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Goal: Approximating π

Motivation How to prove that π 6= 22
7 using elementary methods.

Second Motivation Approximating π.

Third Motivation Learn auxiliary material along the way (e.g.,
countability).
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Approx π by Inscribing and Circumscribing n-gons

Let C be a circle of diameter 1. Its circumference is length π.

For n = 4, 5, 6, . . . (you may want to just use even numbers)

Find PI (n), the perimeter of an inscribed regular n-gon.

Find PC (n), the perimeter of a circumscribed regular n-gon.

PI (n) < π < PC (n).

This approximation raises some more questions which are on the
next slide.
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Questions From Inscribing and Circumscribing

Note
22
7 = 3.142 . . ..
π = 3.141 . . ..

What is the least n such that PC (n) < 22
7 ?

What is a better approximation of π: PI (n), PC (n), their average,
or some weighted average of the two.

What to Use For PI (n), PC (n), and the average, determine the
following: Given n, how many places of accuracy to π do they give?
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The Inverse Squares Summation: Basel’s Problem

Thm 1 + 1
22

+ 1
32

+ · · · = π2

6 .

The following is known.

What is
∑∞

i=1
1
i2
? posed in 1650 by Pietro Mengoli.

Euler solved it in 1735.

Euler lived in Basel so its called The Basil Problem.

It is unusual for a problem to be named after a city.

It is unusual for a problem to be named after it is solved.

Euler’s proof used somewhat hard math.

There are elementary proofs of the Theorem.

What will we do with this theorem? See next page.
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What You Will Do With the Sum of Inverse Squares

Thm 1 + 1
22

+ 1
32

+ · · · = π2

6 .

Hence

π =

√√√√6
∞∑
i=1

1

i2

Can can we use
√

6
∑n

i=1
1
i2

as an approximation for π?

We would need a good approx for square root with error bounds.

Look Up ways to approximate square roots with error bound.

Do Use
√

6
∑n

i=1
1
i2

to show π 6= 22
7 .

Do How many places of π does
√

6
∑n

i=1
1
i2

give?
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Similar Sums

Let ζ(a) =
∑∞

i=1
1
na .

ζ(1) diverges. This is called The Harmonic Series

ζ(2) = π2

6 . This is the Basel Problem.

ζ(3) is known to be irrational but its value is not known. It is
called Apery’s constant since Apery proved it was irrational.

ζ(4) = π4

90 .

At least one of ζ(5), ζ(7), ζ(9), ζ(11) is irrational.

For an infinite number of odd a, ζ(a) is irrational.

ζ(6) = π6

945 ζ(8) = π8

9450

ζ(2a) = (−1)a+1B2a(2π)2a

2(2a)!

where B(2a) is the 2ath Bernoulli number.
The ζ(a)’s appear in number theory and quantum mech.
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For an infinite number of odd a, ζ(a) is irrational.

ζ(6) = π6

945

ζ(8) = π8

9450

ζ(2a) = (−1)a+1B2a(2π)2a

2(2a)!

where B(2a) is the 2ath Bernoulli number.
The ζ(a)’s appear in number theory and quantum mech.
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Other Sums

There are other sums that involve π.

Look on the web for summations that involve π.

For each formula FML that you find

Try to find an elementary proof of FML.

Use FML to show π 6= 22
7 .

Use FML to approximate π: How many digits can you get as
you use the FML with bigger n.
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π is transcendental But The Proof is Hard

Def Z[x ] is the set of a polynomials with coefficients in Z.
Def α ∈ C is transcendental if α is a not the root of a
polynomial in Z[x ].

Thm π is transcendental. This is hard to prove.

Our Goal Find easier proofs of weaker results:

Proof that π does not satisfy an equation over Z[x ] of degree 1.

Proof that π does not satisfy an equation over Z[x ] of degree 2.
...
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