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Sequences and Series

¢ A sequence is a function from the naturals to the complex numbers (but we often
use reals).
* Typical notation:a:N — C

* Examples: —
e 1,2,3,4,5, ..
1.5,2.5,3.5, ... __
1,1,1,1, ...
V2,v3,v4,V5,v6,V7... |
* an = 2"n=0,1,2,.. } “Closed form”
* by =logk + 2k, k=1,23,.. formula
1, ifn=0,1
« F, = f . T
Foo1+Fup,ifn=2
1, ifn=172 Recursive
¢ T,={ 2 if n=3 formula
Th-1+Th2+Th-3 if nz=z4




Sequences and Series

$ A sequence is a function from the naturals to the complex numbers (but we often

use reals).
* Typical notation: a:N — C
* Examples: .
1,2,3,4,5,.

1.5, 2
1,1,1, 1,

L,

* dn = 2"'n=0,1,2,.. } “Closed form”
* by =logk + 2k, k=1,23,.. formula

_

. E = 1, Jn;Q1 -
F71—1+F7'1—2»lfn22
1, ifn=12
¢« T, =< 2, if n=3

Tho1+Th+Th3 ifn=4

Recursive
formula

All of those are valid
ways to describe a
sequence!



Recursion: Good Idea?

* Example: Fibonacci

B o= 1, ifn=0,1
"o | Fu_{+F,_,,ifn>2

* We can use recursion to compute, say, Fig00

Something
Else

* |sit a good idea?




Recursion: Good Idea?

* Example: Fibonacci

B o= 1, ifn=0,1
n F,_{+F,_,,if n>2

* We can use recursion to compute, say, F;500

Ves Something
Else

* Recomputing terms + hidden memory cost of recursion!

* |sit a good idea?




Recursion: Done Right

* |s there a better way to compute F;y90?

Else




Recursion: Done Right

¢ Is there a better way to compute F;ygq?

Something
Else

1. Store thevalues of F, =1, F; = 1inan array A.

2. fori=2to 1000
F,=A[li — 1] + A[i — 2]
A[l] — Fi
end

* This is a very elementary example of a very useful technique
called dynamic programming.




Closed Formula for Fibonacci

* The closed-form formula for F, is:

. (1+\/§)”_ 1 (1—@)”
"oVE\ 2 VE\ 2
\ Y } Y
¢ P
* Roughly: E, = ¢™ ~ (1.618)"




Recursion vs Closed Formula

4. Computation:
* Recursion leads to a fast dynamic program.
 Classic recursion is elegant.
* Closed form: faster, but numerical issues arise.

2. Rate of growth:

* Recursion gives no hint as to how big F,, is.
* Closed form yields F;,, = (1.618)"



Summation Notation

* Suppose | have some terms of a sequence, let’s say a4, a,, as, ..., .
* Their sum, a; + a, + a3 + -+ a; is denoted as:

M=
2



Summation Notation

* Suppose | have some terms of a sequence, let’s say aq, a,, as, ...

* Their sum, a; + a, + a3 + -+ a; is denoted as:

Index of last term to be

@4/ included in the sum
Index of term with

which the sum begins a;



Examples

aq +a2

Something
Else




Examples

Something
Else




0
Yanc
=1
e Two reasons for this:

a) (Intuitive) If you add together 0 things, you get 0. Duh.



0
Yanc
=1
e Two reasons for this:

a) (Intuitive) If you add together 0 things, you get 0. Duh.

b) (Mathematical) The following formula should work regardless of our choice
of integer variable n;:

nq

n
WS 3

n
=1 =1 i=nq+1
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b) (Mathematical) The following formula should work regardless of our choice
of integer variable n;:
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So what happens if we pick n;y = 07?



0
Yanc
=1
Two reasons for this:

a) (Intuitive) If you add together 0 things, you get 0. Duh.

b) (Mathematical) The following formula should work regardless of our choice
of integer variable n;:

n n
=1 i=n1+1

So what happens if we pick n;y = 07?
Then, for this to work, it’s necessary that



Product Notation

* The product, a, - a, - ...- a; is denoted as:

. K<« Index of last term to be
Index of term with included in the product
which the product a;

begins —a



Something
Else




Something
Else




0

[T

=1

* The following formula has to work for all choices of n; € N:

n nq n
Hai=Hai° H a;
i=1 i=1 i=n;+1

0
* So, forn, = 0, we need nai =1
i=1



Sum / Product Notation

* Suppose | have some terms of a sequence, let’s say aq, a,, as, ...

