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The power of quantum computers

Using carefully designed interference between different computational paths, quantum 
computers can solve some problems dramatically faster than classical computers.

Some problems admit exponential quantum speedup.

Period finding, factoring, discrete log, quantum simulation, quantum linear algebra, Jones 
polynomial approximation, counting points on curves, graph connectivity with cut queries, …

Other problems admit polynomial quantum speedup.

Unstructured search, formula evaluation, collision finding, network flows, finding subgraphs, 
minor-closed graph properties, group commutativity, convex optimization, string problems, …

What problems can be solved significantly faster by quantum computers than classical ones?



Tools for quantum algorithms

• Fourier sampling

• Grover search/amplitude amplification

• Quantum walk

• Adiabatic optimization/QAOA

• Span programs

• Learning graphs

• Quantum linear systems

• Quantum signal processing

• …



Divide and conquer

Example: Mergesort

• Divide a problem into subproblems
• Recursively solve the subproblems
• Combine the solutions (with some additional computation) to solve the full problem

1 8 6 7 5 3 0 9

• Divide list in half 1 8 6 7 5 3 0 9

• Sort left and right halves (recursively) 1 6 7 8 0 3 5 9

• Merge the halves in linear time 0 1 3 5 6 7 8 9

<latexit sha1_base64="APoeKqVSLQbgzMB+d62Qc7nFyjQ=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEVqEOlOKuhEKBXFnBXuBdiiZNG1DM5khyQilduGruHGhiFtfw51vY9rOQqs/BD7+cw7n5PcjzpR2nC8rtbS8srqWXs9sbG5t79i7e3UVxpLQGgl5KJs+VpQzQWuaaU6bkaQ48Dlt+MPKtN64p1KxUNzpUUS9APcF6zGCtbE69kElJ/LoEhWRgdNiHp2gG+N07KxTcGZCf8FNIAuJqh37s90NSRxQoQnHSrVcJ9LeGEvNCKeTTDtWNMJkiPu0ZVDggCpvPLt/go6N00W9UJonNJq5PyfGOFBqFPimM8B6oBZrU/O/WivWvQtvzEQUayrIfFEv5kiHaBoG6jJJieYjA5hIZm5FZIAlJtpEljEhuItf/gv1YsE9K5RuS9nyVRJHGg7hCHLgwjmU4RqqUAMCD/AEL/BqPVrP1pv1Pm9NWcnMPvyS9fEN/UKSQQ==</latexit>

C(n) = 2C(n/2) +O(n)Recurrence for cost C(n):
<latexit sha1_base64="y+d76XhKBsz1nAKW2fqu7rETTK8=">AAACDXicbVBNSwMxEM3Wr1q/Vj16CVahvZRdKepFKBTEm1VsK3SXkk2zbWg2WZOsUkr/gBf/ihcPinj17s1/Y9ruQVsfDDzem2FmXhAzqrTjfFuZhcWl5ZXsam5tfWNzy97eaSiRSEzqWDAhbwOkCKOc1DXVjNzGkqAoYKQZ9Ktjv3lPpKKC3+hBTPwIdTkNKUbaSG37wLum3Z5GUooH6N0lqAOrBV6EZ/CywKHHRBfyYtvOOyVnAjhP3JTkQYpa2/7yOgInEeEaM6RUy3Vi7Q+R1BQzMsp5iSIxwn3UJS1DOYqI8oeTb0bw0CgdGAppims4UX9PDFGk1CAKTGeEdE/NemPxP6+V6PDUH1IeJ5pwPF0UJgxqAcfRwA6VBGs2MARhSc2tEPeQRFibAHMmBHf25XnSOCq5x6XyVTlfOU/jyII9sA8KwAUnoAIuQA3UAQaP4Bm8gjfryXqx3q2PaWvGSmd2wR9Ynz9CfZnF</latexit>

) C(n) = O(n log n)



From classical to quantum divide and conquer

Simple example:
<latexit sha1_base64="wtfD3eh4IpryhRiRGGrjGgzlK/c=">AAACG3icbZDLSgMxFIYzXmu9VV26CRahbspMKepGKAjizir2Ap1SMumZNjRzIcmUlqHv4cZXceNCEVeCC9/GdDqCtv4Q+PjPOZyc3wk5k8o0v4yl5ZXVtfXMRnZza3tnN7e3X5dBJCjUaMAD0XSIBM58qCmmODRDAcRzODScweW03hiCkCzw79U4hLZHej5zGSVKW51cyfaI6ks3vrmbFEYn+AKPOha2hwAaSjOwaTdQ8sfUQ3mzaCbCi2ClkEepqp3ch90NaOSBrygnUrYsM1TtmAjFKIdJ1o4khIQOSA9aGn3igWzHyW0TfKydLnYDoZ+vcOL+noiJJ+XYc3Rncsl8bWr+V2tFyj1vx8wPIwU+nS1yI45VgKdB4S4TQBUfayBUMP1XTPtEEKp0nFkdgjV/8iLUS0XrtFi+LecrV2kcGXSIjlABWegMVdA1qqIaougBPaEX9Go8Gs/Gm/E+a10y0pkD9EfG5zdkNZ/N</latexit>

OR(x) = x1 _ x2 _ · · · _ xn

<latexit sha1_base64="up7qrkuKBEpsJ3ZlaNekyWx9Lig="></latexit>

OR(x) = OR
�
OR(xleft),OR(xright)

�
Divide and conquer:

Classical:
<latexit sha1_base64="4Y6MdviIU1uMinVjPdpFoNXIkiA=">AAAB/XicbVDLSgMxFM3UV62v+ti5CRahBakzpajLQkFcVrAP6Awlk95pQzOZIckIdSj+ihsXirj1P9z5N6aPhVYPXDg5515y7/FjzpS27S8rs7K6tr6R3cxtbe/s7uX3D1oqSiSFJo14JDs+UcCZgKZmmkMnlkBCn0PbH9WnfvsepGKRuNPjGLyQDAQLGCXaSL38Ub0oStjlgCvYPcPmdV4p9fIFu2zPgP8SZ0EKaIFGL//p9iOahCA05USprmPH2kuJ1IxymOTcREFM6IgMoGuoICEoL51tP8GnRunjIJKmhMYz9edESkKlxqFvOkOih2rZm4r/ed1EB1deykScaBB0/lGQcKwjPI0C95kEqvnYEEIlM7tiOiSSUG0Cy5kQnOWT/5JWpexclKu31ULtehFHFh2jE1REDrpENXSDGqiJKHpAT+gFvVqP1rP1Zr3PWzPWYuYQ/YL18Q3gq5JM</latexit>

C(n)  2C(n/2)

Quantum:
<latexit sha1_base64="ORAUo5+KwJbtitcltinh+WCWZ/s=">AAACFnicbVDLSgMxFM3UV62vUZdugkVoQetMKerOQkFctmAf0JaSSdM2NJMZkztCGfoVbvwVNy4UcSvu/BvTx0JbDwQO59zLyT1eKLgGx/m2Eiura+sbyc3U1vbO7p69f1DTQaQoq9JABKrhEc0El6wKHARrhIoR3xOs7g1LE7/+wJTmgbyDUcjaPulL3uOUgJE69lmpU8nILG5pIHSomIivx3FLsLFR7hXEeUNO8XToPJ/t2Gkn50yBl4k7J2k0R7ljf7W6AY18JoEKonXTdUJox0QBpyYk1Yo0C00w6bOmoZL4TLfj6VljfGKULu4FyjwJeKr+3oiJr/XI98ykT2CgF72J+J/XjKB31Y65DCNgks6CepHAEOBJR7jLFaMgRoYQqrj5K6YDoggF02TKlOAunrxMavmce5ErVArp4s28jiQ6Qscog1x0iYroFpVRFVH0iJ7RK3qznqwX6936mI0mrPnOIfoD6/MHbyydqA==</latexit>

CQ(n)
?


p
2CQ(n/2)

<latexit sha1_base64="5/Pv25qWoHitsps74Wf7nXRrCZ8=">AAACBXicbVDLSgMxFM3UV62vqktdBItQN2VGirosFMRlFfuAzlAymUwbmknGJKOUoRs3/oobF4q49R/c+Tem7Sy09cCFwzn3cu89fsyo0rb9beWWlldW1/LrhY3Nre2d4u5eS4lEYtLEggnZ8ZEijHLS1FQz0oklQZHPSNsf1id++55IRQW/1aOYeBHqcxpSjLSResVD94b2BxpJKR6ge5egANbL/AS6jEBjl+yKPQVcJE5GSiBDo1f8cgOBk4hwjRlSquvYsfZSJDXFjIwLbqJIjPAQ9UnXUI4iorx0+sUYHhslgKGQpriGU/X3RIoipUaRbzojpAdq3puI/3ndRIcXXkp5nGjC8WxRmDCoBZxEAgMqCdZsZAjCkppbIR4gibA2wRVMCM78y4ukdVpxzirV62qpdpnFkQcH4AiUgQPOQQ1cgQZoAgwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8AxYOXeQ==</latexit>

) C(n)  n

But this is not justified!
• The quantum query complexity of OR is only 
• Grover’s algorithm has bounded error
•       is not an integer

<latexit sha1_base64="e0VNp9a152SxW9IeJdDKvX4VwDw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMCOLNCOaByRJmJ7PJkNnZdaZXCCF/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkQKg6777WRWVtfWN7Kbua3tnd29/P5B3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuJr4jSeujYjVPQ4T7ke0p0QoGEUrPdwW2+ZRI1GnnXzBLblTkGXizUkB5qh28l/tbszSiCtkkhrT8twE/RHVKJjk41w7NTyhbEB7vGWpohE3/mh68ZicWKVLwljbUkim6u+JEY2MGUaB7Ywo9s2iNxH/81ophpf+SKgkRa7YbFGYSoIxmbxPukJzhnJoCWVa2FsJ61NNGdqQcjYEb/HlZVI/K3nnpfJduVC5nseRhSM4hiJ4cAEVuIEq1ICBgmd4hTfHOC/Ou/Mxa80485lD+APn8webtZA/</latexit>

O(
p
n)

<latexit sha1_base64="CTvLyVsqblwb8lLap+zpYo6H+zI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FQTxWsK3QhrLZbtqlm03cnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYz1Q0ANl0LxFgqU/CHRnEaB5J1gfD3zO09cGxGre5wk3I/oUIlQMIpW6vTMo0ZS65crbtWdg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8Stq1qndRrd/VK42bPI4inMApnIMHl9CAW2hCCxiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AHYlo9F</latexit>p
2

