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Quantum computation

By storing and processing information stored in quantum states, a quantum computer can solve 
certain problems dramatically faster than ordinary (“classical”) computers.

Exponential speedup: factoring, discrete log, computations in algebraic number fields, simulating 
quantum mechanics, approximating topological invariants, …

Polynomial speedup: unstructured search, collision finding, graph properties, Boolean formula 
evaluation, NP-hard problems, …

Quantum computers also provide a novel approach to problems in numerical analysis.

Main idea:

• Represent a vector             by a quantum state     of            qubits.

• Show how to prepare such a state using poly(log N) operations.

• Produces a quantum encoding of the solution. Less informative than an explicit solution, but 

much faster and still potentially useful.
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Quantum simulation

“… nature isn’t classical, dammit, and if you want to make a simulation of 
nature, you’d better make it quantum mechanical, and by golly it’s a wonderful 
problem, because it doesn’t look so easy.”


Richard Feynman (1981)

Simulating physics with computers

A classical computer cannot even represent the state efficiently

A quantum computer cannot produce a complete description of the state, but by performing 
measurements, it can answer questions that (apparently) a classical computer cannot

Quantum simulation problem: Given a description of the Hamiltonian H, an evolution time t, 
and an initial state          , produce the final state          (to within some error tolerance ²)| (t)i
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Computational quantum physics

nuclear/particle 
physics

quantum chemistry 
(e.g., nitrogen fixation)

condensed matter physics/

properties of materials



Implementing quantum algorithms

exponential 
speedup by 

quantum walk

evaluating 
Boolean 
formulas

linear/
differential 
equations, 

convex 
optimization

A|xi = |bi
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Quantum linear systems algorithm

Algorithm estimates the eigenvalues of A (in superposition) and replaces them by their inverse 
(using postselection)

Subsequent improvements do the same with complexity                           using variable-time 
amplitude amplification and LCU [Ambainis 12; Childs, Kothari, Somma 17]
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Classical (or quantum!) algorithms need time           just to write down x
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x = A�1b

We can do this in time                              where                            [Harrow, Hassidim, Lloyd 09]
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poly(logN, 1/✏,)
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 = kAk · kA�1k

What if we change the model?

•A is sparse; given a black box that specifies the 
nonzero entries in any given row or column

•Can efficiently prepare a quantum state

•Goal is to prepare a state
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Quantum algorithms for differential equations

This approach comes with the caveats of the QLSA: we need an implicit description of the 
system, and we only produce a quantum encoding of the solution

Given a linear ODE                      with an initial condition x(0), determine x(T ) at some time T

Quantum simulation is the special case with A = — iH (anti-Hermitian), b = 0

But we can handle more general ODEs using the quantum linear systems algorithm [Berry 14]

Main idea:

• Approximate the dynamics by a system of linear equations (e.g., finite difference method)

• Bound the approximation error, the condition number of the system, and the success 

probability of the procedure in terms of properties of the ODE

The norm of the solution cannot decay exponentially (postselection is PP-hard)

Later work gives improved/generalized algorithms (time-dependent coefficients, BVPs, PDEs)
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dx
dt = Ax+ b



Nonlinear dynamics

Leyton, Osborne 08:  Algorithm for N-dimensional nonlinear ODEs for time T with complexity 
poly(log N), exp(T )

What about nonlinear differential equations?

So maybe there is a fundamental obstacle?

Problem: These copies are used up as we evolve. By the no-cloning 
theorem, need to maintain all copies throughout the algorithm. This leads 
to exponential overhead.
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| i

Main idea: Use multiple copies of the solution to represent polynomial nonlinearities

Nonlinear dynamics are computationally powerful. In particular, nonlinear variants of quantum 
mechanics can quickly solve hard problems (e.g., unstructured search) [Abrams, Lloyd 98;  
Aaronson 05; Childs,  Young 16].



Problem statement

R quantifies the strength of the nonlinearity and driving relative to dissipation.

Qualitatively similar to Reynolds number.

<latexit sha1_base64="dypYLDAFpF01TzX9C2Jz2q10gKM="></latexit>

R :=
1

|Re(�1)|

✓
kuinkkF2k+

kF0k
kuink

◆

Goal: Produce a quantum state proportional to u(T ) for some given T > 0.

<latexit sha1_base64="+7e2RFwftKdA3v+2/mMjB+IVsZ8="></latexit>

du

dt
= F2u

⌦2 + F1u+ F0(t)Quantum quadratic ODE problem. Consider an ODE

with                                                                  . Assume we are given an oracle to prepare a 
quantum state proportional to u(0) = uin, and sparse matrix oracles for                    . Let the 
eigenvalues     of F1 satisfy                                           . Parametrize the problem in terms of

<latexit sha1_base64="bZDUNdjTp6qV7VvwprL3yR2bzRY="></latexit>

u(t), F0(t) 2 Rn, F1 2 Rn⇥n, F2 2 Rn⇥n2

<latexit sha1_base64="eD7cip52EKW+2+uLh2T+Kjh3JMU=">AAACC3icbVDLSsNAFJ3UV62vqks3g0WoICUpoi4LQnFZwT6gjWEynbZDJ5kwcyOU0E9w71Z/wZ249SP8Az/DSZuFbT1w4XDOfXH8SHANtv1t5dbWNza38tuFnd29/YPi4VFLy1hR1qRSSNXxiWaCh6wJHATrRIqRwBes7Y9vU7/9xJTmMnyAScTcgAxDPuCUgJEe655dhvOLuueYqnrFkl2xZ8CrxMlICWVoeMWfXl/SOGAhUEG07jp2BG5CFHAq2LTQizWLCB2TIesaGpKAaTeZfT3FZ0bp44FUpkLAM/XvREICrSeBbzoDAiO97KXif143hsGNm/AwioGFdH5oEAsMEqcR4D5XjIKYGEKo4uZXTEdEEQomqIUr6W6QUuipicZZDmKVtKoV56ri3F+WavUspDw6QaeojBx0jWroDjVQE1Gk0At6RW/Ws/VufVif89aclc0cowVYX7++pZp7</latexit>