* Their sum, a; + a, + a3z + --- + ay is denoted as:

Index of last term to be

@4/ included in the sum
Index of term with

which the sum begins a;
i
* Their product, a, - a, - ...* a; is denoted as:



Sum / Product Notation

¢ Suppose | have some terms of a sequence, let’s say a4, a,, as, ..., ay.
* Their sum, a; + a, + az + ---+ ay is denoted as:

Pl Index of last term to be
included in the sum

Index of term with a;
which the sum begi

* Their product, a, - a, - ...- a; is denoted as:

Index of last term to be

) Ke—e—
Index of term with included in the product
which the product ‘ ‘

begins — 4 !



Sum / Product Notation

¢ Suppose | have some terms of a sequence, let’s say a,, a,, as, ..., a.
* Their sum, a; + a, + az + ---+ ay is denoted as:

Kk

E a, “Running” (or “looping” indices can be
——  anythingwe want! (i}, k, ...) as long as |

) ] rel use the same variable in the X and I1
* Their product, a, - a, - ...- a; is denoted as: symbols and the variable representing the
sequence term!

R

—.

A

~
Al
=




Sum-Product Notation

¢ We can have certain exclusionary conditions under the X and Il symbols.
* Examples:

100

m=0

m even
100 100
E Sm F E Sm
m=0 m=0



Series and Partial Sums

* A series is the sum of all elements of an infinite sequence.

+co

Zai =ag+ a, +a; + -
(=0 Or 1, if we start at 1

* A partial sum of a sequence, denoted §,,, is the sum ranging from the first
up to (and including) thennth term of a (usually infinite) sequence:

Sn =Zai =a0+ a1+a2 +"’+an
(=0———— |oOr 1, if we start at 1




Famous Sequences

* Arithmetic (often called the arithmetic progression):

ag, a9 +d,a; +d,a, +d ..where d€R

\ J | J | }
| | |

aq a, a3
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* Arithmetic (often called the arithmetic progression):

ag,ap +d,a; +d,a, +d..where d€eR

\ J | J | }
| | |

a4 045} a3

* Question: which among the following is the correct characterization
fora,?




Famous Sequences

* Arithmetic (often called the arithmetic progression):

ag, a9 +d,a; +d,a, +d ..where d€R
\ I | )
Y Y Y

a1 a; as

* Question: which among the following is the correct characterization
fora,,?




A Question for You

* In the arithmetic progression:

g, a9 +d,a; +d,a, +d ..where deER

e Should we allow d = 0?




A Question for You

* In the arithmetic progression:

g, a9 +d,a; +d,a, +d ..where deER

Should we allow d = 0?

=

It will be a pretty
boring sequence, but it
will still be a sequence!




Famous Sequences

* Geometric sequence (or progression):

ao,m * ao,m'al,m' az
| | | ) | }
|




Famous Sequences

e Geometric sequence (or progression):

Ag,M Ay, M- A, M Ay ..., meR
\ || Y ) | Y J
aq (0 4) as

* Question: which among the following is the correct characterization
fora,?

m.n.ao




Famous Sequences

e Geometric sequence (or progression):

Ag,M Ay, M- A, M Ay ..., meR
\ || Y ) | Y J
aq (0 4) as

* Question: which among the following is the correct characterization
fora,?

m.n.ao




The Gauss Story

* Gauss was a great mathematician (1777-1855)
 When Gauss was in 1t grade, the class was misbehaving.
* For punishment, the teacher made everyone compute

142+ -+ 100

* Gauss did it in 2 minutes. Can you?



The Gauss Trick

S
S

1+ 2+4--+100
100 + 99 + - + 1

.

25 =101 +101 +---+ 101

\ /
f

100 terms

= 25 =101 100 = 10100 = S = 5050



And Now the Rest of the Story
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And Now the Rest of the Story

* This is a complete fabrication!
* This is how this story has progressed over time:

1960 Gth 1+2+..+60
1980 3rd 1+2+..+80
2000s e 1+2+..+100




And Now the Rest of the Story

* This is a complete fabrication!
* This is how this story has progressed over time:

1960 5th 1+42+..+60
1980 3rd 1+2+..+80
2000s 1t 1+2+..+100
Our conjecture: 2020 Nursery School 1+2+..+120




Famous Sequences

* Harmonic:

a1

, 1 1
'2°3°
* Fibonacci: Fp = F; =1landVn = 2,F, = F,,_1 + F;,_,

1,1, 2, 3,5, 8,13, 21, ...



What We’ll Do Next

* We will have an intro to induction.
* The following can be proven via induction:

Zn: . n(n2+ 1)

i=1

- o, nm+1)(2n+1)
Z‘ - 6
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