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VDW Problem

Assume VDW (1, ω), VDW (2, ω), VDW (3, ω), VDW (4, ω).

Prove VDW (5, 2).
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Solution to VDW Problem

Let N be a number to be named later. We will show W (5, 2) ≤ N.

Break N into N/2W (4, 2) blocks of size 2W (k, 2). k later.

Think of [N] as B1B2 · · ·BN/2W (4,2).

View the 2-coloring of N as a 22W (4,2)-coloring of the blocks.

Need N ≥W (4, 2)W (4, 22W (4,2))

By VDW (4, ∗) ∃ mono 4-AP of blocks.
So we now have 4 blocks of size 2W (4, 2) that are the same color
We call them C1 C2 C3 C4.
We finish this on the next few slides.
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Solution to VDW Problem (cont)

We take N = 2W (4, 2)W (4, 22W (4,2)).
There is a fifth block in this sequence. Don’t know its color.
C1 C2 C3 C4 E .
Each Ci has 4-AP also 5th elt in that sequence.
Let D be dist between blocks. Can assume the foll are R:
a a + d a + 2d a + 3d . If COL(a + 4d) = R, DONE
We assume COL(a + 4d) = B.

Because block are the same color:
a + D a + d + D a + 2d + D a + 3d + D. If
COL(a + 4d + D) = B, DONE
We assume COL(a + D + 4d) = B. Rewrite as
COL(a + 4d + D) = B.
Similar: COL(a + 2D + 4d) = B and COL(a + 3D + 4d) = B.
Rewrite as COL(a + 4d + 2D) = B and COL(a + 4d + 3D) = B.
More on next slides.
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Solution to VDW Problem (cont)

We have the following are all B.
a + 4d a + 4d + D a + 4d + 2D a + 4d + 3D

We have the following are all R.
a a + d + D a + 2d + 2D a + 3d + 3D

If COL(a + 4D + 4d) = B then first one yields B 5-AP.

If COL(a + 4D + 4d) = R then second one yields R 5-AP.
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The Proof Reminds Me Of

ANDREW This problem reminds me of another funny moment in
class, though it was incomplete.

BILL What was that?

ANDREW When you did this proof you sang
I like Big Blocks and I cannot Lie
and said you were working on a song with that theme.

To bad you didn’t finish it.

BILL Actually, I did finish it.

ANDREW Do you mean that ChatGPT finished it for you?

BILL Yes; however, if you like the final product, why does that
matter.

ANDREW I can’t judge that until I hear the final product.

BILL Then you shall hear it. And not just the Chorus.
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BILL Actually, I did finish it.

ANDREW Do you mean that ChatGPT finished it for you?

BILL Yes; however, if you like the final product, why does that
matter.

ANDREW I can’t judge that until I hear the final product.

BILL Then you shall hear it. And not just the Chorus.



I Like Big Blocks! (Non Chorus)

We partition N into block so wide

Each Block’s got a col-o-ring inside

Encode each block by its own pro-file

Collapse the colors; compress the style

Pigeon-hole says types repeat

Now look at blocks, and take a seat.

Ind-uction hums

The gears all click

omega-squared—What a trick!
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I Like Big Blocks! (Chorus)

I like big blocks and I cannot lie!

You other math folks can’t deny!

With finitely many colors that you choose

There’s a mono AP that you can’t refuse.
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I Like Big Blocks! (Non Chorus)

Color red-blue? Or three or more?

Doesn’t matter– same encore

Hide your patterns, try to duck,

Regularity brings the luck

A Length-k run in one shade

Its a combinatorial serenade!
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I Like Big Blocks! (Final Chorus)

I like big blocks and I cannot lie!

Mono APs you can’t deny.

With giant blocks and recursive tracks

Van der Waerden’s got your back.
(Applause if deserved.)
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How Much Time?

ANDREW How much time did you spend on that?

BILL Even with ChatGPT as a starting point it took a very
intense week.

ANDREW If you spend that much time on research you would
gotten better bounds on the VDW numbers,
gotten better bound on the Ramsey numbers,
have solved P vs NP.
have solved FILL IN YOUR FAVORITE OPEN PROBLEM.

BILL I may not win a Turing Award, but I have a shot at being
inducted into the Rock and Roll Hall of fame, along with fellow
rappers Jay Z and Enimen, and fellow rock-and-roller Bad
Sequence!