<latexit sha1_base64="mJg5MuDU8LY8W5knz5wtoLMW/2s=">AAACHHicbVDLSgMxFM34rPU16tJNsAh1U2a0qDsLBXHZin1Ap5RMmrahmcw0uaOUoR/ixl9x40IRNy4E/8b0sdDWA4HDOfeRe/xIcA2O820tLa+srq2nNtKbW9s7u/beflWHsaKsQkMRqrpPNBNcsgpwEKweKUYCX7Ca3y+O/do9U5qH8g6GEWsGpCt5h1MCRmrZZ94t7/aAKBU+YG8QkzYutspZeYI9DYT2FRPJ1SjxBBsZZaAgkaOWnXFyzgR4kbgzkkEzlFr2p9cOaRwwCVQQrRuuE0EzIQo4NYPTXqxZZJaRLmsYKknAdDOZHDfCx0Zp406ozJOAJ+rvjoQEWg8D31QGBHp63huL/3mNGDqXzYTLKAYm6XRRJxYYQjxOCre5YhTE0BBCFTd/xbRHFKFg8kybENz5kxdJ9TTnnufy5XymcD2LI4UO0RHKIhddoAK6QSVUQRQ9omf0it6sJ+vFerc+pqVL1qznAP2B9fUDHQaiEQ==</latexit>

) CQ(n)
?


p
n



From classical to quantum divide and conquer

Corresponding quantum divide-and-conquer recurrence:

cost of solving auxiliary problem is
<latexit sha1_base64="PawTsjFaiRPSP5bKNEtVr+oHvDw=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAI7aYkUtRloSDubME+oI1hMp20Q2cmYWYillA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89fkSJVLb9beRWVtfWN/Kbha3tnd09c/+gLcNYINxCIQ1F14cSU8JxSxFFcTcSGDKf4o4/rqd+5x4LSUJ+qyYRdhkcchIQBJWWPPPoplT3mndJn0E1EiyB8cN0WuLlsmcW7Yo9g7VMnIwUQYaGZ371ByGKGeYKUShlz7Ej5SZQKIIonhb6scQRRGM4xD1NOWRYusnsg6l1qpWBFYRCF1fWTP09kUAm5YT5ujM9VC56qfif14tVcOkmhEexwhzNFwUxtVRopXFYAyIwUnSiCUSC6FstNIICIqVDK+gQnMWXl0n7rOKcV6rNarF2lcWRB8fgBJSAAy5ADVyDBmgBBB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwDFY5Z7</latexit>

O(Caux
Q (n))

<latexit sha1_base64="MvxU9R0BC4/xmz56UAE+Dw+CfKs=">AAACIHicbVDLSgMxFM34rPVVdekmWIQWpc5IsS4LBXHZgn1AZyyZNG1DM5kxyYhlmE9x46+4caGI7vRrzLSz0NYDgcM595B7jxswKpVpfhlLyyura+uZjezm1vbObm5vvyX9UGDSxD7zRcdFkjDKSVNRxUgnEAR5LiNtd1xL/PY9EZL6/EZNAuJ4aMjpgGKktNTLVWq9RoEXoc0ItOWdUBGKoX0Kp/KZW4QnCb2NbA+pkfAiFD7EsQ70cnmzZE4BF4mVkjxIUe/lPu2+j0OPcIUZkrJrmYFyIiQUxYzEWTuUJEB4jIakqylHHpFOND0whsda6cOBL/TjCk7V34kIeVJOPFdPJnvKeS8R//O6oRpcOhHlQagIx7OPBiGDyodJW7BPBcGKTTRBWFC9K8QjJBBWutOsLsGaP3mRtM5L1kWp3Cjnq1dpHRlwCI5AAVigAqrgGtRBE2DwCJ7BK3gznowX4934mI0uGWnmAPyB8f0DESyhJQ==</latexit>

CQ(n) 
p
aCQ(n/b) + Caux

Q (n)

Typical classical divide-and-conquer recurrence:

<latexit sha1_base64="zomZPIwkWUHvcSN/N3SiuqOm5TY=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoVWoiRV0WCuKygn1AE8tkOq1DJ5MwMxFLyD+48VfcuFDErRt3/o2TNgttPTBw5px7ufceL2RUKsv6NnILi0vLK/nVwtr6xuaWub3TkkEkMGnigAWi4yFJGOWkqahipBMKgnyPkbY3qqd++54ISQN+o8YhcX005HRAMVJa6pmH9RIvQ4cRiKBzDPXvxCvDI1i/jR0fqTvhxyh6SBJd1TOLVsWaAM4TOyNFkKHRM7+cfoAjn3CFGZKya1uhcmMkFMWMJAUnkiREeISGpKspRz6Rbjy5KYEHWunDQSD04wpO1N8dMfKlHPuerkz3lLNeKv7ndSM1uHBjysNIEY6ngwYRgyqAaUCwTwXBio01QVhQvSvEd0ggrHSMBR2CPXvyPGmdVuyzSvW6WqxdZnHkwR7YByVgg3NQA1egAZoAg0fwDF7Bm/FkvBjvxse0NGdkPbvgD4zPH2qgm3U=</latexit>

C(n)  aC(n/b) + Caux(n)

cost of solving auxiliary problem

Divide an instance of size n into a instances of size n/b



Query complexity

The model of query complexity provides a useful way of exploring the relative power of classical 
and quantum computers.

Main idea: Input string is described by a black box that can be queried to learn any given 
character. How many queries are needed to learn some property of the input?

• Deterministic query complexity, D: how many queries are needed for a deterministic classical 
algorithm to produce the correct answer? 

• Randomized query complexity, R: how many queries are needed for a randomized classical 
algorithm to produce the correct answer with probability at least 2/3?

• Quantum query complexity, Q: how many queries are needed for a quantum algorithm to 
produce the correct answer with probability at least 2/3?

Example: Input describes an n-bit string.  Compute the logical OR of the bits.

D(OR) = £(n)     R(OR) = £(n)     Q(OR) = £(n1/2)



Adversary method

The quantum adversary method is a lower bound technique that turns out to be tight.

Theorem [Høyer, Lee, Špalek 07;  Lee, Mittal, Reichardt, Špalek 10].
<latexit sha1_base64="e6SqlYGPnCcdp+69alemE85y+s0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQbkoiRd0IFUFcttAXNKFMppN26EwSZiaFErpz46+4caGIW3/BnX/jpM1CWw9cOJxzL/fe40WMSmVZ30ZubX1jcyu/XdjZ3ds/MA+P2jKMBSYtHLJQdD0kCaMBaSmqGOlGgiDuMdLxxnep35kQIWkYNNU0Ii5Hw4D6FCOlpb552ij5ZXgDneaIKFRyOFIjwZPbwWSmjXLfLFoVaw64SuyMFEGGet/8cgYhjjkJFGZIyp5tRcpNkFAUMzIrOLEkEcJjNCQ9TQPEiXST+R8zeK6VAfRDoStQcK7+nkgQl3LKPd2Z3imXvVT8z+vFyr92ExpEsSIBXizyYwZVCNNQ4IAKghWbaoKwoPpWiEdIIKx0dAUdgr388ippX1Tsy0q1US3W7rM48uAEnIESsMEVqIEHUActgMEjeAav4M14Ml6Md+Nj0Zozsplj8AfG5w9R3Je7</latexit>

Q(f) = ⇥(Adv(f))

<latexit sha1_base64="YPqAshnBB6uUOjOmK9d7xpIy4R0="></latexit>

Adv(f) = max
�

k�k
maxi2{1,...,n} k�ik

<latexit sha1_base64="Au8H0eBiMNmPwKCx96c417r8tNQ="></latexit>

(�i)xy =

(
�xy if xi 6= yi
0 if xi = yi

<latexit sha1_base64="ZRx2C7mGdHils2LKbMsQ7pAXJvc=">AAACDHicbVDLSgMxFM34rPVVdekmWIR2U2akqJtCQVCXFewD2lIyaaYNTWaG5I50GNq9G3/FjQtF3PoB7vwb08dCWw8EDuecy809bii4Btv+tlZW19Y3NlNb6e2d3b39zMFhTQeRoqxKAxGohks0E9xnVeAgWCNUjEhXsLo7uJr49QemNA/8e4hD1pak53OPUwJG6mSyrRsiJekkw3hUsnEL2BCSMffGI+zlhvmSl4vzJmUX7CnwMnHmJIvmqHQyX61uQCPJfKCCaN107BDaCVHAqWCjdCvSLCR0QHqsaahPJNPtZHrMCJ8apYu9QJnnA56qvycSIrWOpWuSkkBfL3oT8T+vGYF32U64H0bAfDpb5EUCQ4AnzeAuV4yCiA0hVHHzV0z7RBEKpr+0KcFZPHmZ1M4KznmheFfMlq/ndaTQMTpBOeSgC1RGt6iCqoiiR/SMXtGb9WS9WO/Wxyy6Ys1njtAfWJ8/veeayg==</latexit>

�xy = 0 if f(x) = f(y)where

<latexit sha1_base64="bh5AIuv06PFRrzdNd/Ep+Cez6Ko=">AAACDnicbVDLSgMxFM34rPVVdekmWAoupMxIUZcFQVxW+oTOWDLpnTY0kxmTjFCG+gNu/BU3LhRx69qdf2P6WGjrgcDh3HOTnOPHnClt29/W0vLK6tp6ZiO7ubW9s5vb22+oKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3A5njfvQSoWiZoexuCFpCdYwCjRRurkCoE7vkTgKnZ1hGsnD4aoxFeg4Q67VdYLya3x5e2iPQFeJM6M5NEMlU7uy+1GNAlBaMqJUm3HjrWXEqkZ5TDKuomCmNAB6UHbUEFCUF46iTPCBaN0cRBJc4TGE/X3RkpCpYahb5wh0X01PxuL/83aiQ4uvJSJONEg6PShIOHYBB93g7tMAtV8aAihkpm/YtonklBtGsyaEpz5yIukcVp0zoqlm1K+fDWrI4MO0RE6Rg46R2V0jSqojih6RM/oFb1ZT9aL9W59TK1L1mznAP2B9fkD5babaw==</latexit>

f : S ! T, S ✓ ⌃n



Adversary composition

OR composition:  Let
<latexit sha1_base64="O25dhgIEBrHtClsJc7Lloeei87s=">AAACBHicbZDLSgMxFIYzXmu9jbrsJliEFqTMlKJuhIIgLivYC7SlZNIzbWjmQpIpHYYu3Pgqblwo4taHcOfbmLaz0NYfAh//OYeT8zshZ1JZ1rextr6xubWd2cnu7u0fHJpHxw0ZRIJCnQY8EC2HSODMh7piikMrFEA8h0PTGd3M6s0xCMkC/0HFIXQ9MvCZyyhR2uqZuUFhch4X8TV2e3ZhUsSdMYDmciEu9sy8VbLmwqtgp5BHqWo986vTD2jkga8oJ1K2bStU3YQIxSiHabYTSQgJHZEBtDX6xAPZTeZHTPGZdvrYDYR+vsJz9/dEQjwpY8/RnR5RQ7lcm5n/1dqRcq+6CfPDSIFPF4vciGMV4FkiuM8EUMVjDYQKpv+K6ZAIQpXOLatDsJdPXoVGuWRflCr3lXz1No0jg3LoFBWQjS5RFd2hGqojih7RM3pFb8aT8WK8Gx+L1jUjnTlBf2R8/gB3BZV0</latexit>

g(x, y) = f1(x) _ f2(y)

