give even better bounds if we know the state has low energy [Sahinoglu, Somma 20]

In particular, shows that product formulas nearly reproduce the complexity of [Haah, 

Hastings, Kothari, Low 18] for lattice Hamiltonians [Childs, Su, Tran, Wiebe, Zhu 19]



Quantum chemistry

Selected asymptotic complexities (N modes, ´ electrons):

- [Wecker, Bauer, Clark, Hastings, Troyer 14] (2nd quantization, any basis): O(N 
10)

- [Babbush, Berry, Kivlichan, Wei, Love, Aspuru-Guzik 16] (2nd quantization, any basis): O(N 
5)

- [Low, Wiebe 18] (2nd quantization, plane waves): O(N 
2)

- [Babbush, Berry, McClean, Neven 18] (1st quantization, plane waves): O(N 
1/3

 ´ 
8/3)

• Often assume nuclei at fixed positions (Born-Oppenheimer approximation)

• Choose a set of electron basis functions (molecular orbitals, plane waves, etc.)

Algorithms depend on many choices:

• Convert to spins using a suitable transformation (Jordan-Wigner, Bravyi-Kitaev, etc.)
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†
jakal fermion operators:
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{ai, aj} = 0, {ai, a†j} = �ij

• Represent in first (locations of electrons) or second (occupation of modes) quantization



Analog simulation

Cubitt, Montanaro, Piddock 18: Universality result for spin models on lattices

Another approach: Construct a system that 
is described by the Hamiltonian you want to 
understand, and let it evolve!

Key questions:
• What kind of control is needed to realize Hamiltonians of interest?
• How can we be confident in the results?

Experimental efforts are further along than 
digital simulators

3 0  N O V E M B E R  2 0 1 7  |  V O L  5 5 1  |  N A T U R E  |  5 7 9

ARTICLE
doi:10.1038/nature24622

Probing many-body dynamics on a  
51-atom quantum simulator
Hannes Bernien1, Sylvain Schwartz1,2, Alexander Keesling1, Harry Levine1, Ahmed Omran1, Hannes Pichler1,3, Soonwon Choi1, 
Alexander S. Zibrov1, Manuel Endres4, Markus Greiner1, Vladan Vuletić2 & Mikhail D. Lukin1

The realization of fully controlled, coherent many-body quantum 
systems is an outstanding challenge in science and engineering. As 
quantum simulators, they can provide insights into strongly correlated 
quantum systems and the role of quantum entanglement1, and ena-
ble realizations and studies of new states of matter, even away from 
equilibrium. These systems also form the basis of the realization of 
quantum information processors2. Although basic building blocks of 
such processors have been demonstrated in systems of a few coupled 
qubits3–5, the current challenge is to increase the number of coherently 
coupled qubits to potentially perform tasks that are beyond the reach 
of modern classical machines.

Several physical platforms are currently being explored to reach these 
goals. Systems composed of about 10–20 individually controlled atomic 
ions have been used to create entangled states and to explore quantum 
simulations of Ising spin models6,7. Similarly sized systems of pro-
grammable superconducting qubits have been implemented recently8. 
Quantum simulations have been carried out in larger ensembles of 
more than 100 trapped ions without individual readout9. Strongly 
interacting quantum dynamics has been explored using optical lattice 
simulators10. These systems are already addressing computationally 
difficult problems in quantum dynamics11 and the fermionic Hubbard 
model12. Larger-scale Ising-like machines have been realized in super-
conducting13 and optical14 systems, but these realizations lack either 
coherence or quantum nonlinearity, which are essential for achieving 
full quantum speedup.

Arrays of strongly interacting atoms
A promising avenue for realizing strongly interacting quantum matter 
involves coherent coupling of neutral atoms to highly excited  
Rydberg states15,16 (Fig. 1a). This results in repulsive van der Waals 
interactions (of strength = /V C Rij ij

6) between Rydberg atom pairs at a 
distance Rij (ref. 15), where C > 0 is the van der Waals coefficient. Such 
interactions have recently been used to realize quantum gates17–19, to 
implement strong photon–photon interactions20 and to study quantum 
many-body physics of Ising spin systems in optical lattices21–23 and in 

probabilistically loaded dipole trap arrays24. Our approach combines 
these strong, controllable interactions with atom-by-atom assembly of 
arrays of cold neutral 87Rb atoms25–27. The quantum dynamics of this 
system is governed by the Hamiltonian

