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Assume R(k) > n. We show R(k?) > n°.

We assume there is a coloring COL' of K|, with no k-homog set.
Color the edges of K,2 as follows:

Partition the vertices into n sets of n each.

For each set use the coloring without a k-homog set.

For colorings between sets view each set as a vertex, so have n
such vertices.

Color all edges between set i and set j with the color of (7, /) in
coL'.

Exercise Show there is no homog set of size k2.

Since R(4) > 17 get R(4%) > 172, and for m a power of two get
R(4m) S 17m = (4m)|og4 17.

R(k) > klog4 17 _ k2'043.
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We will often have sets w C [n].

We will use w for both
» the set, and
» the bit vector.

We use linear algebra with those vectors over > or F, or R.

If I have (Vi,)) it is understood that i # j.
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2) They form clubs wy, ..., wy, which are not necessarily disjoint.
3) Each club has an odd number of people. (Vi)[|w;| # 0].

4) Every two clubs have an even-sized intersection. So
(Vi /)| wi (yw;| = 0].
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Oddtown Theorem

Thm Let n € N. Let wy, ..., wn C [n] such that
(V)[|wi| = 1].

(Vi )Iwi 1wy = 0],

Then m < n.

View wi, ..., wn as vectors in Fj. So all = are mod 2.
w; - Wi = ’W,'| =1.

wi - wj = [w; Nw;j| = 0.
Rest of proof on next slide. (So write down theorem.)
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Proof of Oddtown

We show that wy, ..., wy, are linearly independent.
Assume aiwy + -+ - + amwy = 0. We show (Vi)[a; = 0].
DOT both sides by w;.

ar(wr - w;) + -+ am(wm - w;) = 0.

For i # j, w; - w; =0, so only the ith term remains.
Ck,'(W,' . W,') =0.

Since w; - w; = 1:

a; = 0.

So (Vi)[e; = 0] so wy, ..., wpy, are linearly independent.
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Thm Let n, A\, v € N. Let wy,...,wy C [n] such that
(5] = v].

(Vi, )llwi 0w = A].

Then m < n.

There are four cases but three of them are easy.
Case 1 A = 0. All w; disjoint so m < n.

Case 2 v < X A= |w; Nwj| < |wi| = v < A. Can't happen.
Case 3 v =X\ w;Nw =w, sow; =w,. Can't happen.
Case 4 1 < X < v. Next slide.
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Finishing up the Proof of Fisher’s Inequality

am = %&a’ (Used p # 0).

What we did for a,, we could have done for any .
_ oAy o

p = —=F—

Key All of the a's are the same. Call them «.

aiwis + -+ apw, = 0.

alwi + -+ wpy) =0.

All of the w;'s have O’s and 1's so no negative entries.

Hence a =0, so (Vi)[a; = a=0].
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R(K) > Q(k%)
Thm R(k) > (F51) =& — k24 1k 7.

3
v= (1),
R if|lwynw;|=0 d2
COL(x,y) = {1 MmOl =0 (mod 2) )
B iflwinw|=1
Let H be a homog set. We show |H| < k — 1.
Case 1 His R. The edges are wy, ..., wy, C [k —1].
We show that wi, ..., wp, satisfy the premise of Oddtown.
(Vi)[lwi] =3 =1 (mod 2)],  (¥i,j)[[w; " w;| =0 (mod 2)].
By Oddtown m < k — 1.
Case 2 H is B. The edges are wy,...,wy, C [k —1].
We show that wi, ..., wp, satisfy the premise of Fisher with v =3
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R(K) > Q(k%)
Thm R(k) > (F51) =& — k24 1k 7.

3
v= (1),
R if|lwynw;|=0 d2
COL(x,y) = {1 MmOl =0 (mod 2) )
B iflwinw|=1
Let H be a homog set. We show |H| < k — 1.
Case 1 His R. The edges are wy, ..., wy, C [k —1].
We show that wi, ..., wp, satisfy the premise of Oddtown.
(Vi)[lwi] =3 =1 (mod 2)],  (¥i,j)[[w; " w;| =0 (mod 2)].
By Oddtown m < k — 1.
Case 2 H is B. The edges are wy,...,wy, C [k —1].
We show that wi, ..., wp, satisfy the premise of Fisher with v =3

and A = 1.

(Vi)[lwil =3, (Vi,)[[wi N wj| = 1].

By Fisher's inequality m < k — 1.

Note The constructive lower bound used both Oddtown and
Fisher.
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Chromatic Number of R?

Easy Thm For all 2-colorings of R? there exists 2 points, an inch
apart, that are the same color.

Slightly Harder Thm For all 3-colorings of R? there exists 2
points, an inch apart, that are the same color.

Needed a Computer For all 4-colorings of R? there exists 2
points, an inch apart, that are the same color.

Fairly Easy There is a 7-coloring of R? where no 2 points, an inch
apart are the same color.

