An Introduction to adiabatic
guantum computation

Andrew Childs
Caltech Institutedr Quantum Inbrmation




Outline

¥Quantum computers
¥Quantum computation and Hamiltonian dynamics
¥The adiabatic the@am
¥Adiabatic optimization
| Examples of success
| Example of failar
¥Robustness of adiabatic QC
I Unitary control error
| Thermal noise



Why quantum computation?

Quantum computers can sah\certain problems dramaticall
faster than classical computers can.

¥ Sinulating quantum ¥ Abelian HSP ¥ Graph traversal
dynamics ¥Some nonabelian HSPs ¥ Approximating dnes
¥Factoring ¥ Shifted Legendrsymbol/ polynomial
¥Discrete log polynomial econstruction ¥ Counting solutions of
¥Pell®equation ¥ Estimating Gauss sums Pnite beld equations

Main guestions:
¥What other problems can w sole faster with a quantum
computer?

¥How can we actual build a quantum computgatespite the
extreme sensitivity of quantum systems to noise?



Quantum cicults

¥Prepae n qubits in the statg0 8340!

¥Apply a sequence of pgln) unitary operations acting on one
or two qubits at a time

¥Measue in the computational basis to get thesult
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U
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Hamiltonian dynamics i%“ (0! = H @) (1)

In the ciicuit modelwe s& a unitay operation can be
Implemented efbciemtif it can be ealized (pproximatey) by a
short sequence of one- and vqubit gates.

What Hamiltonian dynamics can be implemented efbpgrentl
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In the ciicuit modelwe s& a unitay operation can be
Implemented efbciemtif it can be ealized (pproximatey) by a
short sequence of one- and vqubit gates.

What Hamiltonian dynamics can be implemented efbpgrentl
¥Hamiltonians & can diectly realize in the laborator
H = | Hij
ij "

¥Hamiltonians & can efbcientlsimulate using quantum
circuits
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Sinulating Hamiltonian dynamics

DePnition.A HamiltonianH acting onn qubits can be
efPciently sutatedf for any emror " >0 and timet>0 there is a
guantum cicuit U consisting of pgi(n,t, 1/*) gates such that
#U D eéHtg<"

Theorem.lf H is a sum of local term#yen it can be efbcientl
simulated.

Basic ided:ie product formula

e! I((H,y+ ad& H )t — L IH 1 t/r

(e. ééée! IH kt/r)r
+ O(kt*max{! H;!4}/r)



Sparse Hamiltonians

Theorem.Suppose thatdr any bPxed a, we can efpcienl
compute all the nonzervalues ofa|H |b" .(In paticular there
must be ony polynomialy mary such values.JThenH can be
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The adiabatic the@m

Let H (s) be a smoothf varying Hamiltoniandr s<f0,1]
H (s)

H (0)

p! 1
H(s)=  Ej(S)IEj(s)!"E; (9
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The adiabatic the@am

Let H (s) be a smoothf varying Hamiltoniandr s<f0,1]

H(t) = H{/T)

H (0) = H(0)
‘\/\'H(T) - H(1)

p! 1
H(s)=  Ej(S)IEj(s)!"E; (9

=0 where B5(9) < E(9) ! BEx(9 ! " ! Ep-1(S)
H(t) = H (/T ) where Tis thetotal run time
Supposel! (0)! = |Eq(0)!
Then asT$ #, ['Eq(1)|! (T)"]*# 1
For largeT, |! (T)! " |Eq(1)!. But how large nust it be?



Approximatel adiabatic wlution

The total run time equired for adiabaticity depends on the
spectrum of the Hamiltonian.

G: 1 (5) = Ea(s) ~Eols), ! = min ! (s)



Approximatel adiabatic wolution

The total run time equired for adiabaticity depends on the
spectrum of the Hamiltonian.