∑ ∑ ∑Ω σ ∆= − +
<

H
ħ

n V n n
2 (1)

i

i
x
i

i
i i

i j
ij i j

where ∆i are the detunings of the driving lasers from the Rydberg  
state (Fig. 1b), σ = | 〉〈 | + | 〉〈 |g r r gx

i
i i i i  describes the coupling between  

the ground state |gi〉 and the Rydberg state |ri〉 of an atom at position i, 
driven at Rabi frequency Ωi, ni = |ri〉〈ri|, and ħ is the reduced  
Planck constant. Here, we focus on homogeneous coherent coupling 
(|Ωi| = Ω, ∆i = ∆), controlled by changing laser intensities and  
detunings in time. The interaction strength Vij is tuned either by  
varying the distance between the atoms or by coupling them to a  
different Rydberg state.

The experimental protocol that we implement is depicted in Fig. 1c  
(see also Extended Data Fig. 1). First, atoms are loaded from a magneto- 
optical trap into a tweezer array created by an acousto-optic deflector.  
We then use a measurement and feedback procedure that eliminates 
the entropy associated with the probabilistic trap loading and results 
in the rapid production of defect-free arrays with more than 50 laser-
cooled atoms, as described previously26. These atoms are prepared 
in a preprogrammed spatial configuration in a well-defined internal  
ground state |g〉 (Methods). We then turn off the traps and let the  
system evolve under the unitary time evolution U(Ω, ∆, t), which is 
realized by coupling the atoms to the Rydberg state |r〉 = |70S1/2〉 with 
laser light along the array axis (Fig. 1a). The final states of individual 
atoms are detected by turning the traps back on and imaging the recap-
tured ground-state atoms via atomic fluorescence; the anti-trapped 
Rydberg atoms are ejected. The atomic motion in the absence of traps 
limits the time window for exploring coherent dynamics. For a typical 
sequence duration of about 1 µs, the probability of atom loss is less than 
1% (see Extended Data Fig. 2).

Controllable, coherent many-body systems can provide insights into the fundamental properties of quantum matter, 
enable the realization of new quantum phases and could ultimately lead to computational systems that outperform 
existing computers based on classical approaches. Here we demonstrate a method for creating controlled many-body 
quantum matter that combines deterministically prepared, reconfigurable arrays of individually trapped cold atoms with 
strong, coherent interactions enabled by excitation to Rydberg states. We realize a programmable Ising-type quantum 
spin model with tunable interactions and system sizes of up to 51 qubits. Within this model, we observe phase transitions 
into spatially ordered states that break various discrete symmetries, verify the high-fidelity preparation of these states 
and investigate the dynamics across the phase transition in large arrays of atoms. In particular, we observe robust many-
body dynamics corresponding to persistent oscillations of the order after a rapid quantum quench that results from a 
sudden transition across the phase boundary. Our method provides a way of exploring many-body phenomena on a 
programmable quantum simulator and could enable realizations of new quantum algorithms.
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Zhou, Aharonov 21: Universality that does not require spatial locality of the target Hamiltonian



5. Quantum linear algebra



Quantum linear systems algorithm

Algorithm estimates the eigenvalues of A (in superposition) and replaces them by 
their inverse (using postselection)

Given an            system of linear equations            , find
<latexit sha1_base64="Lr3EUIUi+b3QdbBg/WE21L88hcU=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLgRjelgn1gO5RMmmlDM8mQ3BHK0A9w71Z/wZ249TP8Az/DTDsLWz0QOJz7ODcniAU34LpfTmFldW19o7hZ2tre2d0r7x+0jEo0ZU2qhNKdgBgmuGRN4CBYJ9aMRIFg7WB8ndXbj0wbruQ9TGLmR2QoecgpASs91HEPeMQMrvfLFbfqzoD/Ei8nFZSj0S9/9waKJhGTQAUxpuu5Mfgp0cCpYNNSLzEsJnRMhqxrqSTWxk9nF0/xiVUGOFTaPgl4pv6eSElkzCQKbGdEYGSWa5n4X62bQHjlp1zGCTBJ50ZhIjAonH0fD7hmFMTEEkI1t7diOiKaULAhLbhku0EpYaY2Gm85iL+kdVb1Lqru3XmldpuHVERH6BidIg9dohq6QQ3URBRJ9Ixe0Kvz5Lw5787HvLXg5DOHaAHO5w+zeZoQ</latexit>

