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Some Notation

N is the natural numbers, {0,1,2,...,}.
Z is the integers, {...,—2,—-1,0,1,2,...,}.
R is the real numbers.

If Ais a set (likely N or Z or R) then
(Vn € A) means For all n € A.
(3n € A) means There exists n € A.

A means AND.

Example that uses Notation!
(Vn € N)(3x,y € R)
[(x+y €Z)AN(X"+y" € Z) N (x"T + y"t1 & 7).
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Some Terminology

Theorem A Theorem is a statement in math that you think is
interesting and want to prove. It might be more than you care
about.

Lemma A Lemma is a statement in math that you need in order
to prove a theorem. A Lemma might not be that interesting in its
own right.

Corollary A consequence of a Theorem. It may be what you really
care about, though it was easier to prove the Theorem and then
get the Corollary.

For more terminology of this type see my blog post:
https://blog.computationalcomplexity.org/2023/08/
theorems-and-lemmas-and-proofs-oh-my.html
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The (x + y,x? + y?) Problem

Let x,y € R.

Is the following true?

Let x,y € R
lfx+y€Zandx®?+y?€Zthenx3+y>3€Z

Discuss. Answer on next slide.
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There is an x,y € R such that

Xx+y€ZAND x> +y? cZbut x> +y> ¢ Z
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x+y=3.
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The (x + y, x>+ y2) Answer

There is an x,y € R such that

Xx+y€ZAND x> +y? cZbut x> +y> ¢ Z

X:3+§/ﬁ y_3f
x+y=3.

2 _
x2+y2— (3+x/ﬁ) +(3 \/ﬁ)z
9+23+6W 4+ 9+23— 6f 32+32 — 16

3 —_
(CH2) + (CHBp ¢z
(We leave that one to you)
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Our Question

We have shown

3,y eR)[x+y €ZAXP+y? cZAX3+y3 ¢ 7).

Does there exist k such that

(Vx,y €R)

[Xx+y€ZN---AxK+ykeZ — (VneN)[x"+y" € Z]]

Yes. k = 4 works. We prove this which is our main theorem.
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First Lemmas

Lemma Let a € R. If 2a € Z and 2a° € Z then a € Z.
Proof by contrapositive. We show
a¢ 7 implies 2a ¢ Z or 2a° ¢ Z.

Case 1 2a ¢ Z. Donel!
Case 22a€ Z. (3be Z)[2a=b]. So a= 2.

Since a¢ Z, b=2c + 1.

2 2 2
222 = 2(L)2 = 2(&) = & = 4cithetl ¢ 7
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Lemmax,ycR Ifx+ycZand x> +y>cZand x* +y* c Z
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Since x4+ y € Z and x*> + y? € Z,
(x+y)?— (x> +y?)=2xy € Z.

Since x> + y?2 € Z and x* + y* € Z,
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Second Lemma

Lemmax,ycR Ifx+ycZand x> +y>cZand x* +y* c Z
then xy € Z.

Since x4+ y € Z and x*> + y? € Z,
(x+y)?— (x> +y?)=2xy € Z.

Since x> + y?2 € Z and x* + y* € Z,

(X2 +y?)? — (x* +y*) =2x%y? c 7.
Since 2(xy) € Z and 2(x?y?) € Z,

by FIRST LEMMA, xy € Z.
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Thm Let x,y € R. Assume the following are in Z:
x+y, x> +y% 3 +y3 x4yt
Then (Vn € N)[x" 4+ y" € Z].

Base n=1,2,3,4 are given.

IH Thm true for n and n+ 1. (We prove for n+2.)

IS x™2 4 y"2 = (x + y)(x™ + y"L) — xy(x" + y").
By the premise x + y € Z.

By the IH x"*1 + y™1 ¢ Z and x" + y" € Z.

By SECOND LEMMA xy € Z.

Hence
XMF2 4y = (x4 y) (XM y ) =y (3 ") € 2.



