1 The Intersection of a CFG and a REG is CFG

It is well known that the intersection of a context free language and a regular language is context
free. This theorem is used in several proofs that certain languages are not context free. The usual
proof of this theorem is a cross product construction of a PDA and a DFA. This requires the
equivalence of PDA’s and CFG’s. Is there a proof that does not use the equivalence? That is, is
there a proof that just uses CFG’s? There is and we show it in this note.

This proof is due to Y. Bar-Hillel et al. [1].

Def 1.1 A context free grammar is in Chomsky Normal Form if every production is either of the
form X — Y Z or X — o where o € X.

The following lemmas are well known.

Lemma 1.2 If L is a context free language without e then there is grammar in Chomsky Normal
Form that generates L.

Lemma 1.3 If L # () and L is regular then L is the union of regular language Ay, . .., A, where
each A; is accepted by a DFA with exactly one final state.

We now prove our main theorem.

Theorem 1.4 If L, is a context free language and L, is a regular language then L, N L is context
free.

Proof:

We do the case where e ¢ L; and Ly # (). All other cases we leave to the reader.

By Lemma 1.2 we can assume there exists a Chomsky normal form grammar G = (N, X, S, P)
for L. By Lemma 1.3 Ly, = A; U --- U A,, where each A; where each A; is recognized by a DFA
with exactly one final state. Note that

LiNLy=LiN(AU---UA,) = U(LmAi).
i=1
Since CFL’s are closed under union (and this can be proven using CFG’s, so this is not a cheat)
we need only show that the intersection of L; with a regular language recognized by a DFA with
one final state is CFL. Let M = (Q, X, 6, s,{f}) be a DFA with exactly one final state.
We construct the CFG G’ = (N, %, 5, P') for Ly N L(M).

1. The nonterminals N’ are triples [p, V, 7] where V € N and p,r € Q.
2. For each production A — BC'in P, for every p, ¢, r € () we have the production
[p, A,r] = [p, B, qllq, C', ]
in P’.



3. For every production A — o in P, for every (p,0,q) € Q x ¥ x @ such that §(p, o) = g we
have the production

[p,A,q] =0
in P’
4. S"=1s, S, f]
We leave the easy proof that this works to the reader.
|
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