Then
<latexit sha1_base64="GSwioxNV0rEugigHkmZGzuSAb1A=">AAACKHicbZDLSsNAFIYn9VbrLerSzWARKkJJSlF3VgRxWcFeoIlhMpm0QycXZiaFEvo4bnwVNyKKdOuTOGmzsK0/DPx85xzmnN+NGRXSMKZaYW19Y3OruF3a2d3bP9APj9oiSjgmLRyxiHddJAijIWlJKhnpxpygwGWk4w7vsnpnRLigUfgkxzGxA9QPqU8xkgo5+o0VIDngQXrrjSaV/vlzDVqMwAXqO2bGL5ZpTVFHLxtVYya4aszclEGupqN/WF6Ek4CEEjMkRM80YmmniEuKGZmUrESQGOEh6pOesiEKiLDT2aETeKaIB/2IqxdKOKN/J1IUCDEOXNWZrSqWaxn8r9ZLpH9tpzSME0lCPP/ITxiUEcxSgx7lBEs2VgZhTtWuEA8QR1iqbEsqBHP55FXTrlXNy2r9sV5u3OdxFMEJOAUVYIIr0AAPoAlaAIMX8AY+wZf2qr1r39p03lrQ8pljsCDt5xdTpqTl</latexit>

Adv(g)2  Adv(f1)
2 +Adv(f2)

2

Generalizes to arbitrary AND-OR formulas

SWITCH-CASE composition:  Let
<latexit sha1_base64="BSCj1pTrZGMAOIJbYWAZYZHVlCc=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIdVMSKepGKAjisoK9QBvCZDpph04mYWYiLaGv4saFIm59EXe+jdM2C2394cDHf85hzvxBwpnSjvNtra1vbG5tF3aKu3v7B4f2Uaml4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0O+u3n6hULBaPepJQL8IDwUJGsDaWb5eGlfE5ukEDPwsNTU35dtmpOnOhVXBzKEOuhm9/9foxSSMqNOFYqa7rJNrLsNSMcDot9lJFE0xGeEC7BgWOqPKy+e1TdGacPgpjaUpoNHd/b2Q4UmoSBWYywnqolnsz879eN9XhtZcxkaSaCrJ4KEw50jGaBYH6TFKi+cQAJpKZWxEZYomJNnEVTQju8pdXoXVRdS+rtYdauX6Xx1GAEziFCrhwBXW4hwY0gcAYnuEV3qyp9WK9Wx+L0TUr3zmGP7I+fwB5qpLQ</latexit>

h(x) = gf(x)(x)

Then
<latexit sha1_base64="K2yVTy81Thv4DHhWdZJOQ/QBdHI=">AAACKnicbZDLSsNAFIYnXmu9RV26GSxCg1ASKeqyRRB3VrAXaEKYTCft0MmFmUmxhD6PG1/FTRdKceuDOGmzsK0HBn6+/xzmnN+LGRXSNGfaxubW9s5uYa+4f3B4dKyfnLZElHBMmjhiEe94SBBGQ9KUVDLSiTlBgcdI2xveZ357RLigUfgixzFxAtQPqU8xkgq5et0OkBzwIK33RpPywIA2I/CpvER9w4BXUKFXV8Alp+8Kw9VLZsWcF1wXVi5KIK+Gq0/tXoSTgIQSMyRE1zJj6aSIS4oZmRTtRJAY4SHqk66SIQqIcNL5qRN4qUgP+hFXL5RwTv9OpCgQYhx4qjNbVKx6GfzP6ybSv3NSGsaJJCFefOQnDMoIZrnBHuUESzZWAmFO1a4QDxBHWKp0iyoEa/XkddG6rlg3lepztVR7yOMogHNwAcrAAregBh5BAzQBBm/gA3yCL+1dm2oz7XvRuqHlM2dgqbSfX6ACpjA=</latexit>

Adv(h)  O(Adv(f)) + max
s

Adv(gs)



Quantum divide-and-conquer framework

Other strategies are possible using other quantum adversary primitives

These strategies combine the adversary method (for the term where the constant matters) 
with the world of quantum algorithms (which are easier to design)

Suppose f is computed as an AND-OR formula of                 and
<latexit sha1_base64="QmcAKgg0OjTnYlKguqylz3B1+MY=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE8lLIrRT0WBPFYwX5Auy7ZNNuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhYngBlz321lZXVvf2CxsFbd3dvf2SweHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDscXU/99iPThit5D+OE+TEZSB5xSsBKD1HgVXqir8BUooAEpbJbdWfAy8TLSRnlaASlr15f0TRmEqggxnQ9NwE/Ixo4FWxS7KWGJYSOyIB1LZUkZsbPZldP8KlV+jhS2pYEPFN/T2QkNmYch7YzJjA0i95U/M/rphBd+RmXSQpM0vmiKBUYFJ5GgPtcMwpibAmhmttbMR0STSjYoIo2BG/x5WXSOq96F9XaXa1cv8njKKBjdILOkIcuUR3dogZqIoo0ekav6M15cl6cd+dj3rri5DNH6A+czx+5MJIJ</latexit>

f1, . . . , fa
<latexit sha1_base64="uly+ZNweacT4Q5EN92AlLR9MeIs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GVBEJcV7APaWCbTSTt0Jgkzk2IJ+RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tkpr6xubW+Xtys7u3v6BfXjUVlEiCW2RiEey62NFOQtpSzPNaTeWFAuf044/ucn9zpRKxaLwQc9i6gk8ClnACNZGGth28Jj2BdZjKVKcPGXZwK46NWcOtErcglShQHNgf/WHEUkEDTXhWKme68TaS7HUjHCaVfqJojEmEzyiPUNDLKjy0nnyDJ0ZZYiCSJoXajRXf2+kWCg1E76ZzEOqZS8X//N6iQ6uvZSFcaJpSBaHgoQjHaG8BjRkkhLNZ4ZgIpnJisgYS0y0KatiSnCXv7xK2hc197JWv69XG7dFHWU4gVM4BxeuoAF30IQWEJjCM7zCm5VaL9a79bEYLVnFzjH8gfX5A385lD8=</latexit>

faux

Then

<latexit sha1_base64="yCwQgxHCDNnBhU4v2Z/8I9yZR6c="></latexit>

Adv(f)2 
aX

i=1

Adv(fi)
2 +O(Q(faux))2

Then
<latexit sha1_base64="QZHBS2FYOQfBatro/xdG4rq2s4I="></latexit>

Adv(f)  O(Q(faux)) + max
s

Adv(gs)

Suppose f is computed by first computing                     and then computing some function
<latexit sha1_base64="e3VZWir1lPQVyARaT58QyW7W13A=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkUtSNUBDEZQX7gDaWyXTSDp2ZhJmJtIRs/BU3LhRx62e482+ctFlo64ELh3Pu5d57/IhRpR3n21paXlldWy9sFDe3tnd27b39pgpjiUkDhyyUbR8pwqggDU01I+1IEsR9Rlr+6DrzW49EKhqKez2JiMfRQNCAYqSN1LMPFbyCwUPS5UgPJU9QPE7T8vi0Z5ecijMFXCRuTkogR71nf3X7IY45ERozpFTHdSLtJUhqihlJi91YkQjhERqQjqECcaK8ZPpACk+M0odBKE0JDafq74kEcaUm3Ded2Z1q3svE/7xOrINLL6EiijUReLYoiBnUIczSgH0qCdZsYgjCkppbIR4iibA2mRVNCO78y4ukeVZxzyvVu2qpdpPHUQBH4BiUgQsuQA3cgjpoAAxS8AxewZv1ZL1Y79bHrHXJymcOwB9Ynz9JDZY+</latexit>

s = faux(x) <latexit sha1_base64="jJT+FHXZo3+sw0PfnOy7aZtbEHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCIB4r2g9oQ9lsJ+nSzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPRzcxvP6HSPJGPZpyiH9NI8pAzaqz0EPV1v1xxq+4cZJV4OalAjka//NUbJCyLURomqNZdz02NP6HKcCZwWuplGlPKRjTCrqWSxqj9yfzUKTmzyoCEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MeO1PuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMzadkg3BW355lbQuqt5ltXZfq9Rv8ziKcAKncA4eXEEd7qABTWAQwTO8wpsjnBfn3flYtBacfOYY/sD5/AFZ9I3e</latexit>gs



Applications

• String minimality problems: Decision versions of Minimal Length-l Substring, Minimal String 
Rotation, and Minimal Suffix. Simpler, tighter analysis than [Akmal, Jin 22].

Simpler analysis with slightly improved upper bounds:

The first nontrivial quantum algorithms for subsequence problems:

• Does x have an increasing subsequence of length k?
<latexit sha1_base64="vEJ9ev5Xdu33Dl3tafaiwD2Lfc8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREinosCOLNCvYDmlI22027dLOJuxOlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZuZXVtfSO/Wdja3tnds4v7TR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6HLqtx6Y0jySdzCOWTckA8kDTgkYqWcXPeCiz/BN2dP3CrA86dklp+LMgJeJm5ESylDv2V9eP6JJyCRQQbTuuE4M3ZQo4FSwScFLNIsJHZEB6xgqSch0N52dPsHHRunjIFKmJOCZ+nsiJaHW49A3nSGBoV70puJ/XieB4KKbchknwCSdLwoSgSHC0xxwnytGQYwNIVRxcyumQ6IIBZNWwYTgLr68TJqnFfesUr2tlmpXWRx5dIiOUBm56BzV0DWqowai6BE9o1f0Zj1ZL9a79TFvzVnZzAH6A+vzBxgrk0Q=</latexit>

Õ(
p
n)

• Do x and y have a common subsequence of length k?
<latexit sha1_base64="YtWINDGPQ7esku6cDQ/qaFDXe2U=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7gbg3oMCOLNCOYByRpmJ7PJkNnZZWZWCWs+xYsHRbz6Jd78GyePgyYWNBRV3XR3+TFnSjvOt7W0vLK6tp7ZyG5ube/s2rm9uooSSWiNRDySTR8rypmgNc00p81YUhz6nDb8weXYbzxQqVgk7vQwpl6Ie4IFjGBtpI6da2vGuxTdFMR9Wjo5HR137LxTdCZAi8SdkTzMUO3YX+1uRJKQCk04VqrlOrH2Uiw1I5yOsu1E0RiTAe7RlqECh1R56eT0EToyShcFkTQlNJqovydSHCo1DH3TGWLdV/PeWPzPayU6uPBSJuJEU0Gmi4KEIx2hcQ6oyyQlmg8NwUQycysifSwx0SatrAnBnX95kdRLRfesWL4t5ytXszgycACHUAAXzqEC11CFGhB4hGd4hTfryXqx3q2PaeuSNZvZhz+wPn8Ai0SS6A==</latexit>

Õ(n2/3)

• Regular languages: Deciding whether a string over              contains 20*2. 
This is a key algorithmic result in the query complexity trichotomy for regular languages 
[Aaronson, Grier, Schaeffer 19].