F0(t), F1, F2
<latexit sha1_base64="aqz4EJpZtGxH88rrQt2+hr/bpEo=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIuiwI4rKCfUgbymQyacfOI8zcCKV0796t/oI7cetv+Ad+hpM2C9t6YOBw7rmPOWHCmQHP+3YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbofYUM4kbQADTtuJpliEnLbC4XVWbz1RbZiS9zBKaCBwX7KYEQxWeuhya41w77FXrnhVbwp3mfg5qaAc9V75pxspkgoqgXBsTMf3EgjGWAMjnE5K3dTQBJMh7tOOpRILaoLx9OCJe2KVyI2Vtk+CO1X/doyxMGYkQusUGAZmsZaJ/9U6KcRXwZjJJAUqyWxRnHIXlJv93o2YpgT4yBJMNLO3umSANSZgM5rbks0GpbiZ2Gj8xSCWSfOs6l9U/bvzSu0mD6mIjtAxOkU+ukQ1dIvqqIEIEugFvaI359l5dz6cz5m14OQ9h2gOztcv03KaMA==</latexit>

�j
<latexit sha1_base64="MKzDtiKJZZtclw+Mqjs4BEArg10=">AAACP3icbVDLSgMxFM34rO+qSzfBIthNmRFRFy4KgrhUsVbolJLJ3GowkwzJHaEM/R3/w71bBb9AV+LWnZm2C209EDicc185USqFRd9/86amZ2bn5ksLi0vLK6tr5fWNa6szw6HBtdTmJmIWpFDQQIESblIDLIkkNKP7k8JvPoCxQqsr7KXQTtitEl3BGTqpU66HCcM7k+SX0N8NpWuMWUdVaSiBhjzWaIf0n6qgSo+p3ylX/Jo/AJ0kwYhUyAjnnfJHGGueJaCQS2ZtK/BTbOfMoOAS+othZiFl/J7dQstRxRKw7Xzw0z7dcUpMu9q4p5AO1N8dOUus7SWRqywutuNeIf7ntTLsHrVzodIMQfHhom4mKWpaxEZjYYCj7DnCuBHuVsrvmGEcXbh/thSzUWtp+y6aYDyISXK9VwsOasHFfqV+OgqpRLbINtklATkkdXJGzkmDcPJInskLefWevHfv0/salk55o55N8gfe9w/OM6+h</latexit>

Re(�n)  · · ·  Re(�1) < 0

and assume the values                                                                                                 are 
known.

<latexit sha1_base64="tJPnRhBaDffTmhq7MGLFsiGsCpg="></latexit>

kuink, kF0(t)k, kF1k, kF2k,Re(�1),maxt kF0(t)k,maxt kF 0
0(t)k



Main result I (algorithm)

Ingredients:

• Carleman linearization (novel convergence analysis)

• Forward Euler discretization

• State preparation procedure

• Condition number and success probability analysis

Theorem 1.  For R < 1, there is a quantum algorithm for the quantum quadratic ODE problem 
with query and gate complexity

<latexit sha1_base64="VazOR9VvGQeDOetLmFfnsiYzaG0="></latexit>

sqT 2

✏
poly

�
log T, log n, log(1/✏)

�

where s is the sparsity of the input,                              , and    is the error in the approximation 
of                     .

<latexit sha1_base64="8/m3I+5zR4Jyo5Rk7ibTk0pg1VM=">AAACJXicbVDLSsNAFJ3UV62vqEs3waLUTU1E1GVBEJcV+oKmlMl00g6dzKQzE6Gk+QP/w71b/QV3Irhy62c4abOwrQcuHM59Hy+kRCrb/jJyK6tr6xv5zcLW9s7unrl/0JA8EgjXEadctDwoMSUM1xVRFLdCgWHgUdz0hrdpvvmIhSSc1dQ4xJ0A9hnxCYJKS13zdOSmQxgejdxJ1I3dAKqBCGLCksSdnGutVDtzJ12zaJftKaxl4mSkCDJUu+aP2+MoCjBTiEIp244dqk4MhSKI4qTgRhKHEA1hH7c1ZTDAshNP/0msE630LJ8LHUxZU/VvRwwDKceBpyvTc+ViLhX/y7Uj5d909G9hpDBDs0V+RC3FrdQcq0cERoqONYFIEH2rhQZQQKS0hXNb0tmKcyoTbY2zaMQyaVyUnauy83BZrNxlJuXBETgGJeCAa1AB96AK6gCBJ/ACXsGb8Wy8Gx/G56w0Z2Q9h2AOxvcvjOSnVQ==</latexit>

q := kuink/ku(T )k
<latexit sha1_base64="n35sTY8dMvumwfFTXBzWDIbzjuQ=">AAACCnicbVDLTgIxFL2DL8QX6tLNRGKCG5wxRl2SmBiXmACSMBPSKR1o6LRj2zEhwB+4d6u/4M649Sf8Az/DDsxCwJM0PTnnvnKCmFGlHefbyq2srq1v5DcLW9s7u3vF/YOmEonEpIEFE7IVIEUY5aShqWakFUuCooCRh2Bwk/oPT0QqKnhdD2PiR6jHaUgx0kbyk3L99Mwbp5837hRLTsWZwl4mbkZKkKHWKf54XYGTiHCNGVKq7Tqx9kdIaooZmRS8RJEY4QHqkbahHEVE+aPp0RP7xChdOxTSPK7tqfq3Y4QipYZRYCojpPtq0UvF/7x2osNrf0R5nGjC8WxRmDBbCztNwO5SSbBmQ0MQltTcauM+kghrk9PclnS2FoKpiYnGXQximTTPK+5lxb2/KFVvs5DycATHUAYXrqAKd1CDBmB4hBd4hTfr2Xq3PqzPWWnOynoOYQ7W1y9S6prl</latexit>

u(T )/ku(T )k
<latexit sha1_base64="cp52B8qe2PhPmrybHpy1z8i+u20=">AAACBXicbVDLSgMxFL1TX7W+qi7dDBbBVZkRUZcFQVxWsA9oh5JJb9vQTDIkGaEMXbt3q7/gTtz6Hf6Bn2GmnYVtPRA4nHNfOWHMmTae9+0U1tY3NreK26Wd3b39g/LhUVPLRFFsUMmlaodEI2cCG4YZju1YIYlCjq1wfJv5rSdUmknxaCYxBhEZCjZglBgrtbsYa8al6JUrXtWbwV0lfk4qkKPeK/90+5ImEQpDOdG643uxCVKiDKMcp6VuojEmdEyG2LFUkAh1kM7unbpnVum7A6nsE8adqX87UhJpPYlCWxkRM9LLXib+53USM7gJUibixKCg80WDhLtGutnn3T5TSA2fWEKoYvZWl46IItTYiBa2ZLONlFxPbTT+chCrpHlR9a+q/sNlpXaXh1SEEziFc/DhGmpwD3VoAAUOL/AKb86z8+58OJ/z0oKT9xzDApyvX17amfY=</latexit>✏



