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The Bolzano-Weierstrass Theorem
Thm If x1, x2, . . . , is an infinite sequence of distinct reals then
there either an increasing subsequence or a decreasing subsequence.

Uses Ramsey’s Theorem for Graphs

Thm If x1, x2, . . . , is an infinite sequence of distinct reals then the
sequence has at least one limit point.

Prove uses prior thm and LUB property of the reals.

PRO This is a real thm that people Analysis care about.

PRO Generalizes to Rn.

CON Already known.

CAVEAT This is smoother way of saying the usual proof.

Credit I am sure this is well known but the only account I know of
it is mine.

Question Are you down with that?
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Ramsey’s Application to Logic

Thm The following is decidable: given a ∃∗∀∗ sentence φ in the
language of graphs, find the set

{n : (∃graph G )[G |= φ].

Uses Ramsey’s Theorem for Graphs

PRO This is a real thm that people in Logic care about.

PRO Thm generalizes to ≤ a-ary colored Hypergraphs.
(Uses 1-ary, 2-ary, . . . n-ary Ramsey Theorem.)

Credit Well known but my accounts is the best.

Advice Sometimes reading the original paper gives great insights.
This is not one of those times.
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Proving Programs Terminate

Thm No real theorem here but Ramsey Theory has been used in
actual packages out there to help prove that programs terminate.

PRO World renowned Ramsey Theorist Bill Gasarch calls it
The Only Legit Application of Ramsey Theory.

CAVEAT Sora is not impressed.
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Functions and Sets

Thm ∀ f : Zn → Z ∃ D ⊆ Z: f restricted to Dn is not onto.
Uses 1-ary, 2-ary, . . ., n-ary Ramsey Theorem.

PRO This is a real thm that people in Logic care about.

CON They only care about it as an example of thm that requires a
certain proof strengths to prove.
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History

As Blanch Nail Roam said

You can fool some of the people all of the time, and all of the
people some of the time, but you can’t fool all of the people all of
the time.

What is Blanch Nail Roam an anagram of?
I will tell you.

Abraham Lincoln
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Number Theory

Thm For all n there exists a prime p such that in mod p there are
n consecutive squares.

Uses Extended VDW.

PRO A real thm that number theorists should care about.

CON Do they?

CAVEAT The p is enormous as a function of p. I suspect there is
a harder NT proof that gives a much better bound.
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Multiparty Comm Complexity

Thm The multi-party Comm Complexity of the Forehead problem
for n bits:

Upper Bound O(
√
n) bits. Uses 3-free sets.

Lower bound Ω(log log n) bits. Uses a lower bound on Gallai-Witt
Numbers.

PRO A real thm that people in complexity theory care about.

PRO The upper and lower bound match and are a Ramsey-Type
Number so clearly Ramsey is really needed here.

PRO There is a k-people version that also has matching
Ramsey-type bounds.
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Most of the seven then go on to make other points.



The Primes are Infinite

The seven (seven?) proofs that primes are infinite using Ramsey
Theory are all much harder than the usual proof.

Most of the seven then go on to make other points.



The Primes are Infinite

The seven (seven?) proofs that primes are infinite using Ramsey
Theory are all much harder than the usual proof.

Most of the seven then go on to make other points.



Applications

To Combinatorics
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Happy Ending Theorem

Thm For all k there exists n such that the following holds:

For all sets X ⊆ R2, |X | = n, there exists a subset of k points
whose convex hull is a k-gon.

PRO Real Math Thm of interest to convex geometers.

CON The only people who work on this are Ramsey Theorists.

BIG PRO It brought Esther Klein and George Szekeres together!
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Thm If (X ,�) is a wqo then every sequence has an infinite
increasing subsequence.

PRO Very Useful Lemma in wqo theory.

CON Already known.

CAVEAT This is smoother way of saying the usual proof.

Credit I am sure this is well known but the only account I know of
it is mine.

Question Are you down with that? (We need a rap song about
wqo.)
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Recall: Hungarian Math Comp Problem

From the 1950 “Kürschák/Eötvös Math Competition”:

There are 1950 cans of paint. Find an x such that (1) there are
either x cans of paint all the same color, or x cans of paint that
are all different colors and (2) it is possible to have neither x + 1
cans that are all the same nor x + 1 cans that are all different.

I used this to motivate the Can Ramsey Theorem.
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Can Ramsey Thm

Thm ∀ COL :
(N
2

)
→ [ω] either

∃ ∞ homog set OR ∃ ∞ min homog set OR ∃ ∞ max homog set
OR ∃ ∞ rainbow set

Orban, the president of Hungary, has demanded the math
community there stop using the term rainbow since it is
associated with Gay Rights.
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Can Ramsey Theory

We proved the Can Ramsey theory from the 4-ary Ramsey
Theorem, and then later from the 3-ary Ramsey Thm.

PRO The Can Ramsey Theorist is of interest to Ramsey Theorists.

PRO The competition problem motivating a thm is really cool.

CON The story about the competition is a complete fiction that I
made up.
(I did write a similar problem for the Year-2000 UMCP HS Math
Competition.)

CON The real name of the theorem is Canonical Ramsey Thm.

CAVEAT I prefer the name Can Ramsey Thm.
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Euclidean Ramsey Theory

∀ COL : R6 → [2] there exists a Mono Unit Square.

Uses C4-Ramsey.

∀ COL : R2 → [k] there exists a mono triangle of area 1.

Uses VDW.

PRO Nice application of discrete Ramsey to continuous Ramsey.
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