<latexit sha1_base64="vrwElczLGsKsTL9qNexA5qfT4c8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7pajHgiAeK9ha6S4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NFxqghtk5jHqhtiTTmTtG2Y4bSbKIpFyOlDOL6e+Q9PVGkWy3szSWgg8FCyiBFsrPToZ27Vq9b9ab9ccWvuHGiVeDmpQI5Wv/zlD2KSCioN4VjrnucmJsiwMoxwOi35qaYJJmM8pD1LJRZUB9n84Ck6s8oARbGyJQ2aq78nMiy0nojQdgpsRnrZm4n/eb3URFdBxmSSGirJYlGUcmRiNPseDZiixPCJJZgoZm9FZIQVJsZmVLIheMsvr5JOveZd1Bp3jUrzJo+jCCdwCufgwSU04RZa0AYCAp7hFd4c5bw4787HorXg5DPH8AfO5w9ZS498</latexit>

{0, 1, 2}



Regular languages

This improves the log factors of [Aaronson, Grier, Schaeffer 19] with a simpler proof.

Let
<latexit sha1_base64="wsoH5w1Q/ehDIB9bfyjZkL9MGHs=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgopSkFHUjFARxWdE+oAllMp20Q2cmYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvSeIGVXacb6twtr6xuZWcbu0s7u3f2AfljsqSiQmbRyxSPYCpAijgrQ11Yz0YkkQDxjpBpPrmd99JFLRSDzoaUx8jkaChhQjbaSBXfbu6YgjeAW91Km61bqXDeyKU3PmgKvEzUkF5GgN7C9vGOGEE6ExQ0r1XSfWfoqkppiRrOQlisQIT9CI9A0ViBPlp/PbM3hqlCEMI2lKaDhXf0+kiCs15YHp5EiP1bI3E//z+okOL/2UijjRRODFojBhUEdwFgQcUkmwZlNDEJbU3ArxGEmEtYmrZEJwl19eJZ16zT2vNe4aleZNHkcRHIMTcAZccAGa4Ba0QBtg8ASewSt4szLrxXq3PhatBSufOQJ/YH3+AH7HktE=</latexit>

⌃ = {0, 1, 2}

Problem: Given           , is                       ?
<latexit sha1_base64="8BlKF+FmFio3MgwFLm5QY/Jojqg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh4LgnisaD+g3ZZsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81gdDX1mw9UaRbJezOOqS/wQLKQEWys1H1CHSZR544NBO7KXrHklt0Z0DLxMlKCDLVe8avTj0giqDSEY63bnhsbP8XKMMLppNBJNI0xGeEBbVsqsaDaT2dXT9CJVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzPaycmvPRTJuPEUEnmi8KEIxOhaQSozxQlho8twUQxeysiQ6wwMTaogg3BW3x5mTTOyt55uXJbKVWvszjycATHcAoeXEAVbqAGdSCg4Ble4c15dF6cd+dj3ppzsplD+APn8wfOTJIX</latexit>

x 2 ⌃n <latexit sha1_base64="5DYWKzLcTIemSXgrDOUHAcjwFc4=">AAACCHicbVDLSgMxFM3UV62vUZcuDBZBXJSZUtRlQRCXFe0DOmPJpJk2NMkMSUYspUs3/oobF4q49RPc+Tem0xG09cC9HM65l+SeIGZUacf5snILi0vLK/nVwtr6xuaWvb3TUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYnE/85h2RikbiRg9j4nPUEzSkGGkjdez9e+hRAb1r2uPo9hiWoZP2H6FjF52SkwLOEzcjRZCh1rE/vW6EE06Exgwp1XadWPsjJDXFjIwLXqJIjPAA9UjbUIE4Uf4oPWQMD43ShWEkTQkNU/X3xghxpYY8MJMc6b6a9Sbif1470eGZP6IiTjQRePpQmDCoIzhJBXapJFizoSEIS2r+CnEfSYS1ya5gQnBnT54njXLJPSlVrirF6kUWRx7sgQNwBFxwCqrgEtRAHWDwAJ7AC3i1Hq1n6816n47mrGxnF/yB9fENgUWXHw==</latexit>

x 2 ⌃⇤20⇤2⌃⇤

Can be checked by Grover search in time            :
• Search for the last 2 in        and the first 2 in
• Search for a non-0 in the string between them

<latexit sha1_base64="wvUZ7IxmXwuggXt94gqLyKiviUk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdVkQxGUF+4A2lMn0ph06MwkzE7XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEDOqtOt+W6WV1bX1jfJmZWt7Z3fPru63VZRIAi0SsUh2A6yAUQEtTTWDbiwB84BBJ5hc5X7nHqSikbjT0xh8jkeChpRgbaSBXX0cpH2O9VjylEGos2xg19y6O4OzTLyC1FCB5sD+6g8jknAQmjCsVM9zY+2nWGpKGGSVfqIgxmSCR9AzVGAOyk9n0TPn2ChDJ4ykeUI7M/X3Roq5UlMemMk8pVr0cvE/r5fo8NJPqYgTDYLMD4UJc3Tk5D04QyqBaDY1BBNJTVaHjLHERJu2KqYEb/HLy6R9WvfO62e3Z7XGdVFHGR2iI3SCPHSBGugGNVELEfSAntErerOerBfr3fqYj5asYucA/YH1+QNV7pS5</latexit>xleft
<latexit sha1_base64="xtsrKBX69TV5eu/QHZhX7rtbtfo=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rIgiMsK9gFtCJPptB06MwkzN9IS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45YcyZBtf9tkobm1vbO+Xdyt7+weGRfVzt6ChRhLZJxCPVC7GmnEnaBgac9mJFsQg57YbT29zvPlGlWSQfYR5TX+CxZCNGMBgpsKuzIB0IDBMlUsXGE8iywK65dXcBZ514BamhAq3A/hoMI5IIKoFwrHXfc2PwU6yAEU6zyiDRNMZkise0b6jEgmo/XWTPnHOjDJ1RpMyT4CzU3xspFlrPRWgm85h61cvF/7x+AqMbP2UyToBKsjw0SrgDkZMX4QyZogT43BBMFDNZHTLBChMwdVVMCd7ql9dJ57LuXdUbD41a866oo4xO0Rm6QB66Rk10j1qojQiaoWf0it6szHqx3q2P5WjJKnZO0B9Ynz8wyZU2</latexit>xright

<latexit sha1_base64="e0VNp9a152SxW9IeJdDKvX4VwDw=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMCOLNCOaByRJmJ7PJkNnZdaZXCCF/4cWDIl79G2/+jZPHQRMLGoqqbrq7gkQKg6777WRWVtfWN7Kbua3tnd29/P5B3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuJr4jSeujYjVPQ4T7ke0p0QoGEUrPdwW2+ZRI1GnnXzBLblTkGXizUkB5qh28l/tbszSiCtkkhrT8twE/RHVKJjk41w7NTyhbEB7vGWpohE3/mh68ZicWKVLwljbUkim6u+JEY2MGUaB7Ywo9s2iNxH/81ophpf+SKgkRa7YbFGYSoIxmbxPukJzhnJoCWVa2FsJ61NNGdqQcjYEb/HlZVI/K3nnpfJduVC5nseRhSM4hiJ4cAEVuIEq1ICBgmd4hTfHOC/Ou/Mxa80485lD+APn8webtZA/</latexit>

O(
p
n)

String x contains 20*2 iff contains 20*2 or
contains 20*2 or
ends in 20* and          starts with 0*2

<latexit sha1_base64="wvUZ7IxmXwuggXt94gqLyKiviUk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdVkQxGUF+4A2lMn0ph06MwkzE7XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEDOqtOt+W6WV1bX1jfJmZWt7Z3fPru63VZRIAi0SsUh2A6yAUQEtTTWDbiwB84BBJ5hc5X7nHqSikbjT0xh8jkeChpRgbaSBXX0cpH2O9VjylEGos2xg19y6O4OzTLyC1FCB5sD+6g8jknAQmjCsVM9zY+2nWGpKGGSVfqIgxmSCR9AzVGAOyk9n0TPn2ChDJ4ykeUI7M/X3Roq5UlMemMk8pVr0cvE/r5fo8NJPqYgTDYLMD4UJc3Tk5D04QyqBaDY1BBNJTVaHjLHERJu2KqYEb/HLy6R9WvfO62e3Z7XGdVFHGR2iI3SCPHSBGugGNVELEfSAntErerOerBfr3fqYj5asYucA/YH1+QNV7pS5</latexit>xleft
<latexit sha1_base64="xtsrKBX69TV5eu/QHZhX7rtbtfo=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rIgiMsK9gFtCJPptB06MwkzN9IS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45YcyZBtf9tkobm1vbO+Xdyt7+weGRfVzt6ChRhLZJxCPVC7GmnEnaBgac9mJFsQg57YbT29zvPlGlWSQfYR5TX+CxZCNGMBgpsKuzIB0IDBMlUsXGE8iywK65dXcBZ514BamhAq3A/hoMI5IIKoFwrHXfc2PwU6yAEU6zyiDRNMZkise0b6jEgmo/XWTPnHOjDJ1RpMyT4CzU3xspFlrPRWgm85h61cvF/7x+AqMbP2UyToBKsjw0SrgDkZMX4QyZogT43BBMFDNZHTLBChMwdVVMCd7ql9dJ57LuXdUbD41a866oo4xO0Rm6QB66Rk10j1qojQiaoWf0it6szHqx3q2P5WjJKnZO0B9Ynz8wyZU2</latexit>xright