Ga: I (s)= Eq1(s) —Ep(s), ! = min ! (s)
s! [0,1]
Rough estimates (seerfexample ) Isuggest the
condition
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Approximatel adiabatic wolution

The total run time equired for adiabaticity depends on the
spectrum of the Hamiltonian.

Ga: I (s)= Eq1(s) —Ep(s), ! = min ! (s)
s! [0,1]
Rough estimates (seerfexample ) Isuggest the

condition ,
|

T! — . 14= max: s) "
nmn 9 S| [O,l] ( )

Theorem.

4 oy Hae T nghe g
T !(E)))2 i !((1))2 b s 0

implies’ |! (T)!'" |[Eo(D)!" # "




SatisPabllity pblems

¥Givenh: {0,127 $ {0,1,2,...Jis there a value of <HO0,1} such
that h(z)=07?
¥Alternatively, what z minimizesh(z)?

¥Example3SA. (z1! ! m)" &a" (B! z37! myy)
h(z)=  he(2)

C

where hy(z) = 0 clausec satisbedby z

1 otherwise



Adiabatic optimization

¥Debne groblem Hamiltoniamhose gound state encodes th
solution:

Hp = h(z)|2!" 2|
z! {0,1}"

¥Debne a beginning Hamiltonian whoseugrd state is easy tc

create for example o

Hg =! 1)
j=1
¥ChooseH (s) to interpolate fom Hgto Hp, for example
H(s)= (1! s)Hg + sHp

¥Choose total run timeT so the aolution is neany adiabatic



Please mind the ga

Recall ough estimate:

| 2

2 llll#,I %:
T! —, 1= max - S) -
" 2 S! [0’1] ( )

For H(s) = (1! s)Hg + sHp,
A = IHp " Hpg!
# 1Hg! + I Hp!
Crucial questionHow big 1s%6?
¥$1/poly(n): Efbcient quantum agthm
¥1/exp(): Inefbcient quantum agthm
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Unstructured seach

Finding a needle Iin aysack: h(z) = 0 z=w
1l zEw

(here h:{0,1,..N-1}$ {0,1})



Unstructured seach

Finding a needle Iin aysack: h(z) = 0 z=w
1l zEw

(here h:{0,1,..N-1}$ {0,1})

Query complexity (gign black ba for h)
¥Classicajl ! (N) queries

¥Quantumy, O( N) queries ae sufbcient to bna/
(|z!|a! "# [z!|]a$ h(2)!)

¥This cannot be immved: ! (' N) queries ae necessar



ExampleAdiabatic unstructugd seach

h) = 2 2T o oo h@)ze = 1% |wHdy
1 zEw

Stat in |s! = iﬁ 2

V4

Hg = 1! |s"#s]

H(s)= (1! s)Hg
+ SHp



ExampleAdiabatic unstructugd seach

0 z=w )
h(z) = " Hp = h(z)|z#%| = 1% |w#3v|
1 zEw ;
| 1 y
Statin |s! = “—  |z! ] .
N | zi //((S)
Hg = 1! |s"#s] |
H(s) = (1! s)Hg -
+ SHp 0.2t
0.1 L
: TR



ExampleAdiabatic unstructugd seach

| 0 z=w )
h(z) = " Hp = h(z)|z#%| = 1% |w#3v|
1 zE w ;
| 1 §
Statin |s! = “—  |z! ] .
N | zi //((S)
Hg = 1! |s"#s]|
H(s)= (1! s)Hs (1
0.3r ) N_
+ SHp 0.2t
|/
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ExampleAdiabatic unstructugd seach

| 0 z=w )

h(z) = " Hp = h(z)|z#%| = 1% |w#3v|
1 zE w ;
. 1 W
Statin |s! = ~—  [z! ] ;
N z 0:7— //((S) ;

Hg = 11 |s"#| 50
I-'T(s HB z::_

+ S P 0.2t
H(S) - [1| f (S)]HB O.(1]0 "oh2ﬁﬂﬁol4 0.6 0.8

+ f(S)Hp

[Roland Cerf 2002yvan Dam et aR001]