N ⇥N
<latexit sha1_base64="tDsGmz3kl4340xClHVADHATnPL8=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclRkRdSNU3Oiugn1AO5RMmmlDM8mQZMQydOXerf6CO3Hrl/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurZe2Chubm3v7Jb29htaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfAm85uPVGkmxYMZxdSPcF+wkBFsMun66SrolspuxZ0ALRIvJ2XIUeuWfjo9SZKICkM41rrtubHxU6wMI5yOi51E0xiTIe7TtqUCR1T76eTWMTq2Sg+FUtknDJqofztSHGk9igJbGWEz0PNeJv7ntRMTXvopE3FiqCDTRWHCkZEo+zjqMUWJ4SNLMFHM3orIACtMjI1nZks220jJ9dhG480HsUgapxXvvOLen5Wrd3lIBTiEIzgBDy6gCrdQgzoQGMALvMKb8+y8Ox/O57R0ycl7DmAGztcvkOuX0g==</latexit>

Ax = b
<latexit sha1_base64="u537MJfUW7xB9vRo+87xSwhJEsc=">AAACCHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdSNU3Oiugn1AGstkOmmHTjJhZiKWkB9w71Z/wZ249S/8Az/DaZuFbT0wcDjnvub4MWdK2/a3tbC4tLyyWlgrrm9sbm2XdnYbSiSS0DoRXMiWjxXlLKJ1zTSnrVhSHPqcNv3B9chvPlKpmIju9TCmXoh7EQsYwdpI7hO6RFcP6bGT+Z1S2a7YY6B54uSkDDlqndJPuytIEtJIE46Vch071l6KpWaE06zYThSNMRngHnUNjXBIlZeOT87QoVG6KBDSvEijsfq3I8WhUsPQN5Uh1n01643E/zw30cGFl7IoTjSNyGRRkHCkBRr9H3WZpETzoSGYSGZuRaSPJSbapDS1ZTRbC8FVZqJxZoOYJ42TinNWse9Oy9XbPKQC7MMBHIED51CFG6hBHQgIeIFXeLOerXfrw/qclC5Yec8eTMH6+gXCb5oM</latexit>

x = A�1b

Classical (or quantum!) algorithms need time           just to write down x
<latexit sha1_base64="1NIbZ8FCSIV00jBLAiBIaNUeLR4=">AAACBnicbVDLSgMxFL3js9ZX1aWbYBHqpsyIqMuCG91oBfuQdiiZNNOGJpMhyQildO/erf6CO3Hrb/gHfoaZdha29UDgcM595QQxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeUsojXDDKfNWFEsAk4bweAq9RtPVGkmowczjKkvcC9iISPYWOmxfSdoD5duTzqFolt2J0CLxMtIETJUO4WfdleSRNDIEI61bnlubPwRVoYRTsf5dqJpjMkA92jL0ggLqv3R5OAxOrZKF4VS2RcZNFH/doyw0HooAlspsOnreS8V//NaiQkv/RGL4sTQiEwXhQlHRqL096jLFCWGDy3BRDF7KyJ9rDAxNqOZLelsIyXXYxuNNx/EIqmflr3zsnt/VqzcZCHl4BCOoAQeXEAFrqEKNSAg4AVe4c15dt6dD+dzWrrkZD0HMAPn6xfPYZmQ</latexit>

⌦(N)

What if we change the model?
•A is sparse; given a black box that specifies the 
nonzero entries in any given row or column

