Solution Set #3

CO 639: Quantum Error Correction
Instructor: Daniel Gottesman

Due Tues., Feb. 24

Problem 1. Clifford Group Manipulations

a) We wish to calculate (C-U)P(C-U'), where C-U is either the controlled-Z gate or the controlled-Y
gate, and Prunsover X ® I, I® X, Z® I, and I ® Z.

We can see that C-Z, which is a diagonal matrix, commutes with Z ® I and I ® Z, which are also both
diagonal. C-Z also acts the same way on the first or second qubit (phase of —1 iff both are 1), so we
only need calculate its action on X ® I. We do so by considering the overall matrix acting on a basis

state (keeping close attention to phases):

(C-2)(X ® I)(C-Z)|a,b) =

We can recognize this matrix action as X ® Z. Thus, under C-Z:

(—1)**(C-2)(X ®@ I)a, b) (1)

= (=1)®(C-Z)|a ®1,b) (2)

_ (_1)ab+(u®1)b‘a@17b> (3)

= (=1’la®1,b). (4)
Xl - XoZ (5)
Zol — Z®I (6)
IeX — Z0X (7)
I®Z — I®Z (8)

Thus, the C-Z gate is in the Clifford group.

We have to do a bit more work to calculate the behavior of the C-Y gate. It commutes with Z ® I,

but not with X ® I:

(C-Y)(X ®I)(C-Y)|a,b)

The last equality follows because one of a and
identifiable as X ® Y. For I ® X:

(C-Y)(I © X)(C-Y)|a, )

i(=1)®(C-Y)(X @ I)|a,b® a) (9)
i(—=1)*(C-Y)|a @ 1,b @ a) (10)
ia+(a@1)(_1)ab+(a€9l)(a@b) ‘a @ ]_7 b @ 1> (11)
i(—1)’la® 1,0 @ 1). (12)

(a®1) is always 0 and the other is 1. This operation is

= i*(=1)?®(C-Y)(I ® X)|a,b® a) (13)
= (=1D)®(C-Y)|a,b®a®1) (14)
_ i2a(71)ab+a(b€9a€91)|a7 b 1> (15)
= (=1)%a,b@®1). (16)



We can thus identify this operation as Z ® X. Finally, for I ® Z:

(C-Y)I ® Z)(C-Y)|a,b) = i%(=1)®(C-Y)(I® Z)|a,b® a)
= i%(—1)%T@®)(CY)|a,b & a)

= (e e g, )

= (=1)"*"a,0).
This is Z ® Z. Thus, under C-Y:
Xl — XY
Z@I — Z®I
IX — ZeX
I®7Z — Z®Z

Thus, C-Y is also in the Clifford group.

b) We start with the standard values for the Xs and Zs:

X X®IxI
Xy I®oX®l
X3 I®I®X
Z, ZoIal
Zy 1I®Z11
Zy I®I®Z
After the first CNOT gate, we have:
X, X®Ixl
Xy, X®X®I
X; I®I®X
Z, Z®Z®I
Zy, 1®Z®1
Zy I®I®Z.
After the Hadamard gate, we have:
X, XoIel
X, X®ZeI
X; I®I®X
Z, ZeX®I
Zy I®X®I
Zy I®I®Z.
After the first C-Z gate, we have:
X, XQIxI
X, X®Zel
X; I®0Z®X
Zy ZeX®Z
Zy I®X®Z
Zy I®l®Z.
After the second C-Z gate, we have:
X1 X®zZel
X X@I®l
X; I®Z®X
7, IeX®Z
Zy, Z0X®Z
Zz I®I®Z.
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And then, after the final CNOT, we have:

X X®ZX
X, XI®X
X3 I®Z®X
71 ZIR3XQZ
Zy I®X®Z
Zs Z®I®Z.

c) We notice that the initial state [000) maps to a +1-eigenstate of the three final Z operators, namely
(1000) 4 |010))/+/2. Thus, the first column of the matrix has entries 1/v/2 in the 000 and 010 rows and
is 0 elsewhere. Applying the X operators, we get the other columns:

1 0 0 0 0 0 1 0
01 00 0 0 0 1
1 0 0 0 0 0 —10

1 lo-1t0o 0 0 0 0 1

V210 0 0 1 0 1 0 0 (31)
00 1 0 1 0 0 0
00 0 -1 0 1 0 0
00 1 0 -10 0 0

d) The evolution of X is the same as the X; above, and the evolution of Z is the same as Z; above. The
stabilizer generator I ® X ® X becomes X ® Z ® I, and the generator I ® Z ® Z becomes Z ® X ® I.
Thus, we find:

X - X@ZoX=IIX (32)
7 — ZXZ=IkI1x®Z. (33)

That is, the logical qubit ends up in the third register after this circuit.

