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1 Codes over fields of arbitrary prime order

Plan:
e higher-dimensional quantum codes

e generalize error basis (Pauli matrices), Clifford group

Motivation:

e sometimes binary is too restrictive,
e.g. [[3,1,2]], does not exist
for alphabet size 3 this exists
e.g. [[9,5,3]], does not exist
for alphabet size 3 this guy exists

o beautiful constructions for higher-dimensional codes (e.g. Reed Solomon codes)
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Example: [[3,1,2]], does not exist ( — assignment 3)

Let’s construct a [[3,1,2]], for any odd d € N. Let

G [V L0 e
2 0 0[0 1 1

and let C be the stabilizer code given by G.

Define the symplectic inner product as
(z,y) * (a,b) = ya — xb

Then
(111\110)*(200|011):2—2:0
Show that this detects any error FE of wt 1.

e One way would be to find an element M € S s.t. [M, E] # 0.

e Here: We can assume that
E = (u 00 | v O )
(o w 0 | 0 w 0) s u,v € Z, (u,v) # (0,0)
(O 0w | 0O ’U)

o

= Compute
u—v 1 1 —v
A1:=G*(u00\v00)= -
—2v 2 0 u
—_————
det=—2
u—v 1 1 —v
AzzzG*(ouO\OUO): -
u 0 1 u
————
det=1
—v 1 0 —v
A3:=G*(00u\00v)= =
u 0 1 u
———
det=1



= can detect all wt 1 errors

& Ay, As, Ag are invertible if we compute mod d
& det A; is invertible

< 2 is invertible in Z/pZ

< dis odd

Result: for any odd d € N there exists a [[3, 1, 2]], stabilizer code.

Recall: GF(p) is the set {0,...,p — 1} equipped with usual “+”, “” mod p, p prime.

Definition: (Error bases)

Let p be a prime. Then define

p—1

Xy = Z|x+a><x| for « € GF(p)
=0
p—1

Zz = Zw52|z><z| for 5 € GF(p)
z=0

2ms
where w, = exp »

These operators are also called “Weyl operators”.

(for GF(q), ¢ =p":

X, = z |z + a){x| for « € GF(q)
z€GF(q)

Zs = Z w;’"(ﬁ'z)\z><z| for B € GF(p)
z€GF(q)

Theorem: Let p be a prime.
(i) Yo, B: Xo-Zg = wp_o‘BZg - Xa
(i) Yo, o, B, B (Xa - Zs) - (Xor - Zg) = wS P~ (X o - Zr) - (Xa - Zp)

(i) The set {XoZg : «,B € GF(p)} is an orthonormal basis for CP*P with respect to the inner
product

— Lat
(4.B) = ~tr(A'B)



Proof:
(i) We have to compute
XaZsXg' = Qo lr+a)a)Qo w2 12 e + al)

= Zwﬁ'ﬂx + a){x + «f
= Y
— Zw;aﬁwg'm\@(ﬂ
= w, P Wl |a)(al
= w;("ﬁZg

(ii) direct consequence of (i)

(iii) To show:

(a) if (o, B) # (o, 3'), then tr((XoZs) (X Zs)) # 0.

(b) This will follow if we can show that tr(X,Zg) # 0 iff (o, B) # (0,0)

We compute
1 1 5oz
];tr(XaZB) = Oz +a)a))(D_wp#l2)(z])
1 .
= Etr(z wf Fle + a)(z|)
152
— , wa“ (x + alx)
=0
6& 0

= 00,0080

Definition: Let p be a prime, X,, Z3 as above.
For &, f3 € GF(p)"™ define

Xg = Xo, ® - ®Xaq,
Zs = 4p,®---Q4,



Remark: “Everything holds for the Xz, Z 5 as well.”
This means

n ’

. = alﬂliabﬁi
(1) (Xa'Zﬁ)'(Xﬁ/'Zﬁ'):wP ! (X&,.ZE').(X&.ZB)
(ii) similarly

(iii) The set {X&Zﬁ L&, e GF(p)"} is an ONB for CP"*7".

Definition: (Pauli group, Clifford group)

Pop = (XaZz:d, feGF(p)")

Cnp = Nupm)(Pnp)

Definition/Theorem: (famous elements of C, )

() DFT == L%, wile)(e]

(i) Pi=Y,wp 7 |2)(z]
(iii) ADDU2) = 3 la)1]a + y)a{als (yl:
(iv) M, := Y125 lv)(y| for v € GF(p)

Proof:

(i) We have to show that DFTT E DFT is again a Pauli matrix (for all E € Py ,)
1 y 1

(—= 2w TGN wpFl=) =D (== Y wp'lk) ()
7 ZJ: " 2 7 ; ’

1 .
— ; Z w}()—zz—',—ﬁz—&-zl) |Z> <l|

i,z

S DD S s A LT
il

z

DFT' Zs DFT

0 if —it+B+I£0

p if  —itBHl=0i=F+]



Similarly, we can show: DFTT X, DFT = Z;' = DFT acts on (a|3) € GF(p)? as the matrix

0 -1
1 0

Or the other way round with conjugation U — UEUT

XD'E)TZ
7 - X!

(Exercise): Show that

1
(ii) P acts like ,

1 0 00 ay a1

0 1 01 B | | Bitpe
-1 0 1 0 o) B —a1 + Qg
0 0 0 1 B2 B2