•Can efficiently prepare a quantum state
•Goal is to prepare a state

<latexit sha1_base64="fztyL7VbvtqXf1dMiV1mz+xeCPg=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIuiyI4LKCfUgbymQ6aYfOI8zcCCV2796t/oI7cetv+Ad+hpM2C9t6YOBwzn3NCWPODHjet1NYWV1b3yhulra2d3b3yvsHTaMSTWiDKK50O8SGciZpAxhw2o41xSLktBWOrjO/9Ui1YUrewzimgcADySJGMFjp4SnsaiwHnPbKFa/qTeEuEz8nFZSj3iv/dPuKJIJKIBwb0/G9GIIUa2CE00mpmxgaYzLCA9qxVGJBTZBOD564J1bpu5HS9klwp+rfjhQLY8YitJUCw9Asepn4n9dJILoKUibjBKgks0VRwl1QbvZ7t880JcDHlmCimb3VJUOsMQGb0dyWbDYoxc3ERuMvBrFMmmdV/6Lq3Z1Xajd5SEV0hI7RKfLRJaqhW1RHDUSQQC/oFb05z8678+F8zkoLTt5ziObgfP0CG9yaWw==</latexit>

|bi
<latexit sha1_base64="0BiHkB9PrscLhdJS457xD4Phebo=">AAACIXicbVDLSgMxFM3UV62vUZduQovgxjIjoi4rIrisYB/Q1pJJ0zY0k4QkI5Zp9/6He7f6C+7EnfgDfoaZdha29UDgcM595J5AMqqN5305maXlldW17HpuY3Nre8fd3atqESlMKlgwoeoB0oRRTiqGGkbqUhEUBozUgsFV4tceiNJU8DszlKQVoh6nXYqRsVLbzY8emwrxHiOwKZWQRsDL+/jYH8NRkBptt+AVvQngIvFTUgApym33p9kROAoJN5ghrRu+J00rRspQzMg414w0kQgPUI80LOUoJLoVT24Zw0OrdGBXKPu4gRP1b0eMQq2HYWArQ2T6et5LxP+8RmS6F62YchkZwvF0UTdi0F6cBAM7VBFs2NAShBW1f4W4jxTCxsY3syWZbYRgemyj8eeDWCTVk6J/VvRuTwul6zSkLDgAeXAEfHAOSuAGlEEFYPAEXsAreHOenXfnw/mclmactGcfzMD5/gWcYqSk</latexit>

|xi / A�1|bi

Subsequent improvements do the same with complexity                           using 
variable-time amplitude amplification and LCU [Ambainis 12; Childs, Kothari, Somma 17]

<latexit sha1_base64="+qQZwv8r50k/4FDzllUTv+XnZJY=">AAACKHicbVDLSgMxFM3UV62vqks3wSK0IHVGRF0W3Oiugn1AZyiZNNOGZpKQZIQy9Bv8D/du9RfcSbeu/AwzbRe29UDgcM595YSSUW1cd+Lk1tY3Nrfy24Wd3b39g+LhUVOLRGHSwIIJ1Q6RJoxy0jDUMNKWiqA4ZKQVDu8yv/VMlKaCP5mRJEGM+pxGFCNjpW6x4g+RlAj659CPkRmoOJWCjcZln4l+2bvwidSUCV6pdIslt+pOAVeJNyclMEe9W/zxewInMeEGM6R1x3OlCVKkDMWMjAt+oolEeIj6pGMpRzHRQTr90hieWaUHI6Hs4wZO1b8dKYq1HsWhrczO1steJv7ndRIT3QYp5TIxhOPZoihh0AiY5QN7VBFs2MgShBW1t0I8QAphY1Nc2JLNNkIwPbbReMtBrJLmZdW7rrqPV6XawzykPDgBp6AMPHADauAe1EEDYPAC3sA7+HBenU/ny5nMSnPOvOcYLMD5/gUdeKbl</latexit>

 poly(log(1/✏))

[Harrow, Hassidim, Lloyd 09]

<latexit sha1_base64="ILGgLYPV8VID5rXFsfYJVAkl4ZE=">AAACKHicbVDLSgMxFM3UV62vUZdugkVoodQZEXVZcKMbqWAf0Cklk6ZtaCYJSUYoQ7/B/3DvVn/BnXTrys8w03ZhWw8EDufcR+4JJaPaeN7Eyaytb2xuZbdzO7t7+wfu4VFdi1hhUsOCCdUMkSaMclIz1DDSlIqgKGSkEQ5vU7/xTJSmgj+ZkSTtCPU57VGMjJU6bjGIkBmoKJGCjcaFgIk+fChB/zwgUlMmeAkGQyQlKnbcvFf2poCrxJ+TPJij2nF/gq7AcUS4wQxp3fI9adoJUoZiRsa5INZEIjxEfdKylKOI6HYyPWkMz6zShT2h7OMGTtW/HQmKtB5Foa1MD9DLXir+57Vi07tpJ5TL2BCOZ4t6MYNGwDQf2KWKYMNGliCsqP0rxAOkEDY2xYUt6WwjBNNjG42/HMQqqV+U/auy93iZr9zPQ8qCE3AKCsAH16AC7kAV1AAGL+ANvIMP59X5dL6cyaw048x7jsECnO9fBsmm0g==</latexit>

