
The Solving of Fermat’s Last Theorem

Karl Rubin
Edward and Vivian Thorp Professor of Mathematics

1

1

1

1

1

March 20, 2007
Physical Sciences Breakfast Lecture

Karl Rubin (UC Irvine) Fermat’s Last Theorem PS Breakfast, March 2007 1 / 37



Pythagorean Theorem

C
A

B

A2 + B2 = C2

32 + 42 = 52

52 + 122 = 132

82 + 152 = 172

392 + 802 = 892

· · ·
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Plympton 322
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Plympton 322
(A) B C angle
120 119 169 45.2◦

3456 3367 4825 45.7◦

4800 4601 6649 46.2◦

13500 12709 18541 46.7◦

72 65 97 47.9◦

360 319 481 48.5◦

2700 2291 3541 49.7◦

960 799 1249 50.2◦

600 481 769 51.3◦

6480 4961 8161 52.6◦

60 45 75 53.1◦

2400 1679 2929 55.0◦

240 161 289 56.1◦

2700 1771 3229 56.7◦

90 56 106 58.1◦
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Diophantus
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Fermat
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Fermat
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Fermat’s Last Theorem

“It is impossible to separate a cube into two cubes,

a3 + b3 = c3 has no whole number solutions

or a fourth power into two fourth powers,

a4 + b4 = c4 has no whole number solutions

or in general any power greater than the second into two like
powers.”

Fermat’s Last Theorem
If n > 2 then an + bn = cn has no whole number solutions.
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Fermat’s Last Theorem

“I have discovered a truly
marvelous proof of this,
which this margin is not
large enough to contain.”
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Fermat’s Last Theorem
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Early progress

exponent solver year
4 Fermat ∼ 1640
3 Euler 1753
5 Legendre 1825
7 Lamé 1839

<37 Kummer 1847
<100 Kummer 1857

<125,000 Wagstaff 1978
<4,000,000 Buhler et al. 1993
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Heuristics

If n is large, then a large integer is very unlikely to be an n-th
power.

The probability that an + bn is an n-th power is less than
1/bn−1.

If an + bn is an n-th power, then a, b ≥ n.

So the probability that some an + bn is an n-th power, for
some exponent n ≥ 4,000,000, is less than∑

n≥4,000,000

∑
a≥n

∑
b≥a

1
bn−1 < 10−26,000,000.
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Heuristics

By this argument, the chance that Fermat’s Last Theorem is
false is less than 1 in 26,000,000.

This might be enough to convince someone, but it is not a proof
of Fermat’s Last Theorem!

What if Fermat’s Last Theorem were true just for “probabilistic”
reasons, and not for a “structural” reason that could lead to a
proof?
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Elliptic curves

An elliptic curve is a curve defined by an equation of the form

y2 = x3 + Ax2 + Bx + C

with integer constants A, B, C.

The elliptic curve y2 = x3 − x was studied by Fermat.
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Elliptic curves
y2 = x3 − x

(−1, 0) (0, 0) (1, 0)
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Elliptic curves

Theorem (Fermat)
The only pairs of rational numbers (fractions) x and y that
satisfy the equation

y2 = x3 − x

are (0, 0), (1, 0), and (−1, 0).

Fermat used this fact to prove that a4 + b4 = c4 has no whole
number solutions. It was one of the few complete proofs that he
did fit in the margin of his Diophantus.
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Elliptic curves

Problems mathematicians study about elliptic curves:

Given an elliptic curve,
–find all solutions in integers x , y ,
–find all solutions in rational numbers x , y .

Study the collection of all elliptic curves by classifying their
important properties.
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Elliptic curves and Fermat’s Last Theorem
Suppose Fermat’s Last Theorem is false, so there are a, b, c,
and n ≥ 3 such that an + bn = cn. Define an elliptic curve

Ea,b,c : y2 = x(x − an)(x + bn).

Idea (Frey, 1985)
The elliptic curve Ea,b,c has such
strange properties that it cannot exist!

If correct, Frey’s idea shows that no
such a, b, c, and n can exist, and
hence Fermat’s Last Theorem is true.
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Modularity
An elliptic curve can be modular.

Conjecture (Shimura, Taniyama, ∼1960)
Every elliptic curve is modular.
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Modularity

Theorem (Ribet, 1986)
If an + bn = cn, then Ea,b,c is not
modular.