Problem 2. Generating the Clifford Group

a) This follows immediately from a lemma I proved in class: If we let u; be the 2n-bit binary vector
corresponding to X; and v; be the 2n-bit binary vector corresponding to Z;, then there exists a 2n-bit
binary vector w with symplectic inner product s; with u; and symplectic inner product ¢; with v;. Then
the Pauli operator E corresponding to w changes the phases of X; — (—1)%X; and Z; — (—1)%Z;.
Then if U changes X; — X;, Z; — Z;, then EU is the desired Clifford group operation.

b) We start with H (X — Z, Y — =Y, and Z — X) and P (X —» Y, Y — —X, and Z — Z). These
perform the permutations (13) and (12) on the ordered set (X,Y, Z). These two permutations generate
all of S3, so the other 4 are definitely possible. I give explicit constructions below:

e (): No change; this is the identity operation.
e (23): HPH, maps X — X, Z +— —Y (so Y — Z). Call this gate Q.
° (

(

123): HP, maps X — =Y, Z— X (so Y — Z). Call this gate T.
132): PH, maps X — Z, Z — Y (so Y — X). This gate is equal to XT?.

Also note that P2 = Z, HP?>H = X, and HP?HP? = —iY.

c) The SWAP gate is constructed via the following circuit:



)

We follow the evolution of X; and Z; as follows:

X, X®I XoX I®X I®X
X, IeX _ IeX _ XX _ Xl (34)
7w Z®I Z®1 Z®7 I®Z
Zy I®Z ZQ7Z ZQI Z®I

The overall operation can thus be seen to be the SWAP gate.

The C-Z gate can be written as just (I ® H)CNOT(I ® H). The C-Y gate can be written as (I ®
P)CNOT(I ® P?) (with P3 = PT). Alternatively, we could expand C-Y = P(C-Z)CNOT, and then
expand C-Z as above. (We have a P in this expansion because Y = iXZ, not XZ.)

I picked redundant notation for this problem; let us use Ry and R; instead of the Pauli operations P
and Q. (They still get mapped to X ® P’ and Z® Q'.)

First, note that since {Ro, R1} = 0, there exists at least one qubit on which Ry and R; differ, and
on which neither is the identity. Then by performing a series of SWAPs, we can make this register
the first qubit. Suppose Ry on this register is A and R; on this register is B. Then by performing a
one-qubit Clifford operation, as per part b, we know that we can map A+— X and B+— Z, as A # B
and we can perform all possible permutations of X, Y, and Z. The net effect is to map Ry — X ® P’
(for some Pauli P') and Ry — Z ® Q' (for some Pauli Q’).

We wish to map X; — X ® P’ and Z; — Z ® @’ for the specific P’ and Q' we are given. Now,
one feature CNOT, C-Y, and C-Z all have in common is that they leave Z ® I invariant. Thus, if we
perform CNOT from qubit 1 to qubit ¢ (¢ > 1) whenever the ith qubit of X ® P’ is X, perform C-Y
whenever the ith qubit of X ® P’ is Y, and perform C-Z whenever the ith qubit of X ® P’ is Z, then
we map X1 — X ® P’ and Z; — Z® 1. Then let us perform H on the first qubit so that X; — Z @ P’
and Z; — X ® I, and do the same procedure for @Q’.

This maps Z; — X ® @', but what happens to the image of X;? All of these gates leave Z ® I alone,
but many of them act on the second qubit. However, we note the following fact: CNOT, C-Y, and
C-Zleave I® X, I®Y, and I ® Z alone. That is, the controlled-E operation leaves I ® E invariant
when E is a Pauli matrix. Furthermore, the controlled-E operation maps I ® F' to Z ® F' whenever
FE and F are distinct nonidentity Pauli operators. Finally, X; and Z; anticommute, but so do X and
Z,s0 P and Q' anticommute. Therefore P’ and )’ contain different nonidentity Pauli matrices on an
even number of places, so the controlled gates for Q' produce an even number of Zs in the first qubit
of the image of X;. They therefore cancel out, and X; — Z @ P’.

Then we again perform H on the first qubit, and we have the desired transformation. Since C-Y and
C-Z are both products of H, P, and CNOT by part ¢, we have the desired decomposition.

X; commutes with both X; and Z1, so UlT (X;) commutes with both Uf (X1) = X; and g(?l) = 7.
Any operator that commutes with both X; and Z; must be of the form I ® R;. Similarly, Z; commutes
with both X and Z4, so UlT(Zi) must be of the form I ® S;.