Rephrasing Let G = (V, E) be the graph V = R? and
E={(x,y): d(x,y) =1}.

The above results can be summarized as 5 < x(G) < 7.
We take a shortcut and write 5 < x(R?) < 7.
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Chromatic Number of R"

Let n € N. Let G = (V, E) be the graph V =R" and

E={(xy): dx.y) = 1}.
We take a shortcut and call the graph R”".

What is x(R")? The next slide gives some information.
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What is Known About x(R")

1) Upper and lower bounds on x(R2), x(R3), x(R%).

5 < x(R?) <7

6 < x(R3) <15

7 < x(R*) <49

2) Upper & lower bounds are known for all x(R") but are far apart.

3) Frankl-Wilson proved an exp lower bound. We will show some
of the ideas later.

4) The best known results asymptotically are

(1.239 + o(1))" < x(R") < (3 + o(1))".
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Re-Look at Oddtown. n € N throughout

Thm Let wy, ..., wy, C [n] such that

(Vi)[|wi| = 1] and (Vi,j)[|wi N w;| = 0].

Then m < n.

Let's look at a special case.

Thm Let wy,...,wp C [n] such that

(Vi)[lwi| = 3] and (Vi,j)[|wi N wj| € {0,2}].

Then m < n.

Take the contrapositive:

Thm Let wy, ..., wy C [n]. Assume (Vi)[|w;| = 3]. If m > n then

(Ji, Dllwi N wy| =1].
Write down this last statement.
Notation We call that last theorem Oddtown’.
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Easy Algebra Lemma

We will need a value of ¢ such that

c >n
n(n—1)(n—2)

6 > nc
(n—1)(n—2)

6 > C

We will use ¢ < %.
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Lower Bound on x(R")

Thm Let ¢ < =002 yeOL: R — [¢]
3 2 points, same color, and inch apart.

For 1 <i<j < k< nlet wj be

1 1 1
5,0,...,0,5,
The %’s are at the ith, jth, and kth spots.

We look at W = {wjj: 1 < i <j < k < n}.
IW|=(3). 3X C W, |X| > (5)/c > nsuch that
all points in X have the same color.

(0,...,0,

0,....0,5,0,...
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W ={wj:1<i<j<k<n}.

XC W, |W|>n.

We identify X with S = {supp(w): w € X}.

Sc (1) and |S] = [X] > n.

(Vx,y € S)[[xNy| =1].

S satisfies premise of Oddtown’, so dx,y € S, |[xNy| = 1.
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Lower Bound on x(R") Using X

W ={wj:1<i<j<k<n}.

XC W, |W|>n.

We identify X with S = {supp(w): w € X}.

Sc (1) and |S] = [X] > n.

(Vx,y € S)[[xNy| =1].

S satisfies premise of Oddtown’, so dx,y € S, |[xNy| = 1.
Let x ={i,j,k} and y = {/’, /', kK'}.

There exists only one coordinate where both |W,'jk W,-/j/k/\ =1 are
nonzero.

Hence d(W,'jk, Wi’j’k’) =1.
Note Only used Oddtown.
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Asymptotic Lower bound on x(R")

Thm Let ¢ < "=10=2) wCOL: R” - [c]
3 2 points, same color, and inch apart.

Hence y(R") > (=(=2) — g(p2),
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Want Better Results!

Used ODD and FISH to get
R(k) > Q(k3).

Used ODD to get
X(R") > Q(n%).

Need better versions of ODD
& FISH to get improvements.
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Oddtown Let n € N. Let wy,...,wy, C [n] such that
(Vi)[lwil = 1] and (Vi,j)[|w; N w;| = 0].
Then m < n.

Generalized Oddtown Let n € N and p be a prime. Let
LC{0,...,p—1}. Let wi,...,wy, C [n] such that

(Vi)[lwi| (mod p) ¢ L] and (Vi, j)[|wi N w;| (mod p) € L].
Then m < ZLL:'O (7)

Bad p =2, L = {0}: don't get Oddtown. Get m < n+ 1.
Question A generalization of Oddtown that implies Oddtown?
Or maybe p = 2 is a special case.
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Generalized Oddtown Let n € N and p be a prime. Let
LC{0,...,p—1}. Let wy,...,wmy C [n] such that
(Vi)[lwi| (mod p) ¢ L] and (Vi,j)[|wi N w;| (mod p) € L].

Associate to w; the function f;: {0,1}” — F, defined by
() = [rer((x - w) — £) (mod p).
Since x € {0,1}, f; is multilinear.

Key Set of multilinear polys of degree |L| is a vector space of dim

LL:|0 (g) So need to show that the f;'s are linearly independent.
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Linearly Independent: What We Need Ahead of
Time

All = are mod p.
£(x) = TLer((x - w;) = £) (mod p).