This finally reduces the truth of
Fermat’s Last Theorem to a
“structural” question about
elliptic curves!
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Modularity

Theorem (Wiles +, 1994)
If A and B are whole numbers,
then the elliptic curve

y2 = x(x − A)(x + B)

is modular.
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Modularity

Proof by contradiction:

If Fermat’s Last Theorem is false, then there are a, b, c and
n ≥ 3 such that an + bn = cn. If so, then:

Theorem (Ribet)
Ea,b,c is not modular.

Theorem (Wiles)
Ea,b,c is modular.

This contradiction shows that no such a, b, c, n can exist, so
Fermat’s Last Theorem is true.
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Timeline

Summer 1986
After Ribet’s work, Wiles begins to work on the
Shimura-Taniyama conjecture.

Spring 1993
Wiles completes draft manuscript of his proof.

June 21-23, 1993
Wiles announces his proof in three lectures on Modular
forms, elliptic curves, and Galois representations at a
workshop at the Newton Institue in Cambridge, England.
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The announcement
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The announcement
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Timeline

Summer 1993
A small number of people check Wiles’ manuscript.

Autumn 1993
Rumors circulate of a “gap” in Wiles’ proof.

December 1993
Wiles announces gap.
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The “gap”

Karl Rubin (UC Irvine) Fermat’s Last Theorem PS Breakfast, March 2007 26 / 37



The “gap”
Article: 50483 of sci.math
From: wiles@rugola.Princeton.EDU (Andrew Wiles)
Subject: Fermat status
Date: 4 Dec 93 01:36:50 GMT

In view of the speculation on the status of my work on the
Taniyama-Shimura conjecture and Fermat’s Last Theorem I will give a
brief account of the situation. During the review process a number of
problems emerged, most of which have been resolved, but one in
particular I have not yet settled. The key reduction of (most cases
of) the Taniyama-Shimura conjecture to the calculation of the Selmer
group is correct. However the final calculation of a precise upper
bound for the Selmer group in the semistable case (of the symmetric
square representation associated to a modular form) is not yet
complete as it stands. I believe that I will be able to finish this
in the near future using the ideas explained in my Cambridge
lectures.

The fact that a lot of work remains to be done on the
manuscript makes it still unsuitable for release as a preprint. In
my course in Princeton beginning in February I will give a full
account of this work.

Andrew Wiles
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The “gap”
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Timeline

October 1994
Wiles and Richard Taylor
announce a new joint paper,
completing the proof of
Fermat’s Last Theorem

May 1995
Wiles and Taylor-Wiles papers published in Annals of
Mathematics
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Success
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Success
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Success

The full Shimura-Taniyama conjecture was proved in 1999,
using the methods begun by Wiles:

Theorem (Breuil, Conrad, Diamond & Taylor, 1999)
Every elliptic curve is modular.

Karl Rubin (UC Irvine) Fermat’s Last Theorem PS Breakfast, March 2007 29 / 37



Success

Fermat’s Last Theorem is an important milestone. But much
more important for the future of mathematics is the substantial
progress Wiles made toward the Shimura-Taniyama Conjecture.

The Shimura-Taniyama Conjecture is part of a more general
philosophy:

There are deep and subtle connections between number theory
and other branches of mathematics.
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Modularity
A modular form is a function on the unit disk that has special
symmetries.
A cusp form is a modular form that is zero at the “cusps” (certain
boundary points).
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Modularity

Every cusp form gives rise to an elliptic curve

−→
←−

?

If an elliptic curve comes from a cusp form in this way, we say
that the elliptic curve is modular.
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Modularity

{
Elliptic
curves

} {
Cusp
forms

}

{
“nice” Galois

representations

}
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Number theory at UCI
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Elliptic curves are everywhere

Elliptic curve cryptography is especially well suited for settings
where space or computing power are limited, such as

Smartcards
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Elliptic curves are everywhere

Elliptic curve cryptography is especially well suited for settings
where space or computing power are limited, such as

Cell phones and PDA’s
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Elliptic curves are everywhere

Elliptic curve cryptography is especially well suited for settings
where space or computing power are limited, such as

Digital postage
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Elliptic curves are everywhere
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