When i # j, (X, X;] =0, so the images under U{r also commute, meaning [R;, R;] = 0. Similarly,
(Z:,Z;] =0,s0[S;,S;] =0, and [X;, Z;] =0, so [R;,S;] =0. In addition, {X;, Z;} = 0, so the images
under U{r must anticommute, meaning {R;, S;} = 0.



Suppose then that V5 acts on n—1 qubits maps X; — R; 1 and Z; — S; 1. (So I®V, maps X; — IQR;
and Z; — I ® S;.) Then Uy (I ® V) performs the transformation

X - X3 - X®P =X, (35)
Z, — Z1 —-7Z0Q =27, (36)
X;i— IR, —X,; (i>1) (37)
Zi— I®S;, —Z; (i>1), (38)

as desired.

Suppose we are given an arbitrary transformation X; — X; and Z; — Z; on n qubits, and suppose we
already know how to break down any (n — 1)-qubit Clifford group operation into H, P, and CNOT.
Then by part d, there exists some series W, of H, P, and CNOT that maps X; — X ® P’ and
Z1 — Z ® Q. Suppose Wi maps X; — Y; and Z; — 72. We know by part g that there exists a
Clifford group operation U (I ® V2) which maps X; — Y; and Z; — 72. Thus, W] Uy (I ® Va) maps
X; — X; and Z; — Z;. We know how to write U; and WlT as products of H, P, and CNOT, and
by induction, V5, which acts on n — 1 qubits, is a Clifford group operation and can be written as a
produt of H, P, and CNOT also. Since we proved the base case of n = 1 in part b, this completes the
induction.

Counting gates, we find that T involves only a constant number of gates, and U involves O(n) gates.
Since we need n recursion steps (getting Us, Us, ..., U,), we have a total of O(n?) gates.

We wish to find a Clifford group operation mapping

Zi, - XQZ®ZQXQI (39)
X, — Z@I®ZeIl (40)
Zy — IQXQZ0Z®X (41)
X, - XZoXY X (42)
Zs — XQIXQZQZ (43)
Xs — ZQY®ZRI®Y (44)
Z, — ZQXQI®X®Z (45)
Xe — ZRZIQRZQY ®X (46)
Zs — Z®ZIQIZIQ®ZIQZ (47)
Xs - XXXQXQ®X. (48)

We don’t particularly care what happens to X, X3, X3, or X4, but we had to choose something, and
they must have the right commutation relationships with the other operators. I chose values which
disagreed with the corresponding Z;s on the ith position to minimize the number of SWAPs necessary
in the circuit.

We can choose Wi = Hy,sothat X1 — X ®IQ2Z0I®Tand Z1—- 272 7Z® X ®I. Then we
should choose Uy = H; C-Z(1,2) C-Z(1,3) CNOT(1,4) H; C-Z(1,3). We are left to perform I ® V5
which maps

Zy — IRXQ®Z®RZ®X (49)
X, - —IQIQY®Z®X (50)
Zs — IQRZRYQYQ®Z (51)
X3 — IQY®RZQIQY (52)
Z, — IXQI®X®Z (53)
X, —» I®Z0ZY®X (54)
Zs — IQRZQ®ZIQZRQZ (55)
X;s — —-IYRY®IeX. (56)



Now, despite our efforts in choosing the X;s, we still have to perform a SWAP operation to get Xo
and Z, to disagree on the second position: We must choose Wy = P, SWAP(2,3). Then X5 +—
X®I®Z®X and Zy — Z® X ® Z® X (omitting the first qubit). We should therefore choose
U, = Hy CNOT(2,3) C-Z(2,4) CNOT(2,5) Hy C-Z(2,4) CNOT(2,5). Then, to find I ® I ® V3, we act
on the images of V5 by U2T Wy to get

Zs — —IQIQZQY ®Z (57)
X3 — - IQI®ZIRZQZ (58)
Zy — I®IRX®X®Z (59)
Xy - -I®IY®X®I (60)
Zs — —-IQIQY®I®Y (61)
X - I®IQY®I®X. (62)

For W3, we should choose W3 = T3 X3 SWAP(3,4). (The X makes the signs positive for X5 and
Z3.) Then X3 — IQI®XQ®Z®Z and Z3 — IQRIQ®RZ® Z® Z. We then choose Uz =
Hs C-7(3,4) C-Z(3,5) Hs C-Z(3,4) C-Z(3,5). We act by Ui Ws to find for the action of I @1 ® I ® Vj:

Zy — -I®IQIQY®I (63)
Xy - -I0I®I®oX®Z (64)
Zs — —IQIQIQYQ®Y (65)
X; — I®I®I®Y®X. (66)

We now pick Wy = Q4 Z4, meaning X, — IQIRIX®Zand Z — I®I®I1I® Z®I. Then
Uy = C-Z(4,5), and the action of I @ I @ [ ® I ® V5 is:

Zs — IIIeIY (67)
Xs — —II®I®IxX. (68)

We then recognize Vs as Q5 Ys = Hs Ps Hs Ys.