Carleman linearization

<latexit sha1_base64="/OmIeqgkjIX7e/s4Pd+j37zorwU="></latexit>

du

dt
= au2 + bu+ cExample:

<latexit sha1_base64="jwwLTHDoae1FLL2nBN90f3isnXU="></latexit>

du2

dt
= 2u

du

dt
= 2au3 + 2bu2 + 2cu <latexit sha1_base64="v6keMBTJO8SXoR3tAH2QFbeGnls=">AAACCnicbVDLSsNAFJ34rPVVdekmWARXJRFRlwVBXFawD2hCmUxu2rHzCDMTpYT8gQu3+hnuxK0/4Vf4C04fC209cOFwzr3ce0+UMqqN5305S8srq2vrpY3y5tb2zm5lb7+lZaYINIlkUnUirIFRAU1DDYNOqgDziEE7Gl6N/fYDKE2luDOjFEKO+4ImlGBjpVZAYml0r1L1at4E7iLxZ6SKZmj0Kt9BLEnGQRjCsNZd30tNmGNlKGFQlINMQ4rJEPeha6nAHHSYT64t3GOrxG4ilS1h3In6eyLHXOsRj2wnx2ag572x+J/XzUxyGeZUpJkBQaaLkoy5Rrrj192YKiCGjSzBRFF7q0sGWGFibEDlQIGARyI5xyLOg7jIg/EKxfO4KGxC/nwei6R1WvPPa/7tWbV+PcuqhA7RETpBPrpAdXSDGqiJCLpHz+gFvTpPzpvz7nxMW5ec2cwB+gPn8wf3iZw0</latexit>· · ·

Approximate the nonlinear ODE by an infinite sequence of linear ODEs in
<latexit sha1_base64="k5lrwQNtIgcxb0ueSK/tJAjmP5c=">AAACKnicbVDLSgMxFM34tr6qLt0Eq+BCykwVdSkI4lLBqtCpJZO51WAeQ3JHKcP8gN/iwq1+hjtx695fMK1d+DoQODnnXk5ykkwKh2H4GoyMjo1PTE5NV2Zm5+YXqotLZ87klkOTG2nsRcIcSKGhiQIlXGQWmEoknCc3B33//BasE0afYi+DtmJXWnQFZ+ilTnUt38wvi9igUOBoo/x+2yo3Y5kadJ1qLayHA9C/JBqSGhniuFP9iFPDcwUauWTOtaIww3bBLAouoazEuYOM8Rt2BS1PNfNx7WLwm5KueyWlXWP90UgH6veNginneirxk4rhtfvt9cX/vFaO3b12IXSWI2j+FdTNJUVD+9XQVFjgKHueMG6Ffyvl18wyjr7ASmxBwx03SjGdFnFaFnE/wqoiLUvfUPS7j7/krFGPdurRyXZt/3DY1RRZIatkg0Rkl+yTI3JMmoSTe/JInshz8BC8BK/B29foSDDcWSY/ELx/AsnCqKg=</latexit>

u, u⌦2, u⌦3, . . .

Lemma.                                                          suffices to approximate the solution within   .
<latexit sha1_base64="yj0OR51Zd8KFwLiyEKFsNVRP970="></latexit>

N = O
�
log(TkF2k/�)/ log(1/kuink)

�
<latexit sha1_base64="TUMBs7ETUmm2hjn6NSAhaZqIpe0=">AAACA3icbVDLSgMxFM34rPVVdekmWARXZUZEXRYEcVnBPqAdSiaTaWMzyZDcEcrQpXu3+gvuxK0f4h/4GWbaWdjWA4HDOfeVEySCG3Ddb2dldW19Y7O0Vd7e2d3brxwctoxKNWVNqoTSnYAYJrhkTeAgWCfRjMSBYO1gdJP77SemDVfyAcYJ82MykDzilICVWr2QCSD9StWtuVPgZeIVpIoKNPqVn16oaBozCVQQY7qem4CfEQ2cCjYp91LDEkJHZMC6lkoSM+Nn02sn+NQqIY6Utk8Cnqp/OzISGzOOA1sZExiaRS8X//O6KUTXfsZlkgKTdLYoSgUGhfOv45BrRkGMLSFUc3srpkOiCQUb0NyWfDYoJczERuMtBrFMWuc177Lm3V9U67dFSCV0jE7QGfLQFaqjO9RATUTRI3pBr+jNeXbenQ/nc1a64hQ9R2gOztcvjsmY8g==</latexit>

�

In general:

<latexit sha1_base64="KOC1EUNjLSuye+GxnuJ7ZpEc9Bc="></latexit>

d

dt

0

BBB@

y1
y2
...
yN

1

CCCA
=

0

BBBB@

A1
1 A1

2

A2
1 A2

2

. . .
. . .