poly(logN, 1/✏,)We can do this in time                              where                        
<latexit sha1_base64="ZiLex5jfjOq5kkEH/xd4S6RJUD0=">AAACJ3icbVDLTgIxFO34Fl+jLt00EhM2khlj1KXGje40ESFhkHRKgYZOO7R3TMjAL/gf7t3qL7gzunTnZ9gBFgLepMm559xXTxgLbsDzvpy5+YXFpeWV1dza+sbmlru9c29UoikrUSWUroTEMMElKwEHwSqxZiQKBSuHnctMLz8ybbiSd9CLWS0iLcmbnBKwVN0tBB0SxwQH2SjJul0c9C+Cvs0bCnCWPKSH/iDo1928V/SGgWeBPwZ5NI6buvsTNBRNIiaBCmJM1fdiqKVEA6eCDXJBYlhMaIe0WNVCSSJmaunwRwN8YJkGbiptnwQ8ZP92pCQypheFtjIi0DbTWkb+p1UTaJ7VUi7jBJiko0XNRGBQOLMHN7hmFETPAkI1t7di2iaaULAmTmzJZoNSwgysNf60EbPg/qjonxS92+P8+fXYpBW0h/ZRAfnoFJ2jK3SDSoiiJ/SCXtGb8+y8Ox/O56h0zhn37KKJcL5/AUlvpnY=</latexit>

 := kAk · kA�1k



Differential equations

We can apply a similar framework to other linear-algebraic tasks. For example:

Approach: apply a finite difference approximation to give a linear system; solve it 
with the QLSA [Berry 14]

Generalizations give improved performance and also handle time-dependent 
coefficients, partial differential equations, some nonlinear differential equations, …

Given a system of linear differential equations
with the ability to prepare     and          , and a sparse matrix oracle for A, 
prepare           for some desired final time T

<latexit sha1_base64="jiJNBuOHpiBiRkPQyaWtNs+EUJw=">AAACBnicbVC7SgNBFJ2NrxhfUUubxSBYhV0RtQzYaBfBPCRZwuxkNhkyj2XmrhDW9Pa2+gt2Yutv+Ad+hrPJFibxwMDhnPuaE8acGfC8b6ewsrq2vlHcLG1t7+zulfcPmkYlmtAGUVzpdogN5UzSBjDgtB1rikXIaSscXWd+65Fqw5S8h3FMA4EHkkWMYLDSw1PY1VgOOO2VK17Vm8JdJn5OKihHvVf+6fYVSQSVQDg2puN7MQQp1sAIp5NSNzE0xmSEB7RjqcSCmiCdHjxxT6zSdyOl7ZPgTtW/HSkWxoxFaCsFhqFZ9DLxP6+TQHQVpEzGCVBJZouihLug3Oz3bp9pSoCPLcFEM3urS4ZYYwI2o7kt2WxQipuJjcZfDGKZNM+q/kXVuzuv1G7zkIroCB2jU+SjS1RDN6iOGogggV7QK3pznp1358P5nJUWnLznEM3B+foFHRCaXw==</latexit>

|bi
<latexit sha1_base64="LeHZwUm0qWJTkLcePMQBjui7QdM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSLUTUlE1GXBje4q2Ac0oUymk3boZCbM3Igl9gvcu9VfcCdu/Qr/wM9w0mZhWw9cOJxzX5wg5kyD43xbhZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjaBAaedWFEcBZy2g9F15rcfqNJMinsYx9SP8ECwkBEMRvKeHqvOqaewGHDaK1ecmjOFvUzcnFRQjkav/OP1JUkiKoBwrHXXdWLwU6yAEU4nJS/RNMZkhAe0a6jAEdV+Ov15Yp8YpW+HUpkSYE/VvxMpjrQeR4HpjDAM9aKXif953QTCKz9lIk6ACjI7FCbcBmlnAdh9pigBPjYEE8XMrzYZYoUJmJjmrmS7QUquJyYadzGIZdI6q7kXNefuvFK/zUMqoiN0jKrIRZeojm5QAzURQTF6Qa/ozXq23q0P63PWWrDymUM0B+vrF4WWmxQ=</latexit>

