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Problem 2a: Prop Logic

Give a formula on 3 variables that has exactly 5 satisfying

assignments.
Imagine a truth table on 3 vars which the first five rows are T but

the rest are F. The formula you get is

(=x Ay A —z2)
V(=x A -y A z)
V(=x Ay A —z)

V(=x Ay A z)

V(x A=y A —z)
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Problem 2c: Prop Logic

Give an a, b such that there is NO formula on a variables that has
exactly b satisfying assignments.

Takea=3and b=2+1=0.
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Problem 2d: Prop Logic

Either

give an a, b such that there is NO formula on a variables that has
exactly b satisfying assignments AND there is NO formula on b
variables that has exactly a satisfying assignments.

OR show there is no such a, b.

There is no such a, b:

You would need both b > 22+ 1 and a > 20 + 1.
If both are true then

b>241>2+1 11

which is impossible.
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Problem 3: Domains Question

Give a domain D C R such that:
L) (Vx)[L < x]. (L is for Lowest).

JH)(¥x)[U > x]. (H is for Highest).

Vx # H)(3y)x <y A (Vz)[-(x < z < y)].
For every element x # H there is a successor.)

Vx # L)3y)y < x A (Vz)[-(y < z < 2)].
For every element x # H there is a predecessor.)

NS NS /N A/~
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Problem 3: Domains Answer

Let D be the set

1 1 11
-1, ——=,... ey =, 10
{ I 27 37 }U{ 3727 }

—1 is the lowest element
1 is the highest element

Every element except for —1 and 1 has a successor and a
predecessor.
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Let a; be defined as follows:
30:40 31:17 22:40
(Vn > 3)[a, = 3ap-1+2ap—2 + apn—3+ 7]

Use const ind to find b, m such that

for all n, a, = b (mod m).
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IH and IS

IH: For all ' < n, a,y, = b (mod m).
IS: All = are mod m.

an=23a,.1+2a, 2+ap3+7=3b+2b+b+7=6b+7

So we need
6b + 7 = b which is equivalent to
5b+7=0.

Next Slide.
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40 = b (mod m).
5p+7=0.

Note that we need 17,40 are all equivalent to each other mod m.
40=17s023=0.

Lets try m = 23.
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40 = b (mod 23).
5b+7 =0 (mod 23).
The first there equations force b = 17.

We still need
5b+7 =0 (mod 23).
Since b =17:
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40 = b (mod 23).
5b+7 =0 (mod 23).
The first there equations force b = 17.

We still need
5b+7 =0 (mod 23).
Since b =17:

(5x17)+7=0 (mod 23).
So YES, b =17 and m = 23.
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n'/7 Problem and Begin Solution

neN, n>2.
Let n = pi*--- p.*, where p1, ..., pi are primes.

Use unique factorization to show:
If n*/7 is rational then (V1 < i < k)[n; =0 (mod 7)].

Assume there exists a, b € N such that n/7 = 2.
my1/7 _
(P )T = 3

e al

n
Py P = g

7 ..n ng _ 7
b p]-1 .. .pkk e a .
Next slide for exciting conclusion.
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ot e _ 7
b pl e pk f— a .
a= pfl e pzk hence 3’ = pzal . Pzak-

b= pfl ... pllik hence b7 = pzbl e P;:ak.



nl/7 Solution

7 N [
bpll...pk 73

a= pfl - pik hence a’ =

731
=P

b= . pk hence b = pzbl

GRS CERAR

73k

Py

bak

Pk

a’ = pj

7a1 .

.-pk

Tay
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7 N [
bpll...pk 73

— p? a 7 _
a_pll...pkk

hence a” = p}°" .-

b= . pk hence b = pzbl
(P )P i) =
7b1+n1 Thi+nk

p]_ --.pk

7a

Pt

ba

Py

7a 7a

a’ = =p; 7tk
7a 7a
=P ' © Py g
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7 N [
bpll...pk 7a

a= pfl - pik hence a” = p}°" .- pzak.
7 __ 7b ba
b= . pk hence b" = p;™ --- p, .
7b 7a 7a
(p1™ - o™ )Pl - pp) = a” = pi ™ - py™.
Tbi+n Tbi+n 7a 7a
pll 1”.pkk K pll pkk

Let 1 </ < k. By Unique Factorization, p; has to appear the same
number of times on both sides.



n!/7 Solution

7 N [
bpll...pk 7a

a= pfl - pik hence a” = p}°" .- pzak.
b= pt- pk hence b” = p!®* .. pfak.
7b 7a 7a
(p1™ - o™ )Pl - pp) = a” = pi ™ - py™.
Tbi+n Tbi+n 7a 7a
pr: 1”.pkk k= pra.. pkk

Let 1 </ < k. By Unique Factorization, p; has to appear the same
number of times on both sides.

Hence
7b; + n; = 73;
ni =y(ai — bj) =0 (mod 7).
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Darling’s Lunch: Combinatorics

Bill makes his Darling lunch.

S sandwiches, F fruits, D desserts.

Lunch: s diff sandwich'’s, f diff fruits, and d deserts
How many ways can Darling have lunch? (g) (’;) De.

PBJ, BLUEBERRY, BLUEBERRY PIE: Darling does not want
ALL THREE.

How many ways can Darling have lunch?
. (S—1\ (F=1\ yd—
How many lunches do have all 37: (27,)(;—{) D%

So answer is () (7) DY - (33) (5-1) D"
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How many (x1, x2, x3, X4, x5) € N° such that
x1 + xo + x3 + x4 + x5 = 1000
and xy > 1, x0 > 2, x3 >3, x4 > 4, and x5 > 5.

Stars and Bars!

Four Bars.
1st space has at least 1. 2nd space has at least 2.
3rd space has at least 3. 4th space has at least 4

5th space has at least 5

Sol+2+43+4+5=15 stars already placed.
Our problem: How many ways to arrange 4 bars and
1000 — 15 = 985 stars.

989 S 985 .
210851 This is also ( 4 ) Discuss.
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Strange Poker 4-of-a-kind

2) What is the probability of getting four-of-a-kinds?
Four of a kind: Pick a ranks r. Pick 4 suits (3).
Pick 2 more cards but they can’t be of rank r. ((r_l)s).

2
Prob of getting 4-of-a-kind:

-1
r(@(3")
rs N
(6)
If you didn’t know to not use the same rank, | will still mark
it right.