. . . AN�1
N

AN
N�1 AN

N

1

CCCCA

0

BBB@

y1
y2
...
yN

1

CCCA
+

0

BBB@

F0(t)
0
...
0

1

CCCA
<latexit sha1_base64="w+EJUnKZhuXCwVqwpxUDBJs/xBY=">AAACH3icbVDLSgMxFM3Ud31VXYmbYBFclRkRdVkQxKWCrYVOLZnMrcbmMSQZtQyD3+LCrX6GO3Hbr/AXzNQu1HogcDjnXs7NiRLOjPX9oVeamp6ZnZtfKC8uLa+sVtbWm0almkKDKq50KyIGOJPQsMxyaCUaiIg4XEb948K/vANtmJIXdpBAR5BryXqMEuukbmVz0L3FIUkSrR5wepWFyjIBBt/m3UrVr/kj4EkSjEkVjXHWrXyGsaKpAGkpJ8a0Az+xnYxoyyiHvBymBhJC++Qa2o5K4nI62egLOd5xSox7SrsnLR6pPzcyIowZiMhNCmJvzF+vEP/z2qntHXUyJpPUgqTfQb2UY6tw0QeOmQZq+cARQjVzt2J6QzSh1rVWDjVIuKdKCCLjLIzzLCwitMjivGgo+NvHJGnu1YKDWnC+X62fjLuaR1toG+2iAB2iOjpFZ6iBKHpEz+gFvXpP3pv37n18j5a88c4G+gVv+AV0nKRk</latexit>

yj ⇡ u⌦j

<latexit sha1_base64="fKcswY7aahAVZglK4uFZQcz8ubE="></latexit>

Aj
j+1 = F2 ⌦ I⌦j�1 + I ⌦ F2 ⌦ I⌦j�2 + · · ·+ I⌦j�1 ⌦ F2

Aj
j = F1 ⌦ I⌦j�1 + I ⌦ F1 ⌦ I⌦j�2 + · · ·+ I⌦j�1 ⌦ F1

Aj
j+1 = F0(t)⌦ I⌦j�1 + I ⌦ F0(t)⌦ I⌦j�2 + · · ·+ I⌦j�1 ⌦ F0(t)



• Quadratic ODE that rapidly distinguishes nonorthogonal states

Main result 2 (lower bound)

Previous results show hardness of simulating nonlinear quantum mechanics, but not for models 
with dissipation

Theorem 2. Assume              . Then there is an instance of the quantum quadratic ODE 
problem such that any quantum algorithm for producing a quantum state approximating 
                     with bounded error must have worst-case time complexity exponential in T.

<latexit sha1_base64="SVpjGDd6g6upp0DzzsucYXHlbPM=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRlQRCXVewDmlAm00k7dJKJMzdCCfkP9271F9yJW7f+gZ9h0mZhWw8MHM65rzleJLgGy/o2Siura+sb5c3K1vbO7p65f9DWMlaUtagUUnU9opngIWsBB8G6kWIk8ATreOPr3O88MaW5DB9gEjE3IMOQ+5wSyKS+eeQEBEYqSO5T7AwZdvSjgqSe9s2qVbOmwMvELkgVFWj2zR9nIGkcsBCoIFr3bCsCNyEKOBUsrTixZhGhYzJkvYyGJGDaTaYfSPFppgywL1X2QsBT9W9HQgKtJ4GXVebn6kUvF//zejH4V27CwygGFtLZIj8WGCTO08ADrhgFMckIoYpnt2I6IopQyDKb25LPBimFzqOxF4NYJu16zb6o2Xfn1cZNEVIZHaMTdIZsdIka6BY1UQtRlKIX9IrejGfj3fgwPmelJaPoOURzML5+AUiMoE4=</latexit>

R �
p
2

<latexit sha1_base64="n35sTY8dMvumwfFTXBzWDIbzjuQ=">AAACCnicbVDLTgIxFL2DL8QX6tLNRGKCG5wxRl2SmBiXmACSMBPSKR1o6LRj2zEhwB+4d6u/4M649Sf8Az/DDsxCwJM0PTnnvnKCmFGlHefbyq2srq1v5DcLW9s7u3vF/YOmEonEpIEFE7IVIEUY5aShqWakFUuCooCRh2Bwk/oPT0QqKnhdD2PiR6jHaUgx0kbyk3L99Mwbp5837hRLTsWZwl4mbkZKkKHWKf54XYGTiHCNGVKq7Tqx9kdIaooZmRS8RJEY4QHqkbahHEVE+aPp0RP7xChdOxTSPK7tqfq3Y4QipYZRYCojpPtq0UvF/7x2osNrf0R5nGjC8WxRmDBbCztNwO5SSbBmQ0MQltTcauM+kghrk9PclnS2FoKpiYnGXQximTTPK+5lxb2/KFVvs5DycATHUAYXrqAKd1CDBmB4hBd4hTfr2Xq3PqzPWWnOynoOYQ7W1y9S6prl</latexit>

u(T )/ku(T )k

Ingredients:

• Hardness of distinguishing nonorthogonal quantum states



Hardness of state distinguishability

Lemma. Let             be quantum states with                        . Suppose we are either given a 
black box that prepares      or a black box that prepares     . Then any bounded-error protocol 
for determining whether the state is       or      must take time            .

<latexit sha1_base64="FrgXmbEM0ZzhoL1hOGo8ylXnYv0=">AAACGHicbVDLSgMxFM34rPU16krcDBbBhZQZEXVZEMRlBfuAzlAy6W0bmkmGJCOUsfgf7t3qL7gTt+78Az/DTDuCbT0QOPece3OTE8aMKu26X9bC4tLyymphrbi+sbm1be/s1pVIJIEaEUzIZogVMMqhpqlm0Iwl4Chk0AgHV5nfuAepqOB3ehhDEOEep11KsDZS295/8GNFfYl5j8GJKfq/RdsuuWV3DGeeeDkpoRzVtv3tdwRJIuCaMKxUy3NjHaRYakoYjIp+oiDGZIB70DKU4whUkI6/MHKOjNJxukKaw7UzVv9OpDhSahiFpjPCuq9mvUz8z2slunsZpJTHiQZOJou6CXO0cLI8nA6VQDQbGoKJpOatDuljiYk2qU1tye7WQjA1MtF4s0HMk/pp2Tsve7dnpcp1HlIBHaBDdIw8dIEq6AZVUQ0R9Iie0Qt6tZ6sN+vd+pi0Llj5zB6agvX5A4sCoY4=</latexit>