Now we can put everything together: The overall encoding operation will be WlT Uy VV2T Us WBJr Us Wi U, Vs,
which has the following circuit:

=

=

=

We could, of course, replace C-Z, (), and T in this circuit with their constructions from H, P, and
CNOT to get a circuit involving only those gates.



Problem 3. Using the Quantum MacWilliams Identity

a)

When the QECC has a basis |i) of encoded states, we can write

A = o S| E)
Eq

%

Bi = o S |GAEMI

Eq 4,

2

)

(69)

(70)

Clearly both of these are nonnegative numbers. When d = 0, the only term in the sum is £ = I, and

<2|Ed‘3> = 574] ThUS, AO = BO = 1.
The Cauchy-Schwarz inequality says that

-1 < 7|91

(71)

Let a;; = (i|E.|j). Let & be a 22*-dimensional complex vector with entries «;;, and let i be a 22k-
dimensional vector with entries equal to (1/2%)8;; (that is, 0 when i # j and 1/2* otherwise). Then

we have

2
D a/2F| <Y fayP /2,

which implies that Ay < By.

If the code has distance d, then the QECC conditions say that for wt(E) < d,
(i Elj) = C(E)dy;.

Thus, for ¢ < d,

1
A, = ﬁZQQ’ﬂC(EC)F,
E.

1
Be = o 2MC(E)P,
E.

and A. = B..
The quantum MacWilliams identity tells us

B(z) = By+ Biz+ Boz? + B32®

— i(1+3z)3A<1_Z>

1+ 3z

= i [Ao(1+32) + A1(1 — 2)(1 +32)2 + Az(1 — 2)2(1 + 32) + A3(1 — 2)%] .

We calculate the coefficients of powers of z and compare, getting the following constraints:

4By = Ao+ Ay + Ay + As

4By = 9Ag+5A; + Ay — 343
4By = 27Ag+3A; —5As + 34,
4By = 27Ag—9A; + 345 — As.

(72)



With the additional constraints By = Ag = 1, By = A1, By > Ay, and By > Az, we are reduced to
two linear equalities and two linear inequalities for three variables:

A+ Ay + A3 = 3 (83)
A+ Ay—345 = -9 (84)
3A; —9Ay + 345 > —27 (85)
—9A; +3Ay —5Ay > —2T. (86)

The first two equations tell us that A3 = 3 and As = —A;. The only possible solution with both A;
and A nonnegative is therefore (Ag, A1, A, A3) = (1,0,0,3). Indeed, this solution satisfies the two
inequalities.

Problem 4. The Quantum Shadow Enumerator

a) The definition of Shy is

1
Sha = o > Tr(EJIE)Y "I Y ®n). (87)
Eq
For a general QECC,
1 - = o @m 1

Sha = g5 YD (B |G Y e Eali) (88)

Eq i,
= G R, (59)

Eq 1,

where |3*> is the state vector of |j) with the coefficients in the standard basis complex-conjugated.
ol il

This is still a perfectly valid state vector, so the absolute value squared of (j |Y®"E,|i) remains a

nonnegative number, and Shy > 0.

For a stabilizer code, we write Il = Y, /oo M/2"7F so II* = 3" - «(=1)¥™ M /2"~F where y; is the

number of Y operators in the tensor product description of M. Then

YyRn[ry®n _ 2n17k Z (_1)96M+yM+ZMM — Qn%k Z (_1)Wt(M)M’ (90)

MeS MeS

where ;7 is the number of Xs in M and zj; is the number of Zs in M. Also,

- 1
EJIE} = T E (71)C(M’Ed)M, (91)
MeS

where ¢(M, E4) is the symplectic inner product between M and E; — that is, 0 when they commute
and 1 when they anticommute. Therefore,

Tr(EdHEly(@nH*Y@n _ 22n T Z C(M Ed)+wt(M) (92)
MeS

Suppose Eq € Sh(S). Then ¢(M, Ez) +wt(M) = 0 mod 2 for all M € S, and the trace gives 2*.