<latexit sha1_base64="wvUZ7IxmXwuggXt94gqLyKiviUk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdVkQxGUF+4A2lMn0ph06MwkzE7XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEDOqtOt+W6WV1bX1jfJmZWt7Z3fPru63VZRIAi0SsUh2A6yAUQEtTTWDbiwB84BBJ5hc5X7nHqSikbjT0xh8jkeChpRgbaSBXX0cpH2O9VjylEGos2xg19y6O4OzTLyC1FCB5sD+6g8jknAQmjCsVM9zY+2nWGpKGGSVfqIgxmSCR9AzVGAOyk9n0TPn2ChDJ4ykeUI7M/X3Roq5UlMemMk8pVr0cvE/r5fo8NJPqYgTDYLMD4UJc3Tk5D04QyqBaDY1BBNJTVaHjLHERJu2KqYEb/HLy6R9WvfO62e3Z7XGdVFHGR2iI3SCPHSBGugGNVELEfSAntErerOerBfr3fqYj5asYucA/YH1+QNV7pS5</latexit>xleft
<latexit sha1_base64="xtsrKBX69TV5eu/QHZhX7rtbtfo=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rIgiMsK9gFtCJPptB06MwkzN9IS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45YcyZBtf9tkobm1vbO+Xdyt7+weGRfVzt6ChRhLZJxCPVC7GmnEnaBgac9mJFsQg57YbT29zvPlGlWSQfYR5TX+CxZCNGMBgpsKuzIB0IDBMlUsXGE8iywK65dXcBZ514BamhAq3A/hoMI5IIKoFwrHXfc2PwU6yAEU6zyiDRNMZkise0b6jEgmo/XWTPnHOjDJ1RpMyT4CzU3xspFlrPRWgm85h61cvF/7x+AqMbP2UyToBKsjw0SrgDkZMX4QyZogT43BBMFDNZHTLBChMwdVVMCd7ql9dJ57LuXdUbD41a866oo4xO0Rm6QB66Rk10j1qojQiaoWf0it6szHqx3q2P5WjJKnZO0B9Ynz8wyZU2</latexit>xright

<latexit sha1_base64="WgjaaDx3cVq1GvUSlJ2Goph+ruY=">AAACFHicbVDLSgNBEJz1bXxFPXoZDEJECLsi6kUQBPFmFKNCNoTeySQZMjuzzvQqYclHePFXvHhQxKsHb/6Nk8fBV0FDUdVNd1eUSGHR9z+9sfGJyanpmdnc3PzC4lJ+eeXS6tQwXmFaanMdgeVSKF5BgZJfJ4ZDHEl+FXWO+v7VLTdWaHWB3YTXYmgp0RQM0En1/FZ4LlptBGP0HQ1vUmhQKKpNekBPi6G9MZgpGkrdoqq3Wc8X/JI/AP1LghEpkBHK9fxH2NAsjblCJsHaauAnWMvAoGCS93JhankCrAMtXnVUQcxtLRs81aMbTmnQpjauFNKB+n0ig9jabhy5zhiwbX97ffE/r5pic7+WCZWkyBUbLmqmkqKm/YRoQxjOUHYdAWaEu5WyNhhg6HLMuRCC3y//JZfbpWC3tHO2Uzg8HsUxQ9bIOimSgOyRQ3JCyqRCGLknj+SZvHgP3pP36r0NW8e80cwq+QHv/QuS0p1H</latexit>

) a(n) = O(
p

n log n)
<latexit sha1_base64="v16KdmPQ1us7aIVhP4A3z8Ezz2A=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCDUJRV0WBHFnBfuAJpbJdNoOnUzizEQooT/gxl9x40IRt+7d+TdO2iy09cDAuefcy517/IhRqSzr28gtLC4tr+RXC2vrG5tb5vZOQ4axwKSOQxaKlo8kYZSTuqKKkVYkCAp8Rpr+8CL1mw9ESBryWzWKiBegPqc9ipHSUsc8QCV+dOdAlxHoQF2cOGl5DK9LrrwXCqZuxyxaZWsCOE/sjBRBhlrH/HK7IY4DwhVmSMq2bUXKS5BQFDMyLrixJBHCQ9QnbU05Coj0ksk1Y3iolS7shUI/ruBE/T2RoEDKUeDrzgCpgZz1UvE/rx2r3rmXUB7FinA8XdSLGVQhTKOBXSoIVmykCcKC6r9CPEACYaUDLOgQ7NmT50nDKdun5cpNpVi9zOLIgz2wD0rABmegCq5ADdQBBo/gGbyCN+PJeDHejY9pa87IZnbBHxifP0Ugl+8=</latexit>

a(n)2  2a(n/2)2 +O(
p
n)2Recurrence for adversary quantity:



Increasing subsequences

A subsequence of a string is obtained by taking a (not necessarily consecutive) subset of the 
characters, without changing their order.

Example:  The LIS of 8, 6, 7, 5, 3, 0, 9 is 6, 7, 9

Can we do better?

<latexit sha1_base64="8BlKF+FmFio3MgwFLm5QY/Jojqg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh4LgnisaD+g3ZZsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81gdDX1mw9UaRbJezOOqS/wQLKQEWys1H1CHSZR544NBO7KXrHklt0Z0DLxMlKCDLVe8avTj0giqDSEY63bnhsbP8XKMMLppNBJNI0xGeEBbVsqsaDaT2dXT9CJVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzPaycmvPRTJuPEUEnmi8KEIxOhaQSozxQlho8twUQxeysiQ6wwMTaogg3BW3x5mTTOyt55uXJbKVWvszjycATHcAoeXEAVbqAGdSCg4Ble4c15dF6cd+dj3ppzsplD+APn8wfOTJIX</latexit>

x 2 ⌃nLongest Increasing Subsequence (LIS): Given             over an ordered alphabet §, find a longest 
increasing subsequence of x

k-IS: For fixed k, does             have an increasing subsequence of length k?
<latexit sha1_base64="8BlKF+FmFio3MgwFLm5QY/Jojqg=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh4LgnisaD+g3ZZsmm1Dk+ySZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcyZNq777eRWVtfWN/Kbha3tnd294v5BQ0eJIrROIh6pVoA15UzSumGG01asKBYBp81gdDX1mw9UaRbJezOOqS/wQLKQEWys1H1CHSZR544NBO7KXrHklt0Z0DLxMlKCDLVe8avTj0giqDSEY63bnhsbP8XKMMLppNBJNI0xGeEBbVsqsaDaT2dXT9CJVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzPaycmvPRTJuPEUEnmi8KEIxOhaQSozxQlho8twUQxeysiQ6wwMTaogg3BW3x5mTTOyt55uXJbKVWvszjycATHcAoeXEAVbqAGdSCg4Ble4c15dF6cd+dj3ppzsplD+APn8wfOTJIX</latexit>

x 2 ⌃n

                     for           (1-IS is trivial)
<latexit sha1_base64="c2ef1uFSDfEMg1EVZE7Oj2l4Hpc=">AAACDHicbVDLSgMxFM34tr6qLt0Ei9AuLDMi6kYQBNGdj1YLnVIy6R0bmskMyR2xDP0AN/6KGxeKuPUD3Pk3po+FWg8EDuecS+49QSKFQdf9ciYmp6ZnZufmcwuLS8sr+dW1axOnmkOVxzLWtYAZkEJBFQVKqCUaWBRIuAk6x33/5g60EbGqYDeBRsRulQgFZ2ilZr5wWez4EcO2CTMf4R6z7d7ZVa9ED6lfaQOyoirZlFt2B6DjxBuRAhnhvJn/9FsxTyNQyCUzpu65CTYyplFwCb2cnxpIGO+wW6hbqlgEppENjunRLau0aBhr+xTSgfpzImORMd0osMnB3n+9vvifV08xPGhkQiUpguLDj8JUUoxpvxnaEho4yq4ljGthd6W8zTTjaPvL2RK8vyePk+udsrdX3r3YLRydjOqYIxtkkxSJR/bJETkl56RKOHkgT+SFvDqPzrPz5rwPoxPOaGad/ILz8Q0n6ppr</latexit>

R(k-IS) = ⇥(n)
<latexit sha1_base64="qKigEnNP7pgCDE7xbabPXsw1qVo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FQTxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLFSZ0L6IyS1QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLcGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/Hcy5AqZEVNLKFPc3krYmCrKjE2oZEPwVl9eJ+1a1buq1h/qlcZdHkcRzuAcLsGDa2jAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gAoco7S</latexit>

k � 2

                            (equivalent to unstructured search)
<latexit sha1_base64="94dJ4J1CDggYQyty9rGTuL65eAc=">AAACEnicbVA9SwNBEN3z2/gVtbRZDEJSGO5CUBtBEEQ7RROFXAh7mzmzZG/v3J0Tw5HfYONfsbFQxNbKzn/jJqbQ6IOBx3szzMwLEikMuu6nMzE5NT0zOzefW1hcWl7Jr67VTZxqDjUey1hfBcyAFApqKFDCVaKBRYGEy6B7OPAvb0EbEasL7CXQjNi1EqHgDK3UypfOihU/YtgxYeYj3GG23T8575foPvUvOoCs6JsbjVSVWvmCW3aHoH+JNyIFMsJpK//ht2OeRqCQS2ZMw3MTbGZMo+AS+jk/NZAw3mXX0LBUsQhMMxu+1KdbVmnTMNa2FNKh+nMiY5ExvSiwncPrx72B+J/XSDHca2ZCJSmC4t+LwlRSjOkgH9oWGjjKniWMa2FvpbzDNONoU8zZELzxl/+SeqXs7ZSrZ9XCwdEojjmyQTZJkXhklxyQY3JKaoSTe/JInsmL8+A8Oa/O23frhDOaWSe/4Lx/AWrDnLM=</latexit>

Q(2-IS) = ⇥(
p
n)

                                    by a generalization of Ambainis’s k-distinctness algorithm
<latexit sha1_base64="8M/0HzIdicMzmVWun2KraxyKf6M=">AAACEXicbVBNS8NAEN3U7/pV9ehlsQgpYk1E1ItQEERPVrRaaGvZbDe6ZLMJuxOxhPwFL/4VLx4U8erNm//Gbe1BWx8MPN6bYWaeFwuuwXG+rNzY+MTk1PRMfnZufmGxsLR8qaNEUVajkYhU3SOaCS5ZDTgIVo8VI6En2JUXHPb8qzumNI/kBXRj1grJjeQ+pwSM1C7YZ3bQDAncaj9tAruHdDM7Oc9K+ACf2vI6DbbsYMMtZaV2oeiUnT7wKHEHpIgGqLYLn81ORJOQSaCCaN1wnRhaKVHAqWBZvploFhMakBvWMFSSkOlW2v8ow+tG6WA/UqYk4L76eyIlodbd0DOd/eOHvZ74n9dIwN9vpVzGCTBJfxb5icAQ4V48uMMVoyC6hhCquLkV01uiCAUTYt6E4A6/PEout8vubnnnbKdYORrEMY1W0RqykYv2UAUdoyqqIYoe0BN6Qa/Wo/VsvVnvP605azCzgv7A+vgGqciboQ==</latexit>

Q(k-IS) = O(nk/(k+1))

<latexit sha1_base64="xQmZ+n27Pa2j+nx8QYln3UXic3g=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHaTUmkqBuhIIiCixb7giaUyXTSDp1MwsxEKKELN/6KGxeKuPUj3Pk3TtMstPXAhcM593LvPV7EqFSW9W2srK6tb2zmtvLbO7t7++bBYVuGscCkhUMWiq6HJGGUk5aiipFuJAgKPEY63vhq5nceiJA05E01iYgboCGnPsVIaalvFholJ0BqJP3k7vZ+WoaX0GmOiEIlXu6bRatipYDLxM5IEWSo980vZxDiOCBcYYak7NlWpNwECUUxI9O8E0sSITxGQ9LTlKOASDdJn5jCE60MoB8KXVzBVP09kaBAykng6c704EVvJv7n9WLlX7gJ5VGsCMfzRX7MoArhLBE4oIJgxSaaICyovhXiERIIK51bXodgL768TNqnFfusUm1Ui7XrLI4cKIBjUAI2OAc1cAPqoAUweATP4BW8GU/Gi/FufMxbV4xs5gj8gfH5A3MFlrU=</latexit>

Q(LIS) = ⇥(n)Unfortunately,



k-Increasing subsequence

Result follows by induction on k.