Examplelrans\erse Ising model

g o ‘ ,
Hp = 5 1! L g+ OagreO
j! Zy

n
Hg = | | 1) with ground state |l = |+ &34+

j =1 '
- = ¥4
H(s)= (1! s)Hg + sHp 21 {0,137

Diagpnalize ly fermionization (@rdan-Wigner transirmation)

1 . . .
Result: ! | = (at critical point of quantum phase transition)

Eo(s! 0)"! |+ &&&+"
Eo(s! 1)"! 55(|0&a80" + |14281")




Examplefhe Fisher poblem

I o H
Hp = ?’ 11 1+ JF1 or 2,chosen randony
il Zn
!n

Hg = ! | )

J =1

Thentypicall 1 | exp(" ¢ n)

[Fisher 1992Reichadt 2004]



Examplefhe Fisher poblem

. . H
Hp 1! 1 )y (L) F1 or 2,chosen randonyl

il Zn
! N

Hg = ! 1)

j =1
Then typicaf | | exp(" ¢ n)
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Robustness of adiabatic QC

Potential souces of eror:

¥Unitary control error
¥Dephasing in instantaneous eigenstate basis

¥Transitions betwen instantaneous eigenstatidsrmal noise



Unitary control error

Adiabatic algrithm depends on ging smoothy from Hg to Hp,
not on the paticular path betveen them.

For smooth peirturbations,we hare no reason to expect the ge
will become smaller rather than largeven if the peturbation
IS not small (povided It Is zeo at the beginning and end of th
evolution).

HO()= H(t)+ K(t)



Emror in the Pnal Hamiltonian

In |
K:_l(S) = C1S ml al (1)
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the interpolation
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High frequency eror
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Thermal noise

EfPcient adiabatic quantum computatiequires that the
mininum g %iIs not too small.

Providedks T << % thermal Buctuations arunlilely to drive the

system out of the grund state So a big ganot only allovs for
adiabaticityput also povides pbtection against thermal noise!

Note: Here It Is impoitant thatH Is the actual Hamiltonian of
the of the quantum computenot just a sinulated Hamiltonian.



Markovian master equations

H=Hg+Hg+!V
Weak coupling limit:! I 1
Product initial state! (0) ! !¢

d!

i i[Hg,!1+ "2K'!
where
KI=1  dxtre[U( X)VUX),[V,I " 1]]
0 )
K' = lim Ay U YK U UE YBUE)

U(X) — e#iX(HS+HE)



Markovian master equatiorof thermal noise

Spins coupled to photons:

V= dgMa"P+g()a "
.0
I
e! Il ' HEe
!E = tr e! ' HE '
b, = lg("p! "a) "pb>"a
Then we bnd ) 0 b a
d! . — L
E:! I[Hs,!l] Nba = e Co! "a)l 1

! ! . .
| ap Noalgsal®"al" " [0 e

. 1
+ (Nab + 1)|gan|*"bl"  Jeal” 3 |
(Jatta|!) + (! |a#ta)) ! 2|bta|! |a#'h)



Implicationsdr adiabatic QC

Decohelence terms a@ suppessed lg a factor

1 |

Nba = g1 1 @' 11

which is ery small povided% << 1/&.

(Note that this eféct is difpcult to see in summations br two
reasons:

¥Simulating open quantum systems &y computationail
Intensiwe, so we can ony consider smallumbers of qubits.
¥Cooling alone mabe a god algrithm.)

Question:ls this @od enough? l.asT = 1/poly(n) reasonable?



Some questions

¥Can we better understand what pblems hge efbcient
adiabatic optimization agthms?

¥When can ve improve the perbrmance ly choosing diffrent
Interpolation paths?

¥Can we increase the obustness of adiabatic quantum
computers ly careful encoding? In pacular can we male
them robust against a small boindependent temperate?



