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Introduction

Understanding units and primes in an integral domain is essential for analyzing its structure and properties.
In this paper, we explore the characterization of such elements across several integral domains.

Definitions and Examples

Integral Domains

Definition. An integral domain is a set D with two operations +, X where
e |, X are commutative, associative, and distributive.
e There exists 0 € D with the property that (Va € D)[z + 0 = z].

e There exists 1 € D with the property that (Vz € D)[z x 1 = z].

e For all z € D there exists —z € D such that z + (—z) = 0.

Units

Definition. Let D be an integral domain. A unit is a w € D such that there exists v € D with uv = 1.
Let U be the set of units.

Primes

Definition. A prime is a p € D such that if p | ab then p | a or p | b.
Note: primes p and ¢ are equivalent if there exists u € U such that p = uq.

Irreducibles

Definition. An irreducible is a p € D such that if p = ab then a € U or b € U.
Let T be the set of of irreducibles.

When Primes and Irreducibles are the Same

All primes are irreducibles but not all irreducibles are primes.
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Unique Factorization Domains
Definition. An integral domain D is called a Unique Factorization Domain (UFD) if

e every element of D that is neither 0 or a unit can be factored into a product of a finite number of
irreducibles

e if pypo-...-p. and qi1qs - ... qs are two factorizations of the same element of D into irreducibles, then
r = s, and after reordering the indices, each p; is an associate of g;.

Euclidean Domains

Definition. A domain I is called a Euclidean domain if there exists a function
v:D\ {0} - N

such that the following conditions are satisfied:

o for all a,b € D with b # 0, there exists ¢, € D such that a = bg + r, where either r = 0 or v(r) < v(b)
e forall a,b e D\ {0},v(a) < v(ad)

Z[v/—k] is a UFD

Let P denote the primes and Irr denote the irreducibles, for problems 1, 2, and 3. Furthermore, for = €
Z[vV—k], let N(z) = x x T, where T is the complex conjugate of z. We prove that Z[v/—k] is a Euclidean
Domain, and thus a UFD, if k < 2. We start with some lemmas.

Lemma 0.1

In Z[v/—k] for k > 0, every multiple by an element of Z[v/—k] of the number z 4+ y+/—k can be written
in the form a(z + yv—k) + b(—ky + v/ —k) for a,b € Z.

Proof. Note that any multiple by an element of Z[v/—k] of x 4+ yv/—k can be written in the form (a +
bv—k)(z + yv—k) for a,b € Z by definition of a multiple. We then have

(a+bV—=k)(z +yvV—k) = ax + ayv—k + bav/—k — byk
= a(z +yvV—k) + b(—ky + 2vV—k)
O

Thus, by Lemma ??, every multiple of x € Z[v/—k] can be written as a sum of integer multiples of 2 and
xv/—k. We make the following claim:

Lemma 0.2

Multiples of x € Z[v/—k], when plotted in the complex plane, form a rectangular array (possibly tilted)

formed of rectangles with side length \/N(z), \/kN (z).




Evan Chen

Proof. Note that we already proved that the multiples of 2 have x and /—kx as their basis. Thus, it suffices
to prove that & and zv/—Fk are orthogonal in the complex plane and have the stated magnitudes. But this
is true since xv/—k = x x i x Vk, and it’s well known that multiplication by i corresponds to 90° rotation
in the complex plane.

Furthermore, in the complex plane, the norm of z is v/N(z), and since norm is multiplicative, the norm
of xv/—k is \/kN(x). Thus, since the set of multiples of 2 has orthogonal basis vectors of lengths /N (z)
and /N (z)k, it must be a rectangular grid of \/N(z) by \/N(x)k rectangles. O

With these two lemmas in mind, we now claim that for k¥ < 2, Z[v/—k] is a Euclidean Domain using the
norm N.

Lemma 0.3

Letting v(z) (from the Definition of a Euclidean Domain) be N (z), we claim that Z[v/—k] is a Euclidean
Domain using the norm N for k < 2.

Proof. First, we check that the domain of N(x) is all € Z[v/—k], and the range is the nonnegative integers
(since N(a+ bv/—k) = a® + b*k € Z=°.
Now, we prove that for all a,b € Z[v/—k], 3q,r € Z[v/—k] such that a = gb+r, N(r) =0 or N(r) < N(b).
Consider any such (a,b), and plot both a and the set of multiples of b in the complex plane. Note that

by Lemma ??, the multiples of b form a grid of rectangles with side lengths /N (b) and \/kN(b). Note that
a must lie on the boundary or in the interior of one of these rectangles; Call that rectangle W.

We now prove that there exists ¢, r satisfying a = gb+r, r =0 or N(r) < N(b). Consider the vertex kb
of W such that N(a — kb) is minimized. If this is 0, then a is a multiple of b, so r = 0 and we’re done.

Otherwise, suppose N(a — kb) # 0. Note that this is just the euclidean distance between a and kb in
the complex plane. Since a lies in the rectangle W, this minimum distance of a to one of the vertices of the
rectangle is minimized when a is in the center of the rectangle. In this case,

bW—k, N(b)  kN(b)
2 "= 4 + 4

b
N(a —kb) = \§|2 +
So we have N(a — kb) < N(b) < EELN(b) < N(b) < k< 2. O
Note that for £ > 3, this norm N does not give the Euclidean-domain argument above. Intuitively, this is

because as we choose a b with an arbitrarily large magnitude, we can choose an a € Z[v/—k]| arbitrarily close
to the center of one of the rectangles of the grid of multiples of b, and then we’ll have 2N (b) £ N(b). This

only shows that this particular norm does not work; it does not prove that Z[v/—k| cannot be a Euclidean
domain with respect to some other Euclidean function.