Theorem.  For any fixed k,                                                 .
<latexit sha1_base64="xfAHlnd1tVMs659dx0gZJ9lbfw0="></latexit>

Q(k-IS) = O(
p
n log3(k�1)/2

n)

Can be checked by computing smallest ending value of an i-IS on left
and largest starting value of a (k ¡ i)-IS on right

<latexit sha1_base64="4uVv9wis+yeFTte0RHGRz4V9/VE=">AAACHXicbVDLSgMxFM34rPU16tJNsAgtYp0ZirosCOLOCvYBbR0yadqGyWSGJCOUoT/ixl9x40IRF27EvzEzraCtB0JOzj2Xm3u8iFGpLOvLWFhcWl5Zza3l1zc2t7bNnd2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMND3/Iq0374mQNOS3ahSRboAGnPYpRkpLrllBrl/kpTsHdhiBDsyeJ04qHMHrInIT/9ge/zjCgb54yTULVtnKAOeJPSUFMEXNNT86vRDHAeEKMyRl27Yi1U2QUBQzMs53YkkihH00IG1NOQqI7CbZdmN4qJUe7IdCH65gpv7uSFAg5SjwtDNAaihna6n4X60dq/55N6E8ihXheDKoHzOoQphGBXtUEKzYSBOEBdV/hXiIBMJKB5rXIdizK8+ThlO2T8uVm0qhejmNIwf2wQEoAhucgSq4AjVQBxg8gCfwAl6NR+PZeDPeJ9YFY9qzB/7A+PwG+mydiw==</latexit>

ak(n)
2  2ak(n/2)

2 +O(ak�1(n)
2 log2 n)Recurrence for adversary quantity:

String x contains a k-IS iff

       contains a k-IS or
         contains a k-IS or
x contains a k-IS with i elements in        and k ¡ i elements in

<latexit sha1_base64="wvUZ7IxmXwuggXt94gqLyKiviUk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdVkQxGUF+4A2lMn0ph06MwkzE7XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEDOqtOt+W6WV1bX1jfJmZWt7Z3fPru63VZRIAi0SsUh2A6yAUQEtTTWDbiwB84BBJ5hc5X7nHqSikbjT0xh8jkeChpRgbaSBXX0cpH2O9VjylEGos2xg19y6O4OzTLyC1FCB5sD+6g8jknAQmjCsVM9zY+2nWGpKGGSVfqIgxmSCR9AzVGAOyk9n0TPn2ChDJ4ykeUI7M/X3Roq5UlMemMk8pVr0cvE/r5fo8NJPqYgTDYLMD4UJc3Tk5D04QyqBaDY1BBNJTVaHjLHERJu2KqYEb/HLy6R9WvfO62e3Z7XGdVFHGR2iI3SCPHSBGugGNVELEfSAntErerOerBfr3fqYj5asYucA/YH1+QNV7pS5</latexit>xleft
<latexit sha1_base64="xtsrKBX69TV5eu/QHZhX7rtbtfo=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rIgiMsK9gFtCJPptB06MwkzN9IS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45YcyZBtf9tkobm1vbO+Xdyt7+weGRfVzt6ChRhLZJxCPVC7GmnEnaBgac9mJFsQg57YbT29zvPlGlWSQfYR5TX+CxZCNGMBgpsKuzIB0IDBMlUsXGE8iywK65dXcBZ514BamhAq3A/hoMI5IIKoFwrHXfc2PwU6yAEU6zyiDRNMZkise0b6jEgmo/XWTPnHOjDJ1RpMyT4CzU3xspFlrPRWgm85h61cvF/7x+AqMbP2UyToBKsjw0SrgDkZMX4QyZogT43BBMFDNZHTLBChMwdVVMCd7ql9dJ57LuXdUbD41a866oo4xO0Rm6QB66Rk10j1qojQiaoWf0it6szHqx3q2P5WjJKnZO0B9Ynz8wyZU2</latexit>xright

<latexit sha1_base64="wvUZ7IxmXwuggXt94gqLyKiviUk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIRdVkQxGUF+4A2lMn0ph06MwkzE7XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWdOEDOqtOt+W6WV1bX1jfJmZWt7Z3fPru63VZRIAi0SsUh2A6yAUQEtTTWDbiwB84BBJ5hc5X7nHqSikbjT0xh8jkeChpRgbaSBXX0cpH2O9VjylEGos2xg19y6O4OzTLyC1FCB5sD+6g8jknAQmjCsVM9zY+2nWGpKGGSVfqIgxmSCR9AzVGAOyk9n0TPn2ChDJ4ykeUI7M/X3Roq5UlMemMk8pVr0cvE/r5fo8NJPqYgTDYLMD4UJc3Tk5D04QyqBaDY1BBNJTVaHjLHERJu2KqYEb/HLy6R9WvfO62e3Z7XGdVFHGR2iI3SCPHSBGugGNVELEfSAntErerOerBfr3fqYj5asYucA/YH1+QNV7pS5</latexit>xleft
<latexit sha1_base64="xtsrKBX69TV5eu/QHZhX7rtbtfo=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rIgiMsK9gFtCJPptB06MwkzN9IS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45YcyZBtf9tkobm1vbO+Xdyt7+weGRfVzt6ChRhLZJxCPVC7GmnEnaBgac9mJFsQg57YbT29zvPlGlWSQfYR5TX+CxZCNGMBgpsKuzIB0IDBMlUsXGE8iywK65dXcBZ514BamhAq3A/hoMI5IIKoFwrHXfc2PwU6yAEU6zyiDRNMZkise0b6jEgmo/XWTPnHOjDJ1RpMyT4CzU3xspFlrPRWgm85h61cvF/7x+AqMbP2UyToBKsjw0SrgDkZMX4QyZogT43BBMFDNZHTLBChMwdVVMCd7ql9dJ57LuXdUbD41a866oo4xO0Rm6QB66Rk10j1qojQiaoWf0it6szHqx3q2P5WjJKnZO0B9Ynz8wyZU2</latexit>xright

These can be computed with O(log n) computations of j-IS (for         ) and Grover search
<latexit sha1_base64="ABX4vlgBkst5kmvjF4C6IyfbIhE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUA8eAoJ4jGgekCxhdjJJxszOLjO9QljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYT10ZE6gHHMfdDOlCiLxhFK90/Xo26xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNM7K3nm5clcpVW+yOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c6L8678zFvzTnZzCH8gfP5Ax03jbY=</latexit>

j < k



Common subsequences

Example:  The LCS of QUANTUM** and ALGORITHM is ATM

Can we do better?

Given               , find a common subsequence of x and y  
that is as long as possible

Longest Common Subsequence (LCS):
<latexit sha1_base64="Q10owbcN5MtqZpROgl3dK5U7zWE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REinosCOKxov2AJpbNdtMu3WzC7qZYQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhZXVtfaO4Wdra3tnds/cPmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhtdTvzWiUrFYPOhxQv0I9wULGcHaSF3bfjobI48J5N2zfoQfjVR2Ks4MaJm4OSlDjnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXmpogkmQ9ynHUMFjqjys9nlE3RilB4KY2lKaDRTf09kOFJqHAWmM8J6oBa9qfif10l1eOVnTCSppoLMF4UpRzpG0xhQj0lKNB8bgolk5lZEBlhiok1YJROCu/jyMmmeV9yLSvWuWq7d5HEU4QiO4RRcuIQa3EIdGkBgBM/wCm9WZr1Y79bHvLVg5TOH8AfW5w+TzZMB</latexit>

x, y 2 ⌃n

k-CS: For fixed k, do                 have a common subsequence of length k?
<latexit sha1_base64="Q10owbcN5MtqZpROgl3dK5U7zWE=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REinosCOKxov2AJpbNdtMu3WzC7qZYQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhZXVtfaO4Wdra3tnds/cPmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhtdTvzWiUrFYPOhxQv0I9wULGcHaSF3bfjobI48J5N2zfoQfjVR2Ks4MaJm4OSlDjnrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6KXmpogkmQ9ynHUMFjqjys9nlE3RilB4KY2lKaDRTf09kOFJqHAWmM8J6oBa9qfif10l1eOVnTCSppoLMF4UpRzpG0xhQj0lKNB8bgolk5lZEBlhiok1YJROCu/jyMmmeV9yLSvWuWq7d5HEU4QiO4RRcuIQa3EIdGkBgBM/wCm9WZr1Y79bHvLVg5TOH8AfW5w+TzZMB</latexit>

x, y 2 ⌃n

<latexit sha1_base64="JxYwBNY3yJQBR6jTxxVHuEeYISM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHaTUmkqBuhUBAXgi3aBzShTKaTduhkEmYmQglduPFX3LhQxK0f4c6/cZpmoa0HLhzOuZd77/EiRqWyrG9jZXVtfWMzt5Xf3tnd2zcPDtsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8cb1md95IELSkN+rSUTcAA059SlGSkt9s9AsOQFSI+knN/W7aRleQuc2IENU4uW+WbQqVgq4TOyMFEGGRt/8cgYhjgPCFWZIyp5tRcpNkFAUMzLNO7EkEcJjNCQ9TTkKiHST9IkpPNHKAPqh0MUVTNXfEwkKpJwEnu5MD170ZuJ/Xi9W/oWbUB7FinA8X+THDKoQzhKBAyoIVmyiCcKC6lshHiGBsNK55XUI9uLLy6R9WrHPKtVmtVi7yuLIgQI4BiVgg3NQA9egAVoAg0fwDF7Bm/FkvBjvxse8dcXIZo7AHxifP1WmlqI=</latexit>

Q(LCS) = ⌦(n)

