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Notation

We will have a finite alphabet Σ.

We let t = |Σ|.
We will take Σ = {1, . . . , t} for the proof but we never use the
numeric properties of 1, . . . , t.
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Colorings, Lines, and Line−1’s

Examples of a line and line−1. Won’t define formally.

The following sequence of elements of [3]5 form a line:
x1 = (1, 2, 1, 3, 1)
x2 = (2, 2, 2, 3, 1)
x3 = (3, 2, 3, 3, 1)
Each coordinate either increments by 1 OR is constant.

The following sequence of elements of [3]5 form a line−1:
x1 = (1, 2, 1, 3, 1)
x2 = (2, 2, 2, 3, 1)
This is just a line without the last point.
The Completion of a line−1 is that last point.

Let COL : [t]N → [c].
A mono line is a line where all the points are the same color.
A mono line−1 is a line−1 where all the points are the same color.
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The Hales-Jewett Theorem

Thm For all t, c ∈ N there exists HJ(t, c) such that,
for all COL : [t]HJ(t,c) → [c] there exists a mono line.
Easy Cases
HJ(t, 1) = 1: (1), (2), . . ., (t) all the same color.
HJ(2, c) = c :
1 · · · 1 (n 1’s, 0 2’s)
1 · · · 12 (n − 1 1’s, 1 2)
1 · · · 122 (n − 2 1’s 2 2’s)
...
2 · · · 2 (0 1’s, n 2’s)
Two of these points have the same color. For example
11122
12222
They form a mono line!
We have (∀c)[HJ(2, c)]. We denote this HJ(2, ω).
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A Lemma That Is Really Most of the Proof

We prove a lemma from which the theorem will follow easily.
Lemma Let c , t ∈ N. Assume HJ(t − 1, ω). (∀r)(∃U(r)) such
that ∀COL : [t]U(r) → [c] either
∃ a mono line, or
∃ r mono line−1,

all different colors,
all have same completion,
that completion is a different color than the r line−1’s.

FOR PROOF OF THE LEMMA USE BLACKBOARD.

From the Lemma we get the Hales-Jewett Theorem as follows:

Consider the lemma when r = c . The second case is that there

1) The Lemma gives us HJ(t − 1, ω)→ (∀c)[HJ(t, c)]

2) By definition (∀c)[HJ(t, c)]→ HJ(t, ω)
3) Hence we have HJ(t − 1, c)→ HJ(t, c).
4) Since we know HJ(2, ω) we know (∀t)(∀c)[HJ(t, c)].
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Known Hales-Jewett Numbers

1) For all c HJ(2, c) = c

2) HJ(3, 2) = 4.

3) HJ(3, 3) ≥ 22

4) HJ(4, 2) = 14.
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