Suppose on the other hand, E4 & Sh(S). Then M € S with ¢(M, E;) + wt(M) = 1 mod 2. Let N be
another element of S. We know M and N commute. Let us suppose M and N both act nontrivially
on some set of [ qubits, and that wt(M) =m + 1, wt(N) =n+ 1. Then wt(MN) =m +n+1', where
I’ is the number of qubits on which M and N act nontrivially but differently (e.g., M is X and N is
7). However, we know that !’ must be even, since M and N commute, so

wt(MN) mod 2 =m+n = wt(M) + wt(N) — 2] = wt(M) + wt(N) mod 2. (93)



Also, ¢(MN, E;) = ¢(M, Eg)+c¢(N, Ey), so the value of ¢c(M N, Eg) +wt(MN) is opposite the value of
¢(N, Eq)+wt(N). Therefore, in this case, exactly half of the elements of S satisfy ¢(M, Eq) + wt(M) =
1 mod 2 and half satisfy ¢(M, Eq) +wt(M) = 0 mod 2, so Tr(EJIEIY©"T*Y @) = 0,

That is, the trace is 0 when E; ¢ Sh(S) and it is 2 when E; € Sh(S). Thus, Shy is equal to the
number of elements of Sh(S) of weight d.

Suppose S is real, so all operators in S contain an even number of Y's. Then elements of Seyen contain
an even combined number of Xs and Zs, and elements of Syqq contain an odd combined number of
Xs and Zs. But Y®" will commute with an operator M iff the combined number of Xs and Zs is
even. Therefore, Y®” commutes with all elements of Seyen and anticommutes with all elements of Syqq,
meaning Y®" € Sh(S).

Now suppose Y®" € Sh(S). This means that elements of Seyen contain an even combined number of
Xs and Zs, and elements of Syqq contain an odd combined number of Xs and Zs. But that means
that elements of both Seven and Sy,qq contain an even number of Y's, so the code is real.

Using the hint,
: L 3n

But A(1/3) = >, Aa(1/3)%, and Ay = 1, A4 > 0, so A(1/3) > 0. Therefore, Sh,, > 0. By part a, we
know that for a stabilizer code, Sh,, is an integer, and is equal to the number of elements of weight n
in Sh(S), so in particular, Sh(S) contains at least one element of maximum weight.

The main observation is that when U is a single-qubit operation, then for all M € P, U(M) has
the same weight as M. Thus, U(Seven) = [U(S)]even and U(Sodaa) = [U(S5)]oada- Then Sh(U(S))
contains those F's that commute with elements of U(Seven) and anticommute with elements of U (Syda)-
But if F = U(F), then this is equivalent to saying that E commutes with elements of Seyen and
anticommutes with elements of Soqq. That is, F' € Sh(U(S)) it F = U(FE), with E € Sh(S). Therefore,
Sh(U(S)) = U(Sh(S)).

If U is a CNOT or other multiple-qubit operation, it can change the weight of operators, and therefore
the relation need not hold. So, for instance, the [[2,0]] stabilizer code with generators Z® I and I ® Z
has shadow {X @ X, Y @Y, X ®Y,Y ® X}. After a CNOT, we have the same stabilizer, but applying
the CNOT to the old shadow gives us {X ® I, - X ® Z,Y ® X, X ® Y}, and the first two elements are
not in the shadow any more.

By part ¢, Sh(S) always contains at least one element E of weight n. Via some tensor product
U of one-qubit Clifford group operations we can transform E into Y®" (cf. problem 2b). Thus,
U(Sh(S)) = Sh(U(S)) contains Y®". By part b, this implies that U(S) is a real code; this shows that
S is equivalent to a real code. (Recall that equivalent codes are related by permutations of the qubits,
which we do not use here, and single-qubit unitary operations.)

We find
Sh(z) = Sho+ Shiz+ Shgz? + Shz2® (95)
1
= 3 [Ao(1+32)° + A1(z — 1)(1 4 32)> + A2(2 — 1)*(1 4+ 32) + A3(z — 1)] . (96)

As before, we match the coefficients of powers of z to get

4Shy = Ag— A1+ Ay — As (97)
4Shy = 9Ag—5A; + Ay + 345 (98)
4Shy = 27Ap—3A; —5A; — 3A3 (99)
4Shy = 27TAg+9A4; +3A; + As. (100)

Recalling that the only solution from 3c was (Ag, 41, A2, A3) = (1,0,0,3), we see that the shadow
enumerators would give us (Shg, Shy, Sha, Shs) = (—2,18,18,30)/4, but since Shy < 0, they do not
satisfy the appropriate constraints, and therefore no [[3, 1, 2]] QECC can exist.