| i, |�i
<latexit sha1_base64="xM9SYQyuZIWR77ppnIm1HiXwFP8=">AAACJXicbVDLSgMxFM3UV62vqks3waK4scyIqBuhIIjLCvYBnVIy6Z02NJMMSUYobf/A/3DvVn/BnQiu3PoZZtoubOuFwMk5596bnCDmTBvX/XIyS8srq2vZ9dzG5tb2Tn53r6ploihUqORS1QOigTMBFcMMh3qsgEQBh1rQu0n12iMozaR4MP0YmhHpCBYySoylWvnjoc+J6HDwY82Gftxlvhrfh/gae6c+WJqnxoJbdMeFF4E3BQU0rXIr/+O3JU0iEIZyonXDc2PTHBBlGOUwyvmJhpjQHulAw0JBItDNwfg/I3xkmTYOpbJHGDxm/3YMSKR1PwqsMyKmq+e1lPxPayQmvGoOmIgTA4JOFoUJx0biNBzcZgqo4X0LCFXMvhXTLlGEGhvhzJZ0tpGS65GNxpsPYhFUz4reRdG7Py+UbqchZdEBOkQnyEOXqITuUBlVEEVP6AW9ojfn2Xl3PpzPiTXjTHv20Uw53786lqaL</latexit>

|h |�i| = 1� ✏
<latexit sha1_base64="TdR7sIUohTas5JBFTCvKLMA7ULo=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVkQxGUF2wpNKJPpTTt0MhNmJkKJ/QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcFydMONPGdb+d0srq2vpGebOytb2zu1fdP2hrmSoKLSq5VA8h0cCZgJZhhsNDooDEIYdOOLrO/c4jKM2kuDfjBIKYDASLGCXGSv6Tn2jmKyIGHHrVmlt3p8DLxCtIDRVo9qo/fl/SNAZhKCdadz03MUFGlGGUw6TipxoSQkdkAF1LBYlBB9n05wk+sUofR1LZEgZP1b8TGYm1Hseh7YyJGepFLxf/87qpia6CjIkkNSDo7FCUcmwkzgPAfaaAGj62hFDF7K+YDoki1NiY5q7ku42UXE9sNN5iEMukfVb3Lure3XmtcVOEVEZH6BidIg9doga6RU3UQhQl6AW9ojfn2Xl3PpzPWWvJKWYO0Rycr1+inpvB</latexit>

| i
<latexit sha1_base64="ovGWHc83lCRs+U1TaTMN0et6D88=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIuiwI4rKCbYUmlMn0ph06mRlmJkKJ/QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcFyeSjGrjed9OaWV1bX2jvFnZ2t7Z3avuH7S1SBWBFhFMqIcIa2CUQ8tQw+BBKsBJxKATja5zv/MISlPB781YQpjgAacxJdhYKXgK5JAGCvMBg1615tW9Kdxl4hekhgo0e9WfoC9ImgA3hGGtu74nTZhhZShhMKkEqQaJyQgPoGspxwnoMJv+PHFPrNJ3Y6FsceNO1b8TGU60HieR7UywGepFLxf/87qpia/CjHKZGuBkdihOmWuEmwfg9qkCYtjYEkwUtb+6ZIgVJsbGNHcl322EYHpio/EXg1gm7bO6f1H3785rjZsipDI6QsfoFPnoEjXQLWqiFiJIohf0it6cZ+fd+XA+Z60lp5g5RHNwvn4BkKibtg==</latexit>

|�i

<latexit sha1_base64="ovGWHc83lCRs+U1TaTMN0et6D88=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIuiwI4rKCbYUmlMn0ph06mRlmJkKJ/QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcFyeSjGrjed9OaWV1bX2jvFnZ2t7Z3avuH7S1SBWBFhFMqIcIa2CUQ8tQw+BBKsBJxKATja5zv/MISlPB781YQpjgAacxJdhYKXgK5JAGCvMBg1615tW9Kdxl4hekhgo0e9WfoC9ImgA3hGGtu74nTZhhZShhMKkEqQaJyQgPoGspxwnoMJv+PHFPrNJ3Y6FsceNO1b8TGU60HieR7UywGepFLxf/87qpia/CjHKZGuBkdihOmWuEmwfg9qkCYtjYEkwUtb+6ZIgVJsbGNHcl322EYHpio/EXg1gm7bO6f1H3785rjZsipDI6QsfoFPnoEjXQLWqiFiJIohf0it6cZ+fd+XA+Z60lp5g5RHNwvn4BkKibtg==</latexit>

|�i
<latexit sha1_base64="TdR7sIUohTas5JBFTCvKLMA7ULo=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVkQxGUF2wpNKJPpTTt0MhNmJkKJ/QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcFydMONPGdb+d0srq2vpGebOytb2zu1fdP2hrmSoKLSq5VA8h0cCZgJZhhsNDooDEIYdOOLrO/c4jKM2kuDfjBIKYDASLGCXGSv6Tn2jmKyIGHHrVmlt3p8DLxCtIDRVo9qo/fl/SNAZhKCdadz03MUFGlGGUw6TipxoSQkdkAF1LBYlBB9n05wk+sUofR1LZEgZP1b8TGYm1Hseh7YyJGepFLxf/87qpia6CjIkkNSDo7FCUcmwkzgPAfaaAGj62hFDF7K+YDoki1NiY5q7ku42UXE9sNN5iEMukfVb3Lure3XmtcVOEVEZH6BidIg9doga6RU3UQhQl6AW9ojfn2Xl3PpzPWWvJKWYO0Rycr1+inpvB</latexit>

| i
<latexit sha1_base64="+2ut9C/VoZY62JiecGWqpmnYUok=">AAACEXicbVBJSgNBFK2OU4xTG5duGoMQN7FbRF0GBHFnBDNAEkJ15XdSpIamqloMTU7h3q1ewZ249QTewGNYGRYm8cGHx3t/4oUxo9r4/reTWVldW9/Ibua2tnd299z9fE3LRBGoEsmkaoRYA6MCqoYaBo1YAeYhg3o4uB779UdQmkrxYIYxtDnuCRpRgo2VOm6+dcehh4vBaQtiTZkUJx234Jf8CbxlEsxIAc1Q6bg/ra4kCQdhCMNaNwM/Nu0UK0MJg1GulWiIMRngHjQtFZiDbqeT30fesVW6XiSVLWG8ifp3IsVc6yEPbSfHpq8XvbH4n9dMTHTVTqmIEwOCTA9FCfOM9MZBeF2qgBg2tAQTRe2vHuljhYmxcc1dGe82UjI9stEEi0Esk9pZKbgoBffnhfLNLKQsOkRHqIgCdInK6BZVUBUR9IRe0Ct6c56dd+fD+Zy2ZpzZzAGag/P1CzQAnYE=</latexit>

⌦(1/✏)

Proof:

• If we use the box k times, we produce states with overlap             .

