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I ntroduction

The gradient of an image measures how it is changing. It provides two pieces of
information. The magnitude of the gradient tells us how quickly the image is changing
while the direction of the gradient tells us the direction in which the image isingang

most rapidly. To illustrate this, think of an image as like a terrain, in whictchtpsant

we are given a height, rather than an intensity. For any point in the terraiiirettteon

of the gradient would be the direction uphill. The magnitude of the gradient would tell us
how rapidly our height increases when we take a very small step uphill.

Because the gradient has a direction and a magnitude, it is natural to encode this
information in a vector. The length of this vector provides the magnitude of the gradient
while its direction gives the gradient direction. Because the gradient maydrerdift

every location, we represent it with a different vector at every imagedacati

Computing the Gradient

We'll begin by showing how to compute the gradient at an image location. Then we’ll
show that the thing that we compute actually does encode the gradient direction and
magnitude. We form the gradient vector by combining the partial derivatihe ahage

in thex direction and thg direction. We can write this as:
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To explain this, let’'s review partial derivatives. When we take the partightiee of|
with respect tx we are determining how rapidly the image intensity changes as
changes. For a continuous functibx,y) we could write this as:
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In the discrete case, we can only take differences at one pixel inteBaise can take
the difference betwedi(x,y) and the pixel before it, or the pixel after it. Or, as we
discussed in the class notes on correlation and convolution, in the secliakiran
Derivatives with Correlation we can treat the pixels before and afgly) symmetrically,
and compute:

ol(xy)  1(x+1ly)-1(x-1y)
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By similar reasoning, we can also compute:

ol (x,y) - [(x,y+D)—1(x,y+1)
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Combining these with the first expression in this section gives us a compléetdnfat
computing the image gradient.

Properties of the Gradient

As we have computed it, the gradient seems to be a vector that describes how logiickly t
image changes when we move in eithentloe they direction. But what happens when

we move in other directions? When we use derivatives to answer a question like this, it
means that we are considering how the image changes véti amall movement in
position. We will see that the gradient allows us to answer this question.

Let's consider how the image changes as we move from poéiyomy a small amount,
A, in an arbitrary directiof, which will take us to the positigpt+ A cos 6, y + A sin 6).
At (x,y) the image intensity igx,y). First, from calculus, we know that4fis small then
we will have:

| (x+Acosd,y) = 1(X,Y) +Acos¢9w
X

That is, as we move a little in tladirection, the change in intensity is the distance we've
moved times the derivative of the intensity with respect ta theection. This is exactly
what the derivative is for, to tell us how intensity changes as we move.a (it¥e could
also say we've taken the Taylor series expansion, and dropped higher order B3yms
the same reasoning, we have:

| (x+Acosd, y +Asing) = | (x+Acosd, y) + Asing 2 (aX, y)
y
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This derivation assumes that the derivativé @desn’t change much if we move a small
amount in the image.

We can rewrite this formula. First, we define:
v = (Acosf,Asind)

vis a vector that encodes how we’'ve moved in the image. Then we can rewrite the
previous formula as:

| (x+Acosd, y+Asing) - 1(x,y) =(v,0l)



This tells us that the change in intensity as we move by a small amount in thecanage
be found by taking the inner product between the gradient and a vector that dekeribe
movement.

This way of looking at things allows us to answer some questions, using the important
formula for the inner product:

(v, w) = [Mjw|cosr

whereaq is the angle between the two vectarandw.

For example, we would like to know what direction we can move in so that the image
changes as much as possible, that is, what direction is uphill? We know thatefiemndiff
choices ofv, <v, 01> is proportional to the cosine of the angle betweand [I1, and

will have its maximum value when this angle is 0, wh@oints in the direction ofJ 1.

So the direction of]1 is the direction in which the image changes most. Also, we know
that if vis a unit vector in the direction &f I, then the amount the image intensity will
change will be: [II||, because ||v||=1 and @os 1. Therefore the magnitude of the
gradient tells us the amount that the image intensity is changing wheoweemthe
direction of greatest change.

A second interesting point is thawifs perpendicular tall then the inner product
between the two is zero. This means that the image intensity doesn’t chahgéanal
we move in that direction.

Conclusions

There are two things we're trying to convey with this note. The first is bothetf

computing the image gradient. This is done by computing the image derivativexin the
and they directions, and then combining these into a vector. The second point is that the
direction of this vector is the direction in which the image is changing mostyragi

the magnitude of this vector is the rapidity with which the image is changingin thi
direction. It is not obvious (at least to me) that these two ideas would be conneded. |
interesting that by taking image derivatives in two, essentidiiyrary directions, we

wind up with a vector that tells us where and how quickly the image changes, in such a
direct way.

The image gradient is important in boundary detection because images often change most
quickly at the boundary between objects. In class we will see how to use thatgiadie

find edges, which we define as places where 1) the magnitude of the image gsadient i
high; and 2) it is higher than the gradient magnitude at other locations thatleee in t
direction of the gradient.