|x(0)i
<latexit sha1_base64="GqZ9auwpNOHOjZl0TA289JcYRvA=">AAACCXicbVDLSsNAFL2pr1pfVZdugkWom5KIqMuCG91V6ENoQplMJ+3QyUyYmYgl9gvcu9VfcCdu/Qr/wM9w0mZhWw9cOJxzX5wgZlRpx/m2Ciura+sbxc3S1vbO7l55/6CtRCIxaWHBhLwPkCKMctLSVDNyH0uCooCRTjC6zvzOA5GKCt7U45j4ERpwGlKMtJG8p8dq89STiA8Y6ZUrTs2Zwl4mbk4qkKPRK/94fYGTiHCNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNdQjiKi/HT688Q+MUrfDoU0xbU9Vf9OpChSahwFpjNCeqgWvUz8z+smOrzyU8rjRBOOZ4fChNla2FkAdp9KgjUbG4KwpOZXGw+RRFibmOauZLu1EExNTDTuYhDLpH1Wcy9qzt15pX6bh1SEIziGKrhwCXW4gQa0AEMML/AKb9az9W59WJ+z1oKVzxzCHKyvX8Bemzg=</latexit>

|x(T )i

<latexit sha1_base64="X0aXQFgfl2qXiRS8EGdShCFYUpU=">AAACMnicbVDLSsNAFJ34tr6qLt0MFkEQSqKibgTFje4q2Ac0pUymNzo4yYSZG2kJ+RD/w71b/QTdiRsXfoSTtgtfBwYO59zXnCCRwqDrvjgTk1PTM7Nz86WFxaXllfLqWsOoVHOocyWVbgXMgBQx1FGghFaigUWBhGZwe1b4zTvQRqj4CgcJdCJ2HYtQcIZW6pb3fIQ+GhxI8EPNeOZHDG90lPXy/BvHnPbpMT3t0x0adMsVt+oOQf8Sb0wqZIxat/zh9xRPI4iRS2ZM23MT7GRMo+AS8pKfGkgYv2XX0LY0ZhGYTjb8XE63rNKjodL2xUiH6veOjEXGDKLAVhbnmt9eIf7ntVMMjzqZiJMUIeajRWEqKSpaJEV7QgNHObCEcS3srZTfMJsR2jx/bClmo1LS5DYa73cQf0ljt+odVN3L/crJxTikObJBNsk28cghOSHnpEbqhJN78kieyLPz4Lw6b877qHTCGfeskx9wPr8AhJKsTA==</latexit>

d
dtx = Ax+ b



Applications?

Linear equations and differential equations are ubiquitous. Surely we can use this for 
something?

Proposals: electromagnetic scattering, machine learning, finance, …

The input/output requirements impose serious constraints.
No compelling end-to-end application with rigorous evidence for speedup.



Explicit output

Yes, if A is the Laplacian of a (weighted) graph, or more generally, if it is symmetric 
and weakly diagonally dominant. [Apers, Lee, de Wolf 20]

Further polynomial speedups for quantum linear algebra?

Related to the problem of “spectral sparsification.”

Suppose we are given adjacency-list query access to A and an explicit vector b.
Can we find an explicit description of                  with (polynomial) quantum speedup?