• These states have trace distance             .

• By the Helstrom bound, need                   to distinguish with bounded error.

<latexit sha1_base64="xrP+dnOMf+ioUX5XbQ1iktQh3iU=">AAACC3icbVDLSgMxFL1TX7W+qi7dBItQF5YZEXVZEMRlBVsL7bRk0kwbmkmGJCOU0k9w71Z/wZ249SP8Az/DTDsL23rgwuGc++IEMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNLRNFaJ1ILlUzwJpyJmjdMMNpM1YURwGnj8HwJvUfn6jSTIoHM4qpH+G+YCEj2FipU/bO2jTWjEtx2hl2iyW34k6BlomXkRJkqHWLP+2eJElEhSEca93y3Nj4Y6wMI5xOCu1E0xiTIe7TlqUCR1T74+nXE3RilR4KpbIlDJqqfyfGONJ6FAW2M8JmoBe9VPzPayUmvPbHTMSJoYLMDoUJR0aiNALUY4oSw0eWYKKY/RWRAVaYGBvU3JV0t5GS64mNxlsMYpk0ziveZcW7vyhVb7OQ8nAEx1AGD66gCndQgzoQUPACr/DmPDvvzofzOWvNOdnMIczB+foFqHqbqg==</latexit>

(1� ✏)k
<latexit sha1_base64="3otVlqsa/iy+n2cEyj5WkmxgE4E=">AAACF3icbVDLSgNBEJyNr/he9SJ4WQxCvIRdEfUYEMRjhDyEbAizk04yZHZmnekVwhL/w7tX/QVv4tWjf+BnOHkc1FjQUFR1T09XlAhu0Pc/ndzC4tLySn51bX1jc2vb3dmtG5VqBjWmhNK3ETUguIQachRwm2igcSSgEQ0ux37jHrThSlZxmEArpj3Ju5xRtFLb3Q+rfUBaDM2dxmwQQmK4UHJ03HYLfsmfwJsnwYwUyAyVtvsVdhRLY5DIBDWmGfgJtjKqkTMBo7UwNZBQNqA9aFoqaQymlU0uGHlHVul4XaVtSfQm6s+JjMbGDOPIdsYU++avNxb/85opdi9aGZdJiiDZdFE3FR4qbxyH1+EaGIqhJZRpbv/qsT7VlKEN7deW8duolDAjG03wN4h5Uj8pBWel4Oa0UL6ahZQnB+SQFElAzkmZXJMKqRFGHsgTeSYvzqPz6rw579PWnDOb2SO/4Hx8A29+oPM=</latexit>

⇥(
p
k✏)

<latexit sha1_base64="0kZOhDxsyEUPVVqXTr4CFSoJqd0=">AAACFXicbVDLSgMxFM3UV62vquDGTbAIdVNnRNSNUBDEnRXsAzpDyaS3bWgmGZKMUGq/w71b/QV34ta1f+BnmGm7sNUDFw7n3BcnjDnTxnW/nMzC4tLySnY1t7a+sbmV396paZkoClUquVSNkGjgTEDVMMOhESsgUcihHvavUr/+AEozKe7NIIYgIl3BOowSY6VWfq+PL7F/G0GXFL1jH2LNuBRHrXzBLblj4L/Em5ICmqLSyn/7bUmTCIShnGjd9NzYBEOiDKMcRjk/0RAT2iddaFoqSAQ6GI7/H+FDq7RxRypbwuCx+ntiSCKtB1FoOyNienreS8X/vGZiOhfBkIk4MSDo5FAn4dhInIaB20wBNXxgCaGK2V8x7RFFqLGRzVxJdxspuR7ZaLz5IP6S2knJOyt5d6eF8vU0pCzaRweoiDx0jsroBlVQFVH0iJ7RC3p1npw35935mLRmnOnMLpqB8/kDTrSekQ==</latexit>

k = ⌦(1/✏)



Distinguishing states with dissipative nonlinear dynamics

Consider the ODE
<latexit sha1_base64="VAI2NVtS/zf+I0+k8F3NCHHmtrY="></latexit>

du

dt
= �u+Ru2

<latexit sha1_base64="HJjYXW0LvbDAFgrkWZlE63pipc0="></latexit>

u(t) =
1

R� et(R� 1/u(0))
Solution:

The uniform superposition                      does not evolve (up to normalization)
<latexit sha1_base64="c/fH+akx9kc/Bo3FbbAGO2fkh2o="></latexit>

1p
2
(|0i+ |1i)

Example.
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<latexit sha1_base64="GbXE1HzuzE+ngwRn5zV6/2C9aFg=">AAACHXicbVDLSsNAFJ34rPUVdSlIsAgupCRF1E2hIIjLKvYBTSiT6aQdOsnEmRuhhLryP9y71V9wJ27FP/AznLRd2NYDwxzOuXfunePHnCmw7W9jYXFpeWU1t5Zf39jc2jZ3dutKJJLQGhFcyKaPFeUsojVgwGkzlhSHPqcNv3+Z+Y0HKhUT0R0MYuqFuBuxgBEMWmqbB26IoSfD9HZYdtW9hNLJows9CrhsF22nbRb0NYI1T5wJKaAJqm3zx+0IkoQ0AsKxUi3HjsFLsQRGOB3m3UTRGJM+7tKWphEOqfLS0T+G1pFWOlYgpD4RWCP1b0eKQ6UGoa8rs63VrJeJ/3mtBIILL2VRnACNyHhQkHALhJWFYnWYpAT4QBNMJNO7WqSHJSago5uakr0NQnA11NE4s0HMk3qp6JwVnZvTQuVqElIO7aNDdIwcdI4q6BpVUQ0R9IRe0Ct6M56Nd+PD+ByXLhiTnj00BePrF7jaook=</latexit>

