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Unequal Division

A and B want to divide a cake in the ratio 8 : 5.

So they actually want A to get ≥ 8
13 and B to get ≥ 5

13 .
Discuss how they can do this.
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A Terrible 5 : 8 Protocol

1) Clone 8 copies of A and 5 copies of B.

2) The 13 people do one of the proportional algorithms.
3) The 8 A’s have ≥ 8

13 . Fuse back into one person.

4) The 5 A’s have ≥ 5
13 . Fuse back into one person.

Why Terrible Lots of cloning and lots of cuts (I think 35 cuts).
Should number-of-clones even be a complexity measure?
Ethical question: When you fuse them all into A (or B) is that
murder?
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First Serious Approach

1) B divides cake into 13 pieces (equal)

2) A takes 8 of them (her top 8)

3) B takes the remaining 5.

PRO Simple, Proportional, Envy-Free

PRO Number of cuts is 12, much less than 35.

CON Number of cuts is 12. Surely we can do better than that.
Response Indeed we can, and don’t call me Shirley.
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There are Better Protocols But

There are better protocols but they are better on blackboard
So for now these slides are at an end.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts
(1:8) with 8 cuts. Can we do better?
(1:8) with 4 cuts
(1 : n)
(a : b) - see next slide for two approaches.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts

(1:8) with 8 cuts. Can we do better?
(1:8) with 4 cuts
(1 : n)
(a : b) - see next slide for two approaches.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts
(1:8) with 8 cuts. Can we do better?

(1:8) with 4 cuts
(1 : n)
(a : b) - see next slide for two approaches.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts
(1:8) with 8 cuts. Can we do better?
(1:8) with 4 cuts

(1 : n)
(a : b) - see next slide for two approaches.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts
(1:8) with 8 cuts. Can we do better?
(1:8) with 4 cuts
(1 : n)

(a : b) - see next slide for two approaches.



Protocols Bill Does on Blackboard

(8:5) with 5 cuts
(1:8) with 8 cuts. Can we do better?
(1:8) with 4 cuts
(1 : n)
(a : b) - see next slide for two approaches.



Two Approaches

For (a : b) with a < b.

ONE APPROACH

A cuts (c : d) with c + d = a + b where c , d < b.

B takes either the c-piece or the d-piece.

SECOND APPROACH

A cuts (c : d) with c + d = a + b where c , d < a.

If B likes the c piece, he takes it.

If not then A takes it.
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How Many Cuts Are Needed

We’ve show that (a : b) can be done in dlog2(a + b)e cuts.

We’ve shown a few examples where use < dlog2(a + b)e cuts.

Vote
∃c such that always requires ≥ c log(a + b) cuts.

∃ ∞ number of (a, b) such that can do in � log(a + b) cuts.

The question is Unknown to Science!

Answer on next slide
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How Many Cuts Are Needed

∃ an ∞ number of (a, b) such that can do in � log(a + b) cuts.

In 2012 Andrew Lohr, who took my fair division class, showed:

∃ exists ∞ number of (a, b) such that can do (a : b) in
≤ 1 + log(log(a + b) cuts.

∀ (a, b) there is no protocol with ≤ log(log(a + b)) cuts.

The paper is here: https://arxiv.org/abs/1206.1553

https://arxiv.org/abs/1206.1553
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Deriving an Example With a Lucky Cut

Want (a : b) and L such that

1) a, b relatively prime. a < b.

2) L < a and L < b.

3) (a− L : b). AH- a− L and b share a large factor.

4) (a : b − L). AH- a and b − L share a large factor.

We will start with (2n(2n + 2k1) : 3m(3m + 2k2)).
1) We will make 2n(2n + 2k1)− L ≡ 0 (mod 3m).
2) We will make 3n(3n + 2k2)− L ≡ 0 (mod 2n).
3) Set k1, k2. Hope L < 2n(2n + 2k1) & L < 3m(3m + 2k2).
4) Pick n,m, L, k1, k2. Hope 2n(2n + 2k1),3m(3m + 2k2) rel prime.
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Putting it all Together

2n(2n + 2k1) : 3m(3m + 2k2)).

2n(2n + 2k1)− L ≡ 0 (mod 3m).

3m(3m + 2k2)− L ≡ 0 (mod 2n).

We set n = 4 and m = 3. Hence have

(2n(2n + 2k1) = 16(16 + 2k1) = 256 + 32k1.

3m(3m + 2k2) = 27(27 + 2k2) = 729 + 54k2.

The second number is big so we can just set k2 = 1.

To make the first number big set k1 = 6 (a guess).

2n(2n + 2k1) = 16(16 + 2k1) = 256 + 32k1 = 448

3m(3m + 2k2) = 27(27 + 2k2) = 729 + 54k2 = 783.

Next slide for L.
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Putting it all Together

(448 : 783).
These are rel prime: 448 = 26 × 7, 783 = 33 × 29.
Want

448− L ≡ 0 (mod 27)
783− L ≡ 0 (mod 16)

L ≡ 448 ≡ 16 (mod 27).

L ≡ 783 ≡ 15 (mod 16).

Use the Chinese Remainder Theorem to derive that L = 367.

Note that L < 448 and L < 783 so this will work.
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Using this Cut

(448 : 783).

A Cuts [367 : 864].

If B likes 367 piece then problem is now
(448 : 783− 367) = (448 : 416) = (14 : 13).

If not then A takes 367 piece and the problem is now
(448− 367 : 864) = (81 : 864) = (3 : 32).
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A General Procedure to Find Good (a : b)

2n(2n + 2k1) : 3m(3m + 2k2).

1) Pick an n,m so that 2n and 3m are relatively close together.

2a) 2n(2n + 2k1) < 3m(3m + 2k2): set k2 = 1 and k1 big.
2b) 2n(2n + 2k1) > 3m(3m + 2k2): set k1 = 1 and k2 big.

3) Use Chinese Remainder Theorem to solve
L ≡ 2n(2n + 2k1) (mod 3m)
L ≡ 3m(3m + 2k2) (mod 2n)
4) If L < 2n(2n + 2k1) and L < 3m(3m + 2k2) then this all works.
5) Even if works, check it anyway and see how m any cuts it saves.
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