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The Kruskal Tree Theorem

In the 1930's Andrew Vazsonyi conjectured that the set of trees
under the minor ordering was a wqo.

In 1960 Joe Kruskal proved this for his PhD Thesis. Formally:
Thm Let X be the set of trees. Then (X, <y,) is a wqo.

In 1963 Nash-Williams obtained a simpler proof.

We present the proof of Nash-Williams.

Joe Kruskal was happy that there was a simpler proof.

Clyde Kruskal learned the proof of the KTT from Bill Gasarch
Martin Kruskal learned the proof of the KTT from Bill Gasarch
The Kruskal Family should talk with each other more.
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Assume, BWOC, that (X, <,,) is not a wgo. 3 > 1 bad seq.
Create min bad seq T1, T»,...,. Size is number of vertices.

T; is the smallest ith element of a bad sequence that begins
Tla sy 7—i—1-

U; is the set of trees you get if you remove the root r; of T;.

XX is union of all trees in all the U;. ROOTS is the set of roots.
Prove XX is a wqo (this is the hard part).

By prior Theorems, 262XX 5 ROOTS is a wqo.

Look at sequence (Ui, 1), (Uz, 12), (U3, r3), .. ..

There exists i < j such that (U;, r;) < (U, rj).

Can use this to get 7; = T;. We are Done!
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The Color Version of Kruskal Tree Theorem

Thm Let n € N. Let X be the set of n-colored trees. Then
(X, <c-m) is a wqo.

Proof is similar to the proof of Kruskal Tree Theorem
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In the 1937 Klaus Wagner showed that a graph is planar IFF it
does not have K33 or Ks as a minor.

He soon after conjectured that the set of graphs under minor was
a wqo (his result would follow from that).

This was proven by Robertson and Seymour.

It is called The Graph Minor Theorem and abbreviated GMT.

The GMT was proved in a series of 20 papers which are over 500
pages written between 1983 and 2004.
The proof has not been simplified. | will not be presenting it.

GMT Let X be the set of graphs. Then (X, <y,) is a wqo.

| will be happy when there is a simpler proof.

| don't think that will happen in my lifetime but. ..

It may happen in llya Hajiaghayi's lifetime since he might do it.
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An Open Question

Why did Joe Kruskal get his name on his theorem but

Robertson and Seymour did not get their name on their theorem.