R =
p
2, ✓ = 0.01

In general, the time to separate states with overlap          by a constant amount is                   .
<latexit sha1_base64="My9S6Hh2J4J8/HB4WauD6iYuuMo=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4scyIqMuCIC4r2Ae2Q8mkmTY0kwzJHaEM/QD3bvUX3IlbP8M/8DPMtLOwrQcCh3PuKyeIBTfgut9OYWV1bX2juFna2t7Z3SvvHzSNSjRlDaqE0u2AGCa4ZA3gIFg71oxEgWCtYHST+a0npg1X8gHGMfMjMpA85JSAlR69sy6LDRdK9soVt+pOgZeJl5MKylHvlX+6fUWTiEmgghjT8dwY/JRo4FSwSambGBYTOiID1rFUkogZP51ePMEnVunjUGn7JOCp+rcjJZEx4yiwlRGBoVn0MvE/r5NAeO2nXMYJMElni8JEYFA4+z7uc80oiLElhGpub8V0SDShYEOa25LNBqWEmdhovMUglknzvOpdVr37i0rtNg+piI7QMTpFHrpCNXSH6qiBKJLoBb2iN+fZeXc+nM9ZacHJew7RHJyvX0Kommg=</latexit>

1� ✏
<latexit sha1_base64="JR544YgasfMDhbcH9UnpZOcixjo=">AAACEnicbVDLSsNAFJ3UV62vaJduBovQbmoioi4Lgrizgn1AE8pkOm2HTmbCzEQIoX/h3q3+gjtx6w/4B36GkzYL23rgwuGc++IEEaNKO863VVhb39jcKm6Xdnb39g/sw6O2ErHEpIUFE7IbIEUY5aSlqWakG0mCwoCRTjC5yfzOE5GKCv6ok4j4IRpxOqQYaSP17fJ91WNiVHXPPBIpygSv1fp2xak7M8BV4uakAnI0+/aPNxA4DgnXmCGleq4TaT9FUlPMyLTkxYpECE/QiPQM5Sgkyk9nz0/hqVEGcCikKa7hTP07kaJQqSQMTGeI9Fgte5n4n9eL9fDaTymPYk04nh8axgxqAbMk4IBKgjVLDEFYUvMrxGMkEdYmr4Ur2W4tBFNTE427HMQqaZ/X3cu6+3BRadzmIRXBMTgBVeCCK9AAd6AJWgCDBLyAV/BmPVvv1of1OW8tWPlMGSzA+voFUOedhA==</latexit>

O(log(1/✏))

But for small   , the state                                               changes exponentially in t
<latexit sha1_base64="7AJeJLcbtAgbxtLvDZrITB3dZ8M="></latexit>

cos(⇡4 + ✓)|0i+ sin(⇡4 + ✓)|1i
<latexit sha1_base64="VPNpYWUO1xdmEBEiRTEg70rmYRw=">AAACCnicbVDLSgNBEJz1GeMr6tHLYhA8hV0R9RgQxGME84BsCLOznWTMzOwy06uEZf/Ag1f9DG/i1Z/wK/wFJ4+DJhY0FFXddHeFieAGPe/LWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQZ3FItatkBoQXEEdOQpoJRqoDAU0w+HV2G8+gDY8Vnc4SqAjaV/xHmcUrdQIcABIu6WyV/EmcBeJPyNlMkOtW/oOopilEhQyQY1p+16CnYxq5ExAXgxSAwllQ9qHtqWKSjCdbHJt7h5bJXJ7sbal0J2ovycyKo0ZydB2SooDM++Nxf+8doq9y07GVZIiKDZd1EuFi7E7ft2NuAaGYmQJZZrbW102oJoytAEVAw0KHlksJVVRFkR5FoxXaJlFeW4T8ufzWCSN04p/XvFvz8rV61lWBXJIjsgJ8ckFqZIbUiN1wsg9eSYv5NV5ct6cd+dj2rrkzGYOyB84nz/sXpwt</latexit>

✓

Let this act on both basis states of a qubit



Applications: Epidemiology

SEIR model of a pandemic:
<latexit sha1_base64="twose3YkvUxwIC1Ft3osC3b8HiU="></latexit>

dPS

dt
= �⇤

PS

P
� rvacPS + ⇤� rtraPS

PI

P
dPE

dt
= �⇤

PE

P
� PE

Tlat
+ rtraPS

PI

P
dPI

dt
= �⇤

PI

P
+

PE

Tlat
� PI

Tinf

dPR

dt
= �⇤

PR

P
+ rvacPS +

PI

Tinf

susceptible

exposed

infected

recovered

Realistic parameters [Wang et al., JAMA 20] (with fairly rapid vaccination) can satisfy R < 1

A high-dimensional version can model many interacting cities

vaccination rate

transmission rate

latent time

infectious time

influx



Applications: Fluid dynamics

Forced viscous Burgers equation:
<latexit sha1_base64="17ht+JCLkAc6/qGgwdSWnA0Ypok="></latexit>

@tu+ u@xu = ⌫@2
xu+ f

Discretize space with central differences to 
give an ODE

Carleman method shows good convergence 
even for

<latexit sha1_base64="3Nc94xKyDLK7BGpgGZzoltCedgo=">AAACFHicbVDLSgMxFM3UV62vUXHlJlgEV2VGirosCOKyin1AZyiZNNOGZiYhyYhlmN9w71Z/wZ24de8f+Blm2lnY1gOBwzn35h5OIBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0FU8kJi3MGZfdACnCaExammpGukISFAWMdILxde53HolUlMcPeiKIH6FhTEOKkTZS3z7yIqRHMkrvM+ghISR/gnWnb1edmjMFXCZuQaqgQLNv/3gDjpOIxBozpFTPdYT2UyQ1xYxkFS9RRCA8RkPSMzRGEVF+Oo2fwVOjDGDIpXmxhlP170aKIqUmUWAm87Bq0cvF/7xeosMrP6WxSDSJ8exQmDCoOcy7gAMqCdZsYgjCkpqsEI+QRFibxuau5H9rzpnKTDXuYhHLpH1ecy9q7l292rgpSiqDY3ACzoALLkED3IImaAEMUvACXsGb9Wy9Wx/W52y0ZBU7h2AO1tcvJMifHA==</latexit>

R ⇡ 40



Summary

We have shown how to efficiently produce a quantum encoding of the solution of a system of 
dissipative nonlinear ODEs provided the nonlinearity and forcing are sufficiently weak relative to 
dissipation (R < 1) and the solution does not decay exponentially.