The End
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The Rated XXX Problem

Let k ∈ N. You can assume R(k) = 2k .

Find a condition XXX such that the following is true:

If n satisfies condition XXX (k) then

∀COL :
([n]
2

)
→ [2],

there exists at least 3 mono Kk ’s.
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Solution to the Rated XXX Problem

List out all subsets of V = {1, . . . ,R(k)} of size R(k) = 2k .

A1,A2, . . . ,A( n
2k).

Since |Ai | = R(k), each Ai has a mono Kk .
1) Find a mono Kk in A1. Say its {x1, . . . , xk}.
2) REMOVE all Ai ’s that have all of {x1, . . . , xk}.
There are

( n−k
2k−k

)
of there.

There are
( n
2k

)
−

( n−k
2k−k

)
left.

Get an Kk from one of the sets left.
Do this again to get another Kk . Hence XXX is( n
2k

)
− 2

( n−k
2k−k

)
≥ 1.
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The A × B × C Problem

Fill in the c and prove the resulting theorem: (By ‘prove’ I mean
show me the first few steps of the construction and hand-wave the
rest.)

1) ∀ COL : N×N×N→ [10100] ∃ infinite A,B,C ⊆ N such that
COL : A× B × C → [10100] only uses c colors.

2) ∃ COL : N× N× N→ [c] such that there is no infinite
A,B,C ⊆ N such that
COL : A× B × C → [c] only uses c − 1 colors.
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Solution to The A × B × C Problem

Can assume the 3 copies of N are disjoint. Call the sets X ,Y ,Z .

Step 1 Let x1 be the least element of X . Form the coloring
COL′ : Y × Z → [10100] by
COL′(y , z) = COL(x1, y , z).

Use thm on N× N to get ∞ Y1 ⊆ Y , Z1 ⊆ Z colors c1, d1 so that

COL′ on Y1 × Z1 only uses colors c1, d1.

Color x1 with (c1, d1).
x1 is immortal for now but Ryan is out for blood.

Let y1 be the least element of Y1. Do the same thing.
Let z1 be the least element of Z1. Do the same thing.
Repeat.
See next slide for the exciting finish!
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Solution to The A × B × C Problem (cont)

After all of this you have

Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }

Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }

Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }

AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



Solution to The A × B × C Problem (cont)

After all of this you have
Xω = {x1 < x2 < · · · }
Yω = {y1 < y2 < · · · }
Zω = {z1 < z2 < · · · }
AND you also have that each of xi , yi , zi has TWO colors.

Xω: Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Yω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

Zω. Some (a, b) ∈ [c]× [c] occurs ∞ often. Kill . . ..

So you end up with 6 colors. So c = 6.



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n

there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.

Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:

Ryan Kill!



The Function Problem

f (n) is the least m such that there for every sequence of graphs

G1,G2, . . . ,Gm

where the number of vertices in Gi is ≤ i + n
there is an i < j with Gi �minor Gj .

You may use the Graph Minor theorem.
Hint I did not give when first assigned but I will give now:
Ryan Kill!



The Function Problem

Assume, BWOC, that there is an n with no such f (n).

Then for each m ∈ N there is a sequence
H1, . . . ,Hm

such that
Hi has ≤ i + n vertices and there is no uptick.

We form an infinite sequence of graphs.

G1 is the graph that appears infinitely often as the first graph of a
sequence. KEY: all of the graphs in the first slot have ≤ n + 1
vertices so there IS some graph that appears infinitely often.

Ryan Kill all sequences that disagree.

G2 is the graph that appears infinitely often as the second graph of
a living sequence. KEY: Blah Blah ≤ n + 2 vertices blah blah.
Keep doing this. You get G1,G2,G3, . . .
By GMT ∃ uptick. So one of the finite sequences has uptick.
Contradiction!
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The Equations Problem

Consider the equation E : w + 2x − 3y + z = 0.

Show that there exist a number M such that,

for all COL : [M]→ [2], there exists a mono solution to E
with w , x , y , z all distinct.
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The Solution to The Equations Problem

Let M be EVDW (k , 2) where we will determine k later.

Let COL : [M]→ [2].

Since M = EVDW (k, 2) ∃ a, d ,w ′, x ′, y ′ st the foll are same color:

a + w ′d , a + x ′d , a + y ′d , a + z ′d , d

where we will pick w ′, x ′, y ′, z ′ later.

