Find the Missing Numbers

William Gasarch-U of MD



Ground Rules

Alice recites ALL BUT k of the numbers in {1,...,n} in some
random order.

We denote these numbers xi, ..., X,_k.
Missing numbers are y1,..., V.

Bob wants to find y1,. .., yx but only has O(klog n) space



k =1 Case

Bob computes 37~ x; and finds

n—1

n n—1
y1:Zi_ZXi:n(nz+1)—ZX,'.
i=1 i=1 i=1



k = 2 Case

Bob computes 27;12 x; and 27;12 x2.

WANT y1y» (you'll see why soon)

1+ y2)* — (v2 + v3)

yiy: = 5



k = 2 Case Continued

KEY STEP: Form Poly

X2 — (y1+ y2)X + y1iy»



k = 2 Case Continued

KEY STEP: Form Poly

X2 — (y1+ y2)X + y1iy»

= (X =y1)(X = y2)
Find its roots. THEY ARE THE MISSING NUMBERS!!!!



k = 3 Case- The Main ldea

NEED

it+y2+y3
yiye +y1y3 + y2y3

yiy2y3

Form polynomial

X3 — (v1+y2 +y3) X2+ (yiy2 + y1ys + y2y3)X — yiyays

= (X =y)(X = y2)(X = y3)
Find its roots. THEY ARE THE MISSING NUMBERS!



Solution One

Bob computes 372 x; and 3272 x? and 272 x3.

n—l—l
nty2ty3= nlnt1) ZX'

n(n+1)(2n+1) i 5

Vityi+yi= 6

n—2

VB yityi= z: fz3 LGRS e

i=1
From these CAN get

yi+y2+ys, Yiy2 +yiy3 + y2y3; yiy2y3
Messy!- On Next Slides



Deriving Sym Functions From Sums of Powers

Have
n+yty,  Vi+vityvi. N+ +y
Want
y1+ y2 + yshave, y1iy2 + y1y3 + ya2ys, y1y2y3
Get y1y2 + y1y3 + y2y3 from:

1 +y2+y3)> = (VF + Y2 +v3) = 2(01y2 + y1y3 + yay3).

Get y;y2y3 since its equal to:
(vy2tyiys+yeys) (vitya+ys) —(vi+ya+y3) 2 +y3 +v3) + (3 +v3+y3)
3 .




Solution Two

Bob computes (next slide shows how)

>

1<i<n—3

g X Xj

1<i<j<n-3
E X Xj Xk
1<i<j<k<n—3

From these CAN get (next next slide shows how)

y1i+y2+ys, Yiy2 +y1y3 + yoy3, yiyeys
Cleanly!



Bob Can Actually Compute Those Sums
Let

se(x1,...,x) =1 (For Notational Niceness.)
L _ )
le(xl,...,xL) —ZlgigLXI
S0, X) = Dicicjer XiX
L _ -
sy(x1,. .., x1) _21§i<j<k§LXIXJXk
L L
Let s; mean s7(xq,...,xL).
We show that if Bob has
L—1 L—1 L—1 L—1
So ; 51 ) Sy ; 53 ; XL
then he can compute
L
505 515 525 53
o =
s{- = le_l + X SOL_l
52L = szL_1 + X le_l
L [—1 -1



Getting 5;3()/1,)/27)/3) from s/~

3

Let s? mean s3(y1,y2.y3). One can show:

Bob knows

n
51,

_ n—-33
Py
N b
~%.3
N
=5 5
n—3

51

n—3
+ 5y 5

—
+ 5 X

i
+ 5,

3
3
ne
s% + 55 X
P
s + 5

3
5>

3 n—3_3
S5 +S3 7S