• Linear ODEs are BQP-complete, so this problem is classically hard

• Exponential decay is an insurmountable obstacle (even for the linear case) due to the hardness 

of postselection

• Dissipative, non-driven ODEs necessarily decay exponentially, so no algorithm for long-time 

evolution can be efficient

• Driven ODEs need not decay exponentially even under dissipation

However, numerical evidence suggests that the algorithm may be efficient for certain cases even 
with R much larger.

We have also shown that there can be no efficient quantum algorithm for general nonlinear 
ODEs with             .

<latexit sha1_base64="SVpjGDd6g6upp0DzzsucYXHlbPM=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRlQRCXVewDmlAm00k7dJKJMzdCCfkP9271F9yJW7f+gZ9h0mZhWw8MHM65rzleJLgGy/o2Siura+sb5c3K1vbO7p65f9DWMlaUtagUUnU9opngIWsBB8G6kWIk8ATreOPr3O88MaW5DB9gEjE3IMOQ+5wSyKS+eeQEBEYqSO5T7AwZdvSjgqSe9s2qVbOmwMvELkgVFWj2zR9nIGkcsBCoIFr3bCsCNyEKOBUsrTixZhGhYzJkvYyGJGDaTaYfSPFppgywL1X2QsBT9W9HQgKtJ4GXVebn6kUvF//zejH4V27CwygGFtLZIj8WGCTO08ADrhgFMckIoYpnt2I6IopQyDKb25LPBimFzqOxF4NYJu16zb6o2Xfn1cZNEVIZHaMTdIZsdIka6BY1UQtRlKIX9IrejGfj3fgwPmelJaPoOURzML5+AUiMoE4=</latexit>

R �
p
2



Open questions

• What can we say about efficiency/hardness for                    ?


• Our algorithm has complexity quadratic in T. Can this be improved?


• Our algorithm has complexity            , whereas other quantum algorithms for simulation/
linear equations/ODEs have complexity                       . Can this be improved?


• Can we identify conditions under which the algorithm is efficient for larger R?


• End-to-end applications

<latexit sha1_base64="eaS5IgvVAw0NtBq08OU+/wq6vL8=">AAACGnicbVDLSsNAFJ3UV62vqMtuBovgqiRF1IWLgiAuq9gHNKFMptN26CQTZ26EErLwP9y71V9wJ27d+Ad+hkmbhW09MHA4577meKHgGizr2yisrK6tbxQ3S1vbO7t75v5BS8tIUdakUkjV8YhmggesCRwE64SKEd8TrO2NrzK//ciU5jK4h0nIXJ8MAz7glEAq9cyyjR3BsOMTGCk/vkvwJXb0g4K4lvTMilW1psDLxM5JBeVo9Mwfpy9p5LMAqCBad20rBDcmCjgVLCk5kWYhoWMyZN2UBsRn2o2nn0jwcar08UCq9AWAp+rfjpj4Wk98L63MjtWLXib+53UjGFy4MQ/CCFhAZ4sGkcAgcZYI7nPFKIhJSghVPL0V0xFRhEKa29yWbDZIKXQWjb0YxDJp1ar2WdW+Pa3Ur/OQiqiMjtAJstE5qqMb1EBNRNETekGv6M14Nt6ND+NzVlow8p5DNAfj6xcOkaEo</latexit>

1  R <
p
2

<latexit sha1_base64="PCrQPistsiUglpMsRrv6rSXCAJE=">AAACE3icbVBJSgNBFK12jHGKw85NYRDiJnaLqMuAIO6MYAZIQqiu/MQi1VVN1W8hhhzDvVu9gjtx6wG8gcewMixM4oMPj/f+xAtjKSz6/re3sLi0vLKaWkuvb2xubWd2dstWJ4ZDiWupTTVkFqRQUEKBEqqxARaFEiph92roVx7BWKHVPfZiaESso0RbcIZOamb26yhkC+htLjipQ2yF1Oq4mcn6eX8EOk+CCcmSCYrNzE+9pXkSgUIumbW1wI+x0WcGBZcwSNcTCzHjXdaBmqOKRWAb/dH3A3rklBZta+NKIR2pfyf6LLK2F4WuM2L4YGe9ofifV0uwfdnoCxUnCIqPD7UTSVHTYRS0JQxwlD1HGDfC/Ur5AzOMowts6spwN2ot7cBFE8wGMU/Kp/ngPB/cnWUL15OQUuSAHJIcCcgFKZAbUiQlwskTeSGv5M179t69D+9z3LrgTWb2yBS8r19+pp4t</latexit>

Õ(1/✏)
<latexit sha1_base64="JTVZq7MuB2RWcd4P64hB8T0Xbxw=">AAACHnicbVDLSsNAFJ3UV62vqEsXBovQbmoioi4LgrisYB/QhDKZTtqhk5kwMxFCyNL/cO9Wf8GduNU/8DOctFnY1gMDh3Pua44fUSKVbX8bpZXVtfWN8mZla3tnd8/cP+hIHguE24hTLno+lJgShtuKKIp7kcAw9Cnu+pOb3O8+YiEJZw8qibAXwhEjAUFQaWlgHrshVGMRphGnSVZzKR/VnDMXR5JQzur1gVm1G/YU1jJxClIFBVoD88cdchSHmClEoZR9x46Ul0KhCKI4q7ixxBFEEzjCfU0ZDLH00ulHMutUK0Mr4EI/pqyp+rcjhaGUSejryvxsuejl4n9eP1bBtZcSFsUKMzRbFMTUUtzKU7GGRGCkaKIJRILoWy00hgIipbOb25LPVpxTmelonMUglknnvOFcNpz7i2rztgipDI7ACagBB1yBJrgDLdAGCDyBF/AK3oxn4934MD5npSWj6DkEczC+fgEWkqNO</latexit>

poly(log(1/✏))