                           for
<latexit sha1_base64="xsbZw1G2djJWDV/ruzVdDc8h/z4=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMyIqBtBKIg766NV6BTJpHdqaCYzJHfEMvQD3Pgrblwo4tYPcOffmD4WWj0QOJxzLrn3BIkUBl33y5mYnJqemc3N5ecXFpeWCyurdROnmkONxzLW1wEzIIWCGgqUcJ1oYFEg4SroVPr+1R1oI2J1id0EmhFrKxEKztBKN4XieanjI9xjtt3zI4a3JswqF70tekj90wjarKS2bMotuwPQv8QbkSIZoXpT+PRbMU8jUMglM6bhuQk2M6ZRcAm9vJ8aSBjvsDY0LFUsAtPMBsf06KZVWjSMtX0K6UD9OZGxyJhuFNjkYN9xry/+5zVSDA+amVBJiqD48KMwlRRj2m+GtoQGjrJrCeNa2F0pv2WacbT95W0J3vjJf0l9p+ztlXfPdotHx6M6cmSdbJAS8cg+OSInpEpqhJMH8kReyKvz6Dw7b877MDrhjGbWyC84H98J65pY</latexit>

R(k-CS) = ⌦(n)
<latexit sha1_base64="TWeqMfoN+IbJgcGk1W45X9FZM7Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8V7Ae0oWy2k3bJZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6W19Y3NrfJ2ZWd3b/+genjU1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0O/M7T6g0T+SjmaTox3QkecgZNVbqRKQ/QuINqjW37s5BVolXkBoUaA6qX/1hwrIYpWGCat3z3NT4OVWGM4HTSj/TmFIW0RH2LJU0Ru3n83On5MwqQxImypY0ZK7+nshprPUkDmxnTM1YL3sz8T+vl5nwxs+5TDODki0WhZkgJiGz38mQK2RGTCyhTHF7K2FjqigzNqGKDcFbfnmVtC/q3lX98uGy1rgr4ijDCZzCOXhwDQ24hya0gEEEz/AKb07qvDjvzseiteQUM8fwB87nDybujtE=</latexit>

k � 1

                               since this is bipartite element distinctness [Aaronson, Shi 04; Ambainis 03]
<latexit sha1_base64="o3OBp9dMoo7CXsc+81xsR8CHqWE=">AAACEnicbVA9SwNBEN3z2/gVtbRZDEJSGO9U1EYIBMRS0aiQi2FvM2cW9/aO3TkxHPcbbPwrNhaK2FrZ+W/cxBR+PRh4vDfDzLwgkcKg6344I6Nj4xOTU9OFmdm5+YXi4tKZiVPNocFjGeuLgBmQQkEDBUq4SDSwKJBwHlzX+/75DWgjYnWKvQRaEbtSIhScoZXaxcpx2fMRbjFbz/2IYdeEWf0kr9B96p92AVlZXWabG1t5pV0suVV3APqXeENSIkMctYvvfifmaQQKuWTGND03wVbGNAouIS/4qYGE8Wt2BU1LFYvAtLLBSzlds0qHhrG2pZAO1O8TGYuM6UWB7Rxc/dvri/95zRTDvVYmVJIiKP61KEwlxZj286EdoYGj7FnCuBb2Vsq7TDOONsWCDcH7/fJfcrZZ9Xaq28fbpdrBMI4pskJWSZl4ZJfUyCE5Ig3CyR15IE/k2bl3Hp0X5/WrdcQZziyTH3DePgHR/JxQ</latexit>

Q(1-CS) = ⇥(n2/3)

                                       , also using [Ambainis 03]
<latexit sha1_base64="SLwW3K32FPOD0USp4DEOlKMj4Xw=">AAACE3icbVBNS8NAEN34WetX1aOXxSK0ijUpRb0IBUG8qWi10Nay2W7aJZtN2J2IJeQ/ePGvePGgiFcv3vw3bmsPan0w8Hhvhpl5biS4Btv+tCYmp6ZnZjNz2fmFxaXl3MrqlQ5jRVmNhiJUdZdoJrhkNeAgWD1SjASuYNeufzTwr2+Z0jyUl9CPWCsgXck9TgkYqZ3bOi/4TWB3kOykzYBAT3vJ0UVaxIf4tCBvkrK/Wyj7204xLbZzebtkD4HHiTMieTTCWTv30eyENA6YBCqI1g3HjqCVEAWcCpZmm7FmEaE+6bKGoZIETLeS4U8p3jRKB3uhMiUBD9WfEwkJtO4Hrukcnv3XG4j/eY0YvINWwmUUA5P0e5EXCwwhHgSEO1wxCqJvCKGKm1sx7RFFKJgYsyYE5+/L4+SqXHL2SpXzSr56PIojg9bRBiogB+2jKjpBZ6iGKLpHj+gZvVgP1pP1ar19t05Yo5k19AvW+xebs5wT</latexit>

Q(k-CS) = O(n2k/(2k+1))



k-Common subsequence

This follows from a quantum divide-and-conquer algorithm with seven parts, but not fewer!

Strategy:
• Divide both x and y into m parts of length n/m

• Determine which parts have collisions
• Consider two cases:

- “Simple”: a k-CS appears between one part of x and one part of y 
Limited number of cases to check

- “Composite”: everything else 
Can be checked by finding j-CSs for

<latexit sha1_base64="ABX4vlgBkst5kmvjF4C6IyfbIhE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUA8eAoJ4jGgekCxhdjJJxszOLjO9QljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYT10ZE6gHHMfdDOlCiLxhFK90/Xo26xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNM7K3nm5clcpVW+yOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c6L8678zFvzTnZzCH8gfP5Ax03jbY=</latexit>

j < k

Theorem.  For any fixed k,                                                    .
<latexit sha1_base64="LddolJTF2KKpux3KW/M/5CWrePQ="></latexit>

Q(k-CS) = O(n2/3 log3(k�1)/2
n)



Subproblems and signatures

The signature indicates which subproblems contain at least one collision

m = 3

x

y

Q U A N T U M * *

A L G O R I T H M

In the above example, the signature includes (1, 1), (2, 3), (3, 3)

Divide the strings into m parts, giving      subproblems
<latexit sha1_base64="NJ5tO+snms2SiimxyXOI+I1IXys=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WBPFY0X5Au5Zsmm1Dk+ySZIWy9Cd48aCIV3+RN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DrzO09UaRbJBzONqS/wSLKQEWysdC8ea4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/OT52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzyUybjxFBJFovChCMToexvNGSKEsOnlmCimL0VkTFWmBibTsmG4C2/vEratap3Ua3f1SuNmzyOIpzAKZyDB5fQgFtoQgsIjOAZXuHN4c6L8+58LFoLTj5zDH/gfP4A/wCNog==</latexit>

m2

Can compute the signature with              queries
<latexit sha1_base64="S1oW6lCHW4R/8J8cKcHoGENbcEQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXmrSFvVYEMSbFewHtrFstpt26WYTdjdCCf0XXjwo4tV/481/47bNQVsfDDzem2FmnhdxprRtf1uZldW19Y3sZm5re2d3L79/0FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0nKhULxb0eR9QN8EAwnxGsjfRwWxSPSfmsMjnt5Qt2yZ4BLRMnJQVIUe/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHUMFDqhyk9nFE3RilD7yQ2lKaDRTf08kOFBqHHimM8B6qBa9qfif14m1f+kmTESxpoLMF/kxRzpE0/dRn0lKNB8bgolk5lZEhlhiok1IOROCs/jyMmmWS855qXpXLdSu0ziycATHUAQHLqAGN1CHBhAQ8Ayv8GYp68V6tz7mrRkrnTmEP7A+fwAO3Y/j</latexit>

O(n2/3)

(      instances of bipartite element distinctness)
<latexit sha1_base64="NJ5tO+snms2SiimxyXOI+I1IXys=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WBPFY0X5Au5Zsmm1Dk+ySZIWy9Cd48aCIV3+RN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DrzO09UaRbJBzONqS/wSLKQEWysdC8ea4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/OT52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzyUybjxFBJFovChCMToexvNGSKEsOnlmCimL0VkTFWmBibTsmG4C2/vEratap3Ua3f1SuNmzyOIpzAKZyDB5fQgFtoQgsIjOAZXuHN4c6L8+58LFoLTj5zDH/gfP4A/wCNog==</latexit>

m2



Simple and composite solutions

Definition:  A k-CS is simple if it is a k-CS of some subproblem; otherwise it is composite.

When considering simple solutions, it suffices to consider critical subproblems, those that cannot 
be combined with a known collision from another part of the signature.

m = 5

There can be at most 2m ¡ 1 critical subproblems to consider, at a cost of                             .
<latexit sha1_base64="BpxmJB/M2HKu1nsP6lHI8no/iHY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEHrTCnqsiCIywr2AZ0yZNJMG5pkxiQjlGE2/oobF4q49TPc+Temj4W2HrhwOOde7r0niBlV2nG+rdzS8srqWn69sLG5tb1j7+41VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/9UikopG416OYdDnqCxpSjLSRfPvAUw9SpxV+5mbQO4XIH5bEOT/x7aJTdiaAi8SdkSKYoe7bX14vwgknQmOGlOq4Tqy7KZKaYkaygpcoEiM8RH3SMVQgTlQ3nTyQwWOj9GAYSVNCw4n6eyJFXKkRD0wnR3qg5r2x+J/XSXR41U2piBNNBJ4uChMGdQTHacAelQRrNjIEYUnNrRAPkERYm8wKJgR3/uVF0qyU3Yty9a5arN3M4siDQ3AESsAFl6AGbkEdNAAGGXgGr+DNerJerHfrY9qas2Yz++APrM8fbwqVBw==</latexit>p
2m� 1 ak(n/m)

To find composite solutions, it suffices to solve O(log n) instances of j-CS subproblems for 
         , at a cost of                           .