Problem 1: Find all units in {a +bv/2:a,b € Z}

We must find all « such that N(z) = —1 or 1, since

N(z)e{-1,1} ifzeU.

The norm is

N(z) = 27 = a® — 2b°.
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Also, note that N(z) is multiplicative. Consider 2 = 1 + /2. Then

N(z)=1-2=—1,

so x is a unit. Then, since N(z) is multiplicative, numbers of the form +(1 4 +/2)* and their conjugates
will also satisfy N(z) = —1 or 1. And these are all the units in {a + bv/2: a,b € Z}.

If there were another unit u, then for some &,
(14+V2)F <u < (1+V2)FL
Multiplying by the inverse of (1 + v/2)*, we would obtain

L<u(l+v2)7F <1+V2,

but no other number in {a + bW2:a,be Z} exists between 1 and 1+ V2.

Problem 2: Find all units and primes in the algebraic integers.

Let I denote the set of algebraic integers.
Characterization of the Units:
We start with a definition.

Definition 0.4. We define the norm N(z), N : I — Z of an Algebraic Integer to be the product of all the
roots of its unique minimal polynomial. In particular, N(z) is multiplicative.

This definition comes from Galois theory, though we can prove, using basic methods, that the minimal
polynomial is unique.

Lemma 0.5

The minimal polynomial (monic) of an algebraic integer is unique

Proof. Suppose FTSOC we have monic polynomials f(z) and g(x), such that for some algebraic integer «,
f(a) = g(a) =0, and the degrees of f and g are minimal.

Since Z[z] is a Euclidean Domain with norm being the degree of the polynomial, consider dividing f
by g. Let f(z) = g(z)g(z) + r(x). Then, we must also have f(a) = ¢(a)g(a) + r(e) = 0 = r(«), so
a must also be a root of the monic polynomial r(x). But by definition of an ED, deg(r(x)) < deg(f(z)),
contradiction. O

We prove the following lemma.

Lemma 0.6
x € I is a unit only if N(z) € {-1,1}

Proof. First, note that N(1) = 1, since the minimal polynomial of 1 is  — 1, whose product of roots is
simply 1.
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Now, suppose for some x € I, 3y € I such that xy = 1. Then, taking the norm of both sides, we have
zy=1 = N(zy) =N(1)

= N(z)N(y) =1

But since the range of N(x) is the integers, and the only unit integers are +1, we must have N(z) €
{-1,1}. O

Lemma 0.7
x €I is a unit if N(z) € {-1,1}

Proof. Equivalently, it suffices to prove that for all u € I such that u # 0, if |[N(u)| = 1 then % el
Consider the unique minimal polynomial P(z) of u. Note that its constant term must be (by Vieta’s

formulas, since by definition of norm the product of its roots must be £1) +1. Let

deg(P(x)) = d

Now, consider the polynomial

Q(z) = 2"P(~)

T

Note that this polynomial is essentially P(z), but with the coefficients of the z* and z%~* terms swapped for
all k. Then, since the coefficient of the constant term of P(x) was +1, then so must the leading coefficient

of Q(x).
Now, let
o R(z) = aaQ(x)

where a4 is the leading coefficient of Q(x). Note that R(z) must then be monic, since if the leading coefficient
of Q(z) was 1, that of R(x) remains unchanged, whereas of the leading coefficient of Q(z) was —1, that of
R(x) must be flipped to 1.

We claim that 1 is a solution to R(z). Note that

1 1
R(-) = —
() = ()
d
1
= - P
(2)'
=0
Thus, % is an algebraic integer. O

Thus, we have proven that x € I is a unit if and only if N(z) € {-1,1}.

Characterization of the Primes:

We claim that there are no primes in I.
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Lemma 0.8
Foranyz € I, Jx €1

Proof. Let P(x) be the minimal polynomial of . Then, consider the monic polynomial P(z?). Note that
VT is a solution to P(x?), so y/z € I. O

Lemma 0.9
Foranyx €I, 22 €l

Proof. This comes simply from the fact that I is closed under multiplication. O

We now prove that there are no primes in I. Suppose FTSOC that some p € I was prime. Then, knowing
that /p € I by Lemma 77, we have

VP

1
VP
But then by Lemma 77, we have

1 1
—cl] — —-¢el
D

VP

Since both p and % € I, p must be a unit, contradiction.

Problem 3: Find all units and primes in the set of rational numbers
whose denominators are not divisible by a prime p.

Note that the inverse of a/b is b/a, so in order for the inverse of a number to be in that set (i.e., for it to be

a unit), p must also not divide its numerator. Thus, the units are § where p { a,b.

Note also that in this set, = divides y iff v,(z) < 1,(y). Now, consider any potential prime ¢. Then we
must have that for all a, b,

vp(q) < vp(a) + vp(b)
which implies
VP(Q) < Vp(a) or Vp(Q) < Vp(b)-

Which is true only when v,(¢) =1 or wv,(¢) =0. We drop the latter case, since a prime is defined not
to be a unit. Thus, primes are just numbers such that p fully divides their numerator.

However, we consider two primes p and g equivalent if there exists a unit u such that p = ugq.

Thus, the only prime in this set is p itself.



