Theorem

Theorem

(Vn>3)3Fdi <---<dp)[l=F+--+ 2]

We prove this four different ways by induction.

Prove P(3)




Proof |: The ldea

Use
1 1 1

d d+1 dd+1)
Will help get P(n— 1) — P(n)




Proof |: Formally

Base Case: P(3) via (2,3,6) since %—i— 5 —l—% 1.
IH: P(n—l): (E|d1 < - < dn—l)[]-_ —f— —f—L].

dn—l
e 1 1
IS: Since 7= = =7 + 7@

1 1 1 _
d1+ +d +d,1_

1=
R + —
di d dn_ 1+1 do—1(dn—1+1) "

Note that d, » < d,-1 < dp-1+1<d, 1(ds1 +1).



Proof |l: The Idea

Use
1 1 1 1

d~2d " 3d  6d
Will help get P(n —2) — P(n)



Proof |I: Formally

Base Case:

P(3) via (2,3,6) since 5 + 3 + = L.
P(4) via (2,3,7,42) since % + % + % +
IH: P(n— ) (3dy < - < dpp)[l =

1 1 1
IS: Since d,,, =ttt

1
2=t
d_+ +d,,,2]‘

- 14 42 1 1, 4 1 1 1 1
1 - d1+ +dn73+dn72 o d1+ +dn73+2dn—2+3dn72+6dn72'

Note that d,_3 < d,_» < 2d,_» < 3d,_» < 6d,_5.



Variant on Induction

What if you have P(n —2) — P(n)?
Let ac N.

P(a)
P(a+1)

(Vn>a+2)[P(n—2) = P(n)]
" (Vn = a)(P(n))

(Can generalize.)



Why Does It Work?

P(a)

P(a+1)

(Vn > a+2)[P(n—2) A P(n)]
" (Yn = a)(P(n))

1) Have P(a), P(a+ 1)

2) From P(a), P(a) — P(a+ 2) get P(a+ 2)

3) From P(a+1), P(a+1) — P(a+3) get P(a+3)
4) From P(a+2), P(a+2) — P(a+4) get P(a+4)

53 From P(a+3), P(a+3) — P(a+5) get P(a+5).



Proof |ll: Idea

Inductively assume that the largest denominator d is even.

Use
1 3 2 1 1 1

d 3d 3d 3d 3d/2 3d

Will help get P(n— 1) — P(n).
But need that d is even! We abbreviate this d = 0.



Proof |ll: Formally

Strengthen the induction hypothesis:

Theorem

(Vn>3)Fdi < < dp)[dp=0A1=2+---+ 1]

1 n

Base Case: n:3:(2,3,6)—650/\%+%+%:1.

IH: P(n—1):
(3d; < -- <¢”ﬂd_0A1_§ e =1
IS: Since dH 3dn}1/2 + 3di71

_ 1 1
1 o d_l—}_. ’ .+dn—2

11,1 1 1
o dl + + dn—2 + 3dn—1/2 + 3dn—l

Note that d,_» < d,—1 < 3d,_1/2 < 3d,_1 and that
3dnf1 =0.

=1



Strengthening the IH

You want to prove P(n) by induction.

P(n—1) = P(n) seems hard to do.

BUT

P(n—1)A Q(n—1) — P(n) A Q(n) is easy to do.
So prove

Base Case: P(1) A Q(1)

IS: (Vn>2)[P(n—1) A Q(n—1) — P(n) A Q(n)].



Thoughts on Strengthening the |H

You get to assume more (P(n— 1) A Q(n — 1) instead of
just P(n—1). Yeah!

You have to prove more (P(n) A Q(n) instead of P(n).)
Bool!

Sometimes its easier to prove a harder theorem

Discuss




loana’s Proof

Bill: Note that % + % + % = 1. | know three proofs that
(Vn>3)(3dh < - <dp)[l =g+ + 7 =1].

Try to proof it and I'll be curious which one of mine you
come up with.

loana: Hmmm, you would not have shown me

%—|— % + % = 1 unless it was used in the proof.

Bill: Oh. Well. Uh ... (worried she may go down the
wrong track)



loana’s Proof Idea

If have

then

1= 1-+ 1—+ 11 + + L
2 3 6\d d, /)
Can use to show P(n) — P(n+ 2). Need P(3) and P(4)
as base cases. We omit details.