<latexit sha1_base64="u537MJfUW7xB9vRo+87xSwhJEsc=">AAACCHicbVDLSsNAFL3xWeur6tLNYBHcWBIRdSNU3Oiugn1AGstkOmmHTjJhZiKWkB9w71Z/wZ249S/8Az/DaZuFbT0wcDjnvub4MWdK2/a3tbC4tLyyWlgrrm9sbm2XdnYbSiSS0DoRXMiWjxXlLKJ1zTSnrVhSHPqcNv3B9chvPlKpmIju9TCmXoh7EQsYwdpI7hO6RFcP6bGT+Z1S2a7YY6B54uSkDDlqndJPuytIEtJIE46Vch071l6KpWaE06zYThSNMRngHnUNjXBIlZeOT87QoVG6KBDSvEijsfq3I8WhUsPQN5Uh1n01643E/zw30cGFl7IoTjSNyGRRkHCkBRr9H3WZpETzoSGYSGZuRaSPJSbapDS1ZTRbC8FVZqJxZoOYJ42TinNWse9Oy9XbPKQC7MMBHIED51CFG6hBHQgIeIFXeLOerXfrw/qclC5Yec8eTMH6+gXCb5oM</latexit>

x = A�1b



6. Optimization



Discrete optimization

Grover’s algorithm ⇒ quadratic speedup for minimization [Dürr, Hoyer 96]

Graph algorithms
• shortest paths [Dürr, Heiligman, Høyer, Mhalla 04]

• minimum spanning trees [Dürr, Heiligman, Høyer, Mhalla 04]

• maximum flows/matchings [Ambainis, Špalek 07]

Speeding up exponential-time algorithms for NP-hard problems (SAT, subset sum, 
lattice problems, TSP, set cover, …)

Some of these algorithms introduce interesting new tools:
• quantum backtracking using quantum walk [Montanaro 16]

• quantum methods for dynamic programming [Ambainis, Balodis, Iraids, Kokainis, Prusis, Vihrovs 18]



Continuous optimization

Linear/semidefinite programming
• polynomial speedups based on Gibbs sampling [Brandão, Svore 17; van Apeldoorn, Gilyén 19]

• faster algorithms in a stronger input model [Brandão, Kalev, Li, Lin, Svore, Wu 19] 

Gradient-based algorithms
• Fast algorithm for computing gradients [Jordan 05]

• Minimization using gradient descent [Rebentrost, Schuld, Wossnig, Petruccione, Lloyd 19; Kerenidis, 
Prakash 20]

• Quantum query speedup for convex optimization with membership and evaluation 
oracles [van Apeldoorn, Gilyén, Gribling, de Wolf 20; Chakrabarti, Childs, Li, Wu 20]

• For high-dimensional non-smooth convex optimization with a gradient oracle, 
cannot achieve a quantum speedup as a function of the allowed error [Garg, Kothari, 
Netrapalli, Sherif 20]



Adiabatic optimization and QAOA

Complexity depends on the minimum spectral gap, but this is hard to estimate.

Often this is done with a Hamiltonian that has all negative off-diagonal entries 
(“stoquastic”). Then we can in principle apply quantum Monte Carlo (a classical 
algorithm), but its efficiency is also unclear.

Related strategy: quantum approximate optimization algorithm (QAOA). Alternate 
between diagonal & off-diagonal evolutions with optimized parameters. [Farhi, Goldstone, 
Gutmann 14]

Strategy: encode a constraint problem with a diagonal Hamiltonian. Start in known 
ground state of a simple, non-diagonal Hamiltonian. Slowly interpolate to the 
problem Hamiltonian to produce its ground state. [Farhi, Goldstone, Gutmann, Sipser 00]

H̃(0)

H̃(1)

H̃(s)



7. Machine learning



Quantum machine learning

A challenge: much of the impressive success of classical machine learning is empirical

Quantum algorithms for some ML tasks have been proposed, e.g., recommendation 
systems [Kerenidis, Prakash 17]

Data structures that enable coherent quantum access can be exploited classically 
[Tang 19]

Another direction: computational learning theory [survey: Arunachalam, de Wolf 17]

Other proposed algorithms for principal component analysis, clustering, etc. 
Potential for quantum speedup is unclear.

