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Set of all Finite Subsets

Let 2finN pe the set of FINITE subsets of N.

We order 2finN:
A <X B if there is an 1-1 function f: A — B such that x < f(x).

WRITE DOWN this definition.
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Examples

A B relate

{1,2,3,4} | {23,455} | A<B
{1,2,3,4} | {10,11,12} |Ainc B
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Examples

A B relate

{1,2,3,4} | {23,455} | A<B
{1,2,3,4} | {10,11,12} |Ainc B
{1,2,3,100} | {10,000,000} | A inc B
{4,7,9,100} | {1,...,100} | A= B
0 {1} A< B
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Today’s Theorem

We will prove the following which you should WRITE DOWN
Theorem (2fi"N <) is a wqo.
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What Do We Mean By Smallest?

We will often say things like
take the smallest element that blah

All of our elements are finite sets.
Smallest means the least cardinality.

If there is a tie then pick one arbitrarily
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Proof that 28" js a wgo: Bad Segs

Thm (2" <) is a wqo.
Assume not.

Def A bad sequence is X1, X3, ... with no uptick.
(Recall that the X; are all finite subsets of N.)

There may be many bad sequences. We form one: next slide.

Write Down the definition of a bad sequence.



28N s a wgo: Min Bad Segs. Step 1



28N §s a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.



28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.



28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.

Let B; be the smallest first set in a sequence in BAD.



28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.

Let B; be the smallest first set in a sequence in BAD.

Example



28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.

Let B; be the smallest first set in a sequence in BAD.

Example If BAD is



28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
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Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.

Let B; be the smallest first set in a sequence in BAD.

Example If BAD is

{3,5,10,12},{10,12,33},{1,90}, ... (no pattern implied)
{1,2,100}, {10}, {1,9}, ... (no pattern implied)
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Let BAD be the set of all all the bad sequences. We will thin out
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28N 45 a wgo: Min Bad Segs. Step 1

Let BAD be the set of all all the bad sequences. We will thin out
BAD but keep calling it BAD to avoid having two many indices.
Recall that a sequence in BAD is a sequence of finite sets.

Let B; be the smallest first set in a sequence in BAD.

Example If BAD is

{3,5,10,12},{10,12,33},{1,90}, ... (no pattern implied)
{1,2,100}, {10}, {1,9}, ... (no pattern implied)

{1,2,100}, {99, 100}, {900}, . .. (no pattern implied)
{3,4,99},{10,1111},{9091,990099}, ... (no pattern implied)
then By is {1,2,100} or {3,4,99}. | set By = {1,2,1000}.
Write Down B is smallest 1st set in a sequence in BAD.
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28N §s a wgo: Min Bad Segs. Step 2 and Beyond

Recap We have
Bi, the smallest set that is the first set of a sequence in BAD.

We want to take a second set.

There are some sequences that do not begin with B;.
What do we do with those sequences?
Kill all those who don’t agree!

Thin out BAD by eliminating all sequences in BAD that don't
begin with B;.

By is the smallest set that begins a sequence in BAD.

Keep this up to get By, Ba, ... This is called a Min Bad Seq.
Write Down Def of new BAD and Bs.
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Important Property of The Min Bad Sequence

Recap We have By, By, ... where the following is true
B; is the smallest 1st elt of a bad seq.

By is the smallest 2nd elt of a bad seq that begins with Bj.
B3 is the smallest 3nd elt of a bad seq that begins with By, Bs.

B; is the smallest ith elt of a bad seq that begins with
Bi,...,Bi_1.

The sequence By, B, ..., is a bad sequence (easy).

Write Down
B; is the smallest (or tied) ith elt of a bad seq that begins with
Bl, ..., Bi_1.
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All of the B; are finite sets.
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For i ¢ N
Let b; be the least element in B;.
Let C; = B; — {b,}
Example
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Shaving The Min Bad Sequence

We have By, Bs, .. ..

All of the B; are finite sets.

They are all nonempty since if B; = () then B; < Bj.;.
Forie N

Let b; be the least element in B;.

Let C; = B; — {b,}
Example
If By = {10,111,900} then by = 10 and C; = {111,900}.
Let XX = {G, G, Gs,...}. This is a set not a sequence.
Write Down The definition of b; and C; and XX.
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Begin Proof of Claim

We do this with a concrete example. The general proof should be
clear.

Assume, BWOC, that there is a bad sequence of sets in XX.
Assume its

Coo, C7g, Cig, Cog, Cro, Cg7o31, - - - (NO pattern implied).
Assume that Cig is the smallest index that appears.
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Begin Proof of Claim

We do this with a concrete example. The general proof should be
clear.