We will set w = a + w ′d , x = a + x ′d , y = a + y ′d , z = d .

See next slide for exciting finish!
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The Solution to The Equations Problem (cont)

w + 2x − 3y + z = 0

a + w ′d + 2(a + x ′d)− 3(a + y ′d) + d = 0

w ′d + 2x ′d − 3y ′d + d = 0

w ′ + 2x ′ − 3y ′ + 1 = 0

Easy trial and error results in

w ′ = 2 x ′ = 6 y ′ = 5

So we need k = 6.
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Assume VDW (1, ω), VDW (2, ω), VDW (3, ω), VDW (4, ω).

Prove VDW (5, 2).
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Solution to VDW Problem

Let N be a number to be named later. We will show W (5, 2) ≤ N.

Break N into N/2W (4, 2) blocks of size 2W (k, 2). k later.

Think of [N] as B1B2 · · ·BN/2W (4,2).

View the 2-coloring of N as a 22W (4,2)-coloring of the blocks.

Need N ≥W (4, 2)W (4, 22W (4,2))

By VDW (4, ∗) ∃ mono 4-AP of blocks.
So we now have 4 blocks of size 2W (4, 2) that are the same color
We call them C1 C2 C3 C4.
We finish this on the next few slides.
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Solution to VDW Problem (cont)

We take N = 2W (4, 2)W (4, 22W (4,2)).
There is a fifth block in this sequence. Don’t know its color.
C1 C2 C3 C4 E .
Each Ci has 4-AP also 5th elt in that sequence.
Let D be dist between blocks. Can assume the foll are R:
a a + d a + 2d a + 3d . If COL(a + 4d) = R, DONE
We assume COL(a + 4d) = B.

Because block are the same color:
a + D a + d + D a + 2d + D a + 3d + D. If
COL(a + 4d + D) = B, DONE
We assume COL(a + D + 4d) = B. Rewrite as
COL(a + 4d + D) = B.
Similar: COL(a + 2D + 4d) = B and COL(a + 3D + 4d) = B.
Rewrite as COL(a + 4d + 2D) = B and COL(a + 4d + 3D) = B.
More on next slides.
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Solution to VDW Problem (cont)

We have the following are all B.
a + 4d a + 4d + D a + 4d + 2D a + 4d + 3D

We have the following are all R.
a a + d + D a + 42 + 2D a + 3d + 3D

If COL(a + 4D + 4d) = B then first one yields B 5-AP.

If COL(a + 4D + 4d) = R then second one yields R 5-AP.
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The Proof Reminds Me Of

ANDREW This problem reminds me of another funny moment in
class, though it was incomplete.

BILL What was that?

ANDREW When you did this proof you sang
I like Big Blocks and I cannot Lie
and said you were working on a song with that theme.

To bad you didn’t finish it.

BILL Actually, I did finish it.

ANDREW Do you mean that ChatGPT finished it for you?

BILL Yes; however, if you like the final product, why does that
matter.

ANDREW I can’t judge that until I hear the final product.

BILL Then you shall hear it. And not just the Chorus.
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I Like Big Blocks! (Non Chorus)

We partition N into block so wide

Each Block’s got a col-o-ring inside

Encode each block by its own pro-file

Collapse the colors; compress the style

Pigeon-hole says types repeat

Now look at blocks, and take a seat.

Ind-uction hums

The gears all click

omega-squared—What a trick!
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I Like Big Blocks! (Chorus)

I like big blocks and I cannot lie!

You other math folks can’t deny!

With finitely many colors that you choose

There’s a mono AP that you can’t refuse.
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Regularity brings the luck

A Length-k run in one shade

Its a combinatorial serenade!
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How Much Time?

ANDREW How much time did you spend on that?

BILL Even with ChatGPT as a starting point it took a very
intense week.

ANDREW If you spend that much time on research you would
gotten better bounds on the VDW numbers,
gotten better bound on the Ramsey numbers,
have solved P vs NP.
have solved FILL IN YOUR FAVORITE OPEN PROBLEM.

BILL I may not win a Turing Award, but I have a shot at being
inducted into the Rock and Roll Hall of fame, along with fellow
rappers Jay Z and Enimen, and fellow rock-and-roller Bad
Sequence!

The End
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