Learn a concept given the ability to interact with it quantumly
• query access to a concept
• quantum examples

<latexit sha1_base64="IWlDO1v1/GoShgh+/4cr73q3V1w=">AAACHHicbVDLSsNAFJ3UV62vqEsRgkVwISURUZcFN7qrYGuhiWUynbZDJzNh5kYooSv/w71b/QV34lbwD/wMJ20E23pg4NxzX3NPGHOmwXW/rMLC4tLySnG1tLa+sbllb+80tEwUoXUiuVTNEGvKmaB1YMBpM1YURyGnd+HgMsvfPVClmRS3MIxpEOGeYF1GMBipbe8TPxsiHD91jz1/dG8YyN+obZfdijuGM0+8nJRRjlrb/vY7kiQRFUA41rrluTEEKVbACKejkp9oGmMywD3aMlTgiOogHZ8xcg6N0nG6UpknwBmrfztSHGk9jEJTGWHo69lcJv6XayXQvQhSJuIEqCCTRd2EO+bQzBOnwxQlwIeGYKKY+atD+lhhAsa5qS3ZbJCS68wab9aIedI4qXhnFffmtFy9zk0qoj10gI6Qh85RFV2hGqojgh7RM3pBr9aT9Wa9Wx+T0oKV9+yiKVifP63MoWQ=</latexit>

c : {0, 1}n ! {0, 1}
<latexit sha1_base64="COho8YfzyF9+RhVMZTHsLwMww0A=">AAACKXicbVDLSgMxFM34flt16SZYBBUpMyLqUnCjuwpWhU4ZMultDWaSMbkjU8b+g//h3q3+gjt168bPMH0sfB24cDjn3tzcE6dSWPT9N29kdGx8YnJqemZ2bn5hsbS0fG51ZjjUuJbaXMbMghQKaihQwmVqgCWxhIv4+qjnX9yCsUKrM+yk0EhYW4mW4AydFJW2QoQcLXYkhDZLopyG9sZgkUZ5l97l23wj3wwNU20JUansV/w+6F8SDEmZDFGNSp9hU/MsAYVcMmvrgZ9io2AGBZfQnQkzCynj16wNdUcVS8A2iv5NXbrulCZtaeNKIe2r3ycKlljbSWLXmTC8sr+9nvifV8+wddAohEozBMUHi1qZpKhpLyDaFAY4yo4jjBvh/kr5FTOMo4vxx5be26i1tF0XTfA7iL/kfKcS7FX8093y4ckwpCmyStbIBgnIPjkkx6RKaoSTe/JInsiz9+C9eK/e+6B1xBvOrJAf8D6+AGs9qMc=</latexit>P

x
p
px|x, c(x)i



Conclusion



Outlook

Finding quantum algorithms is hard!

• Quantum mechanics is nonintuitive
• Classical algorithms are powerful
• We have limited quantum techniques

Large-scale quantum computers could dramatically change our understanding of 
quantum algorithms

But we have come a long way in the 25+ years since Shor’s algorithm

• New exponential speedups
• New techniques
• Much better understanding of quantum query complexity
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⌦(n), O(n5/4)

Challenge problems
1. Quantum query complexity

• triangle problem (                        [Le Gall 14])
2. Algebraic problems

• quantum algorithms/hardness results for lattice problems
3. Quantum walk

• exponential speedups for natural problems
4. Hamiltonian simulation

• more practical algorithms for quantum chemistry, other applications 
• theoretical foundations for robust analog simulation

5. Quantum linear algebra
• end-to-end applications

6. Optimization
• query complexity of convex optimization
• better evidence for/against exponential speedup by adiabatic optimization/QAOA

7. Machine learning
• evidence for speedup in a realistic model



Further reading

Montanaro survey: arXiv:1511.04206

András Gilyén tutorial (QIP 2020): www.koushare.com/video/videodetail/4073

Quantum Algorithm Zoo: quantumalgorithmzoo.org

Lecture notes: cs.umd.edu/~amchilds/qa/

Topical surveys:
• quantum walk search (Santha): arXiv:0808.0059
• quantum walk (Reitzner, Nagaj, Buzek): arXiv:1207.7283
• algebraic problems (Childs, van Dam): arXiv:0812.0380
• optimization (de Wolf): https://youtu.be/1-2LIopvNIk
• computational learning theory (Arunachalam, de Wolf): arXiv:1701.06806

https://arxiv.org/abs/1511.04206
http://www.koushare.com/video/videodetail/4073
http://quantumalgorithmzoo.org
http://cs.umd.edu/~amchilds/qa/
https://arxiv.org/abs/0808.0059
https://arxiv.org/abs/1207.7283
https://arxiv.org/abs/0812.0380
https://youtu.be/1-2LIopvNIk
https://arxiv.org/abs/1701.06806