Assume, BWOC, that there is a bad sequence of sets in XX.
Assume its

Coo, C7g, Cig, Cog, Cro, Cg7o31, - - - (NO pattern implied).
Assume that Cig is the smallest index that appears.
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sequence.



We Prove (XX, =) is a wqo!

Claim (XX, <) is a wqo.

Begin Proof of Claim

We do this with a concrete example. The general proof should be
clear.

Assume, BWOC, that there is a bad sequence of sets in XX.
Assume its

Coo, C7g, Cig, Cog, Cro, Cg7o31, - - - (NO pattern implied).

Assume that Cig is the smallest index that appears.

Cis, Coo, C70, Cg7231, - - - is also a bad sequence.

Upshot Can assume that the first index is the least index in the
sequence.

Write Down First index is the least index in the sequence.
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We Keep Proving (XX, <) is a wqo!

Assume there is a bad sequence that begins with Cig and that this
is the least index that appears:

Cig, Cog, C70, Cg7231, - - - (NO pattern implied).

Look at the sequence

Bi1,Bs, ..., Bi7, Gig, Cog, C7o, Cg7231, - - - (NO pattern |mp||ed)
This is

A bad sequence that begins with By, By, ..., Bi7 and whose
next element is Cig.

This is a contradiction! Why? Recall that
Big is the smallest set that appears as the 18th element of a

bad sequence that begins with By, ..., Bi7
But |Cig| < |Big|. So Cig is smaller than Big contradicting def of
Blg.

End of Proof of Claim
We are not done. We've just proven that XX is a wqgo.
Write Down XX is a wqo.



Finish the Proof that 2" is a wqo



Finish the Proof that 2" is a wqo

We have XX is a wqo.



Finish the Proof that 2" is a wqo

We have XX is a wqo.
We know that N is a wqo.



Finish the Proof that 28" is a wqo

We have XX is a wqo.
We know that N is a wqo.
Hence XX x N is a wqo.



Finish the Proof that 28" is a wqo

We have XX is a wqo.

We know that N is a wqo.

Hence XX x N is a wqo.

Consider the sequence (Cy, b1), (Co, b2), ... from XX x N.



Finish the Proof that 28" is a wqo

We have XX is a wqo.

We know that N is a wqo.

Hence XX x N is a wqo.

Consider the sequence (Cy, b1), (Co, b2), ... from XX x N.

Since XX x N is a wqo there exists i < j with (G, b;) =< (G, b;).



Finish the Proof that 28" is a wqo

We have XX is a wqo.

We know that N is a wqo.

Hence XX x N is a wqo.

Consider the sequence (Cy, b1), (Co, b2), ... from XX x N.

Since XX x N is a wqo there exists i < j with (G, b;) =< (G, b;).
Hence there exists a 1-1 function f: C; — C; such that x < f(x).



Finish the Proof that 28" is a wqo

We have XX is a wqo.

We know that N is a wqo.

Hence XX x N is a wqo.

Consider the sequence (Cy, b1), (Co, b2), ... from XX x N.

Since XX x N is a wqo there exists i < j with (G, b;) =< (G, b;).
Hence there exists a 1-1 function f: C; — C; such that x < f(x).
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This contradicts By, B, ... being a bad sequence.

Hence 2f"N is a wqo. We are Donel!
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Assume, BWOC, that 2fi"N is not a wqo. So 3 at least one bad seq.
Create minimal bad sequence By, Bs, . ..,

B; is the smallest ith element of a bad sequence that begins
Bi,...,Bi_1.

Define C; = B; — {b;} where b; is least element of B;.

Prove XX = {(1, (3, ...} is a wqo (this was the hard part).

By closure under cross product XX x N is a wqo.
(Ci,b1),(Coy b2), ... is a sequence in XX x N so has an uptick.
(Gi, bi) 2 (G, bj). G = Cjvia f. Add b; — bj to f to get g.
g shows B; = B;. Contradicts By, By, ... being a bad sequence.
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{10100}, {10%00 — 1}, {1010 — 2} ... {1}.

What is the largest L such that there is a bad sequence
A1, Az, ..., AL where max(A;) <.

This is silly. A; has to be {1} and hence A; < A;.

What is the largest L such that there is a bad sequence
A1, Az, ..., AL where max(A;) < i+ 10.

Does such a number even exist? See next slide. Yes.

There is an easy proof and an interesting proof that generalizes.
We do the interesting proof.
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A Not-So-Fast Growing Function

Let f(n) be the max L such that
there is a bad sequence of length L with maxA; < i+ n.
there is no bad sequence of length L + 1with maxA; < i+ n.

One can show f(n) < 29(n).

There will be other wqo where a similar f grows much faster.