Key fi(w;j) = [;c,((wj - w;) — £) (mod p) = 0 because
w; - wj = |w; Nwj|, and |w; Nwj| (mod p) € L.

Key fj(w;) # 0 because

wj - wj = |wj|, |wj| (mod p) & L

We use all of this on the next slide.
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Linearly Independent: Assume 27;1 a;f; = 0.
Eval at w; and apply the two key points on the last slide to get
0=">"", aifi(wj) = ajfi(w;).
Since fi(wj) # 0, aj = 0.
[L]

Since Lin Ind we have m < 37,7 (7)
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Generalized Fisher Let n,v € N. Let L C {1,...,n}. Let
Wi, ..., Wm C [n] such that

(V)[|wi| = v] and (Vi,j)[|w; N w;| € L].

Then m < Z'al‘:'o (7)

a

Proof
Let p be a prime, p > v. Let ' = L — {v}.
We can apply Gen Oddtown to wy,...,w,, and L since

(Vi)[lwi| = v ¢ L'] and (Vi,j)[|wi Nw;| € L'].
|w; N wj| can’t be v since then w; = w;.
By Gen Oddtown m < ZLL:lO (7).

a
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Thm Let p be a prime. Let n > 2p?. Let k = 2(pf1). Then
R(k+1) > (2" ,)-

V= (pylll) :

’ B iflwinwj=p—1 (mod p)

Let H be a homog set. We show |H| < k.
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R ifwinw|#p—1 (modp)
B iflwinwj=p—1 (mod p)

COL(x,y) = {

Case 1 H is R. The edges are wy, ..., wn C [n] where
(Vi)l|wil = p* — 1] and (Vi,j)[Jwi N w| # p—1 (mod p)].
Let L={0,...,p—2}.
(V)[lwi| (mod p) ¢ L], (Vi,j)[lwi N wj| (mod p) € L].
By Generalized Oddtown m < Z'kio (1) = Sl (D).

-1
One can show >7—5 (1) < 2(pfl) = k.
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R if |w; ; -1 d
COL(x, y) = | lwi N wj| # p (mod p)
B iflwinwj=p—1 (mod p)
Case 2 H is B. The edges are wy, ..., wy, C [n] where

()il = ? — 1] and (¥, )[Iwi " wj] = p— 1 (mod p)].
letv=p?>—landL={p—-1,2p—1,...,p(p—1) —1}.
(Villwi| = p* =1, (Vi j)[|wi Nwy| € L].

By Generalized Fisher m < ZLLzlo () = Zg;& (7).

a

One can show Zg;é (1) < 2(pfl) = k.
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The Result in the FW paper

We have Thm Let p be a prime. Let n > 2p?. Let k = 2(pfl).
Then

R(k+1)> (")

Using some number theory and approximations, and choosing p
carefully, FW obtained

R(k) > k' k/4In(In(k))

Superpolynomial!
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Wi, ..., Wm C [n] such that (Vi)[|w;| = 2p — 1] and
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We take the contrapositive and replace |L| with p — 1.

Thm Let wy, ..., wy, C [n] such that (Vi)[|w;| =2p —1]. If
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Notation We call the above Theorem Gen-Oddtown’
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Thm Let ¢ < (5, ;)/ >0 (). VCOL: R" — [c]
3 2 points, same color, and inch apart.

For X € ( ['ﬂ ) vx € R" such that \/% is in the X-spots, and 0 is

in all non-X spots. We have formed a set W of ( "_1) vectors.
\W\f(2p ) X CW, X > (5,0 ,)/c > 20 o (7) such that
all points in X have the same color.

X C [n], (vw € X)[lw| = 2q — 1], |X| = p— 1.

X satisfies premise of Gen-Oddtown'.

Hence dx,y € X, |xNy|=p—1.

Key If x,y € W and |x N y| = p — 1 then d(wjj, wirjr k) = 1.
Note Only used Gen. Oddtown.
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Asymptotic Lower bound on x(R")

Thm Let ¢ < (5,7 )/ 357 (7). YCOL: R" — [c]
2 points, same color, and inch apart.

Clearly ¢ < (2p 1)/(p21)'
Let p be a constant. We use (
Hence
p—1
c< o= =nP.

2p”_1) ~ n?P~1 and (p L)~ nPTL

To make up for the loose approximations we state a weakened
version:

Thm For any prime p, x(R") > n®(P).
Thm x(R") grows faster than any polynomial.

Better is known. See next slide.
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The Result in the Frankl-Wilson Paper

N

By letting p be a function of n, in particular p = (1 + o(1))25%2n

they obtain.

Thm x(R") > (1 + o(1))(1.2)".

Note This lower bounds is exponential.

Questions FW uses prime powers, not primes.

| don’t think it matters. | suspect you can find a prime in that
range.

How do they prove things with prime powers? My first thought
was that they use the finite field on p? elements, but then they
can't use mods.