<latexit sha1_base64="yFfIzi9DUK784UadiTTGKWRgGgo=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovQLiyJFHVZEMSdFewD2hAm02k7dDIJMxOhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON/W0vLK6tp6biO/ubW9s2vv7TdUlEhC6yTikWwFWFHOBK1rpjltxZLiMOC0GQyvJn7zgUrFInGvRzH1QtwXrMcI1kby7cPbIvbT4ak7LooS6vCoj0TJtwtO2ZkCLRI3IwXIUPPtr043IklIhSYcK9V2nVh7KZaaEU7H+U6iaIzJEPdp21CBQ6q8dHr9GJ0YpYt6kTQlNJqqvydSHCo1CgPTGWI9UPPeRPzPaye6d+mlTMSJpoLMFvUSjnSEJlGgLpOUaD4yBBPJzK2IDLDERJvA8iYEd/7lRdI4K7vn5cpdpVC9zuLIwREcQxFcuIAq3EAN6kDgEZ7hFd6sJ+vFerc+Zq1LVjZzAH9gff4AAgqTrA==</latexit>

O(ak�1(n) log n)
<latexit sha1_base64="ABX4vlgBkst5kmvjF4C6IyfbIhE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUA8eAoJ4jGgekCxhdjJJxszOLjO9QljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGF1P/eYT10ZE6gHHMfdDOlCiLxhFK90/Xo26xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzk6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmf5Oe0JyhHFtCmRb2VsKGVFOGNp2CDcFbfHmZNM7K3nm5clcpVW+yOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c6L8678zFvzTnZzCH8gfP5Ax03jbY=</latexit>

j < k



k-CS complexity analysis
<latexit sha1_base64="Ul5+TFgv5zMk9V8UB9qf+DFL/Ao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoF9aZWtSNUBDEnRXsA/oik6ZtmEwyJBmhDLN246+4caGIW7/AnX9j+lho9cCFwzn3cu89Xsio0o7zZaUWFpeWV9KrmbX1jc0te3unpkQkMaliwYRseEgRRjmpaqoZaYSSoMBjpO75l2O/fk+kooLf6VFI2gEacNqnGGkjde191PVzPA8v4E2Od+Li8UkCW0wMOrF/5CbGyXftrFNwJoB/iTsjWTBDpWt/tnoCRwHhGjOkVNN1Qt2OkdQUM5JkWpEiIcI+GpCmoRwFRLXjySsJPDRKD/aFNMU1nKg/J2IUKDUKPNMZID1U895Y/M9rRrp/3o4pDyNNOJ4u6kcMagHHucAelQRrNjIEYUnNrRAPkURYm/QyJgR3/uW/pFYsuKeF0m0pW76axZEGe+AA5IALzkAZXIMKqAIMHsATeAGv1qP1bL1Z79PWlDWb2QW/YH18Aw6kl/0=</latexit>

ak(n) = O(n2/3 logk�1(n))Claim:

Master Theorem:                                             provided
<latexit sha1_base64="Ul5+TFgv5zMk9V8UB9qf+DFL/Ao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoF9aZWtSNUBDEnRXsA/oik6ZtmEwyJBmhDLN246+4caGIW7/AnX9j+lho9cCFwzn3cu89Xsio0o7zZaUWFpeWV9KrmbX1jc0te3unpkQkMaliwYRseEgRRjmpaqoZaYSSoMBjpO75l2O/fk+kooLf6VFI2gEacNqnGGkjde191PVzPA8v4E2Od+Li8UkCW0wMOrF/5CbGyXftrFNwJoB/iTsjWTBDpWt/tnoCRwHhGjOkVNN1Qt2OkdQUM5JkWpEiIcI+GpCmoRwFRLXjySsJPDRKD/aFNMU1nKg/J2IUKDUKPNMZID1U895Y/M9rRrp/3o4pDyNNOJ4u6kcMagHHucAelQRrNjIEYUnNrRAPkURYm/QyJgR3/uW/pFYsuKeF0m0pW76axZEGe+AA5IALzkAZXIMKqAIMHsATeAGv1qP1bL1Z79PWlDWb2QW/YH18Aw6kl/0=</latexit>

ak(n) = O(n2/3 logk�1(n))
<latexit sha1_base64="2IEpxCM2Pj/MbubOtORbkUqtlWc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEurAmtagLFwVBXFawD2hCmEwn7dCZJM5MhBKKG3/FjQtF3PoV7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZyC4tLyyv51cLa+sbmlrm905RRIjBp4IhFou0jSRgNSUNRxUg7FgRxn5GWP7ga+60HIiSNwjs1jInLUS+kAcVIackz9xwW9TxecuS9UGmFH9ujI3gJKyennlm0ytYEcJ7YGSmCDHXP/HK6EU44CRVmSMqObcXKTZFQFDMyKjiJJDHCA9QjHU1DxIl008kLI3iolS4MIqErVHCi/p5IEZdyyH3dyZHqy1lvLP7ndRIVXLgpDeNEkRBPFwUJgyqC4zxglwqCFRtqgrCg+laI+0ggrHRqBR2CPfvyPGlWyvZZuXpbLdauszjyYB8cgBKwwTmogRtQBw2AwSN4Bq/gzXgyXox342PamjOymV3wB8bnD4tSlZg=</latexit>

logm(
p
2m� 1) < 2/3

which is satisfied with m = 7
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Let ak(n) = adversary quantity for k-CS with input length n
<latexit sha1_base64="S1oW6lCHW4R/8J8cKcHoGENbcEQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXmrSFvVYEMSbFewHtrFstpt26WYTdjdCCf0XXjwo4tV/481/47bNQVsfDDzem2FmnhdxprRtf1uZldW19Y3sZm5re2d3L79/0FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0nKhULxb0eR9QN8EAwnxGsjfRwWxSPSfmsMjnt5Qt2yZ4BLRMnJQVIUe/lv7r9kMQBFZpwrFTHsSPtJlhqRjid5LqxohEmIzygHUMFDqhyk9nFE3RilD7yQ2lKaDRTf08kOFBqHHimM8B6qBa9qfif14m1f+kmTESxpoLMF/kxRzpE0/dRn0lKNB8bgolk5lZEhlhiok1IOROCs/jyMmmWS855qXpXLdSu0ziycATHUAQHLqAGN1CHBhAQ8Ayv8GYp68V6tz7mrRkrnTmEP7A+fwAO3Y/j</latexit>

O(n2/3)Computing the signature: 
<latexit sha1_base64="yFfIzi9DUK784UadiTTGKWRgGgo=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovQLiyJFHVZEMSdFewD2hAm02k7dDIJMxOhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hPEnCntON/W0vLK6tp6biO/ubW9s2vv7TdUlEhC6yTikWwFWFHOBK1rpjltxZLiMOC0GQyvJn7zgUrFInGvRzH1QtwXrMcI1kby7cPbIvbT4ak7LooS6vCoj0TJtwtO2ZkCLRI3IwXIUPPtr043IklIhSYcK9V2nVh7KZaaEU7H+U6iaIzJEPdp21CBQ6q8dHr9GJ0YpYt6kTQlNJqqvydSHCo1CgPTGWI9UPPeRPzPaye6d+mlTMSJpoLMFvUSjnSEJlGgLpOUaD4yBBPJzK2IDLDERJvA8iYEd/7lRdI4K7vn5cpdpVC9zuLIwREcQxFcuIAq3EAN6kDgEZ7hFd6sJ+vFerc+Zq1LVjZzAH9gff4AAgqTrA==</latexit>

O(ak�1(n) log n)Composite subproblems:
<latexit sha1_base64="BpxmJB/M2HKu1nsP6lHI8no/iHY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEHrTCnqsiCIywr2AZ0yZNJMG5pkxiQjlGE2/oobF4q49TPc+Temj4W2HrhwOOde7r0niBlV2nG+rdzS8srqWn69sLG5tb1j7+41VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG12O/9UikopG416OYdDnqCxpSjLSRfPvAUw9SpxV+5mbQO4XIH5bEOT/x7aJTdiaAi8SdkSKYoe7bX14vwgknQmOGlOq4Tqy7KZKaYkaygpcoEiM8RH3SMVQgTlQ3nTyQwWOj9GAYSVNCw4n6eyJFXKkRD0wnR3qg5r2x+J/XSXR41U2piBNNBJ4uChMGdQTHacAelQRrNjIEYUnNrRAPkERYm8wKJgR3/uVF0qyU3Yty9a5arN3M4siDQ3AESsAFl6AGbkEdNAAGGXgGr+DNerJerHfrY9qas2Yz++APrM8fbwqVBw==</latexit>p
2m� 1 ak(n/m)Simple subproblems:

<latexit sha1_base64="ABIXkc5zhl3lBjZlg74NhSOreHI="></latexit>


p
2m� 1 ak(n/m) +O(n2/3 logk�1

n) by induction on k

<latexit sha1_base64="9Ag4xe/GH/OMfrjkxYHeOUiHBhI="></latexit>

ak(n)  O(n2/3) +O(ak�1(n) log n) +
p
2m� 1 ak(n/m)So



Summary
We have introduced a divide-and-conquer framework for developing quantum algorithms using 
classical reasoning about division into subproblems, with speedup from quantum combining 
operations and the use of quantum subroutines.

• Can we apply quantum divide and conquer to search problems? For example, is there a 
quantum divide-and-conquer algorithm for minimum finding?

• Can we find applications of quantum divide and conquer using combining functions other than 
AND-OR formulas and SWITCH-CASE?

• Can we obtain super-quadratic speedups using quantum divide and conquer?

Open problems

Applications:
• Simpler analysis for regular language and minimal substring problems with tighter bounds
•             algorithm for k-IS
•               algorithm for k-CS

<latexit sha1_base64="vEJ9ev5Xdu33Dl3tafaiwD2Lfc8=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZREinosCOLNCvYDmlI22027dLOJuxOlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz48F1+A431ZuZXVtfSO/Wdja3tnds4v7TR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6HLqtx6Y0jySdzCOWTckA8kDTgkYqWcXPeCiz/BN2dP3CrA86dklp+LMgJeJm5ESylDv2V9eP6JJyCRQQbTuuE4M3ZQo4FSwScFLNIsJHZEB6xgqSch0N52dPsHHRunjIFKmJOCZ+nsiJaHW49A3nSGBoV70puJ/XieB4KKbchknwCSdLwoSgSHC0xxwnytGQYwNIVRxcyumQ6IIBZNWwYTgLr68TJqnFfesUr2tlmpXWRx5dIiOUBm56BzV0DWqowai6BE9o1f0Zj1ZL9a79TFvzVnZzAH6A+vzBxgrk0Q=</latexit>

Õ(
p
n)

<latexit sha1_base64="YtWINDGPQ7esku6cDQ/qaFDXe2U=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIl7gbg3oMCOLNCOYByRpmJ7PJkNnZZWZWCWs+xYsHRbz6Jd78GyePgyYWNBRV3XR3+TFnSjvOt7W0vLK6tp7ZyG5ube/s2rm9uooSSWiNRDySTR8rypmgNc00p81YUhz6nDb8weXYbzxQqVgk7vQwpl6Ie4IFjGBtpI6da2vGuxTdFMR9Wjo5HR137LxTdCZAi8SdkTzMUO3YX+1uRJKQCk04VqrlOrH2Uiw1I5yOsu1E0RiTAe7RlqECh1R56eT0EToyShcFkTQlNJqovydSHCo1DH3TGWLdV/PeWPzPayU6uPBSJuJEU0Gmi4KEIx2hcQ6oyyQlmg8NwUQycysifSwx0SatrAnBnX95kdRLRfesWL4t5ytXszgycACHUAAXzqEC11CFGhB4hGd4hTfryXqx3q2PaeuSNZvZhz+wPn8Ai0SS6A==</latexit>

Õ(n2/3)


