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1 Abstract

A two-color Rado number for a given equation asks for the smallest positive integer n, so that
when we color the first n positive integers (this can also be denoted as [n]) into two colors, a
monochromatic solution to the equation is unavoidable. In this paper we study the equal-coeflicient
non-homogeneous equation

try +txeg + -+ txy = Tyl + ¢ (Em,t.c)

where m > 2, t > 1, and ¢ < mt — 2. Write
S = mit, D=5S5-1-c¢c

If S and ¢ are both odd, the odd-even coloring shows that the Rado number is infinite. In every
remaining case that satisifes the parity condition, we determine the Rado number exactly to be:

Ry(Emite) =14+ (mt —1— c)(mt2 +t+1).

The lower bound can be obtained using an explicit three-block coloring. For the upper bound, we
shift the positive integers to start at 0 and use a scaling argument to reduce the problem to a single
constant ¢ for a given pair of positive integers m and ¢.

The problem then involves the sums of m same-colored integers. If the red m-sum and blue
m-sums are equal, it forces the same output to have both colors. Case-by-case analysis shows that
this is unavoidable.

2 Introduction
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Def 2.1. A two-coloring of [n] = {1,2,...,n} assigns each integer either red or blue. A solution
of an equation is monochromatic if all of its variables have the same color.

Def 2.2. The two-color Rado number Rs(FE) of an equation F is the least N such that every
two-coloring of [IN] contains a monochromatic solution of E. If no such N exists, then Ro(F) = oc.



The classical example is Schur’s equation
r1 + 190 = 23,

whose two-color Rado number is 5. This means that [4] has a monochromatic-solution-free coloring,
but every two-coloring of [5] contains a monochromatic solution.
We focus on
t(x1+ a2+ + Tm) = Tmt1 +

The sum of the input coefficients is
S =mit.

Parity considerations force a contradiction. If S and ¢ are both odd, coloring odd numbers red and
even numbers blue prevents a monochromatic solution. We therefore restrict our attention to

Se=0 (mod 2), c< S -2

Several cases of this problem are already known exactly and can be used to check against the
formula proved in this paper.

Case Exact result Source
c =0, arbitrary m,t Ro =N Guo—Sun
t = 1, arbitrary m,c¢ Ro =N Schaal

Our main result is that this formula is exact for all equal coefficients with relevant parity.
In Section 3, we prove the lower bound. Section 4 shows how the formula accounts for known
results. In Section 5 we use a transformation to nonnegative variables and reduce a hypothetical
counterexample to a single constant ¢ for each pair (m,t). In Section 6, we prove the two primitive
upper bounds by an argument that compares the sum of m blue numbers to the sum of m red
numbers and derives the full theorem. In section 7, we derive our conclusions and outline a few
open problems that directly derive from our results.

3 The Three-Block Lower Bound
Theorem 3.1. Let m > 2 andt > 1, and let ¢ < mt — 2. Put
S = mit, D=S-1-c.

Then
Ro(Emie) > N =1+ D(mt* +t+1).

Equivalently,
N =m?*t® —mt’c —te+ (m — 1)t —c.

Proof. The idea is to color [1, N — 1] in three blocks:

red ‘ blue ‘ red
[1,D] | [D+1,D(S+ 1] [ [D(S+1)+1,N —1].

We show that no monochromatic solution is possible.



Suppose first that all variables are blue. Then every z; > D + 1, so
t(x1+-+xm) >tm(D+1)=5(D+1).
Hence
Tmy1 > S(D+1)—c=D(S+1)+1,

which is outside the blue block.

Suppose next that all variables are red and lie in the lower red block. Then

S <t(xy+ - +xy) < SD.
Therefore
D+1=S-c<zp1 <SD—-c<D(S+1),

SO Tym41 is blue.
Finally suppose that all inputs are red and at least one input lies in the upper red block. Then
for some j,
x; > D(S+1)+1.

The other m — 1 inputs are at least 1, so

txr+ - 4 ay) > t(D(S+1)+1) +t(m—1)

=S+tD(S+1).
Thus,
Tmi1 > S+tD(S+1)—c=1+D(t(S+1)+1) =N,
which is outside the colored interval. All possibilities lead to a contradiction. ]

Example 3.2. Consider
2x1 + 229 4+ 223 = x4 + 2.

Here m =3,t =2, 5 =6, and D = 3. The theorem gives
N=1+33-44+2+1)=46.
A solution-free coloring of [45] is

[1,3] red, [4,21] blue, [22,45] red.

R B R |
13 21 45

4 Comparison to known results

We note that the derived expression N recovers all three known equal-coefficient families.



4.1 The homogeneous case ¢ =0

When ¢ = 0,
D =mt—-1.

The lower bound becomes
N =1+ (mt —1)(mt*> +t+1) = m?*t> + (m — 1)t.

Since S = mt, this is
tS? + 5 —t,

which is the exact Guo—Sun result.

4.2 Unit coefficients ¢t = 1

When t = 1, the equation is
1+ Ty = Tmg1 +C

This is the same as Schaal’s results with NV in the considered range.

4.3 Two inputs m =2

For
tx1 +txo = x3 + c,

the formula becomes
N =43 —2t%c —te+t — c.

This is also a special case of the general theorem proved in Section 6.

5 Nonnegative Formulation

The upper bound becomes cleaner after shifting the positive integers so that 0 is admissible. Recall

that
D=mt—1—-¢c>0.

Set
T, =X;+1 (1§z§m), Tmt1 = 4 + 1.

Then E,, ;. is equivalent to
t(X14+--+Xn)+D=2

All variables in F}, ; p are nonnegative integers.

Def 5.1. Let 7, (D) be the least L such that every two-coloring of {0,1,
monochromatic solution to F, ; p. If no such L exists, set rmt(D) = oo.

The shift is a bijection between colorings and between solutions, so
Ry(Emte) =14 rm (D).
In particular, the lower bound from Section 3 is equivalent to

rmt(D) > D(mt* +t +1).

(Fm,t,D)

..., L} contains a

(5.1)



For convenience, let
C=mt*+t+1.

We will prove the following shifted form of the main theorem.

Theorem 5.2 (Nonnegative equal-coefficient theorem). Let m > 2, ¢ > 1, and D > 1. If mtD is
odd, then
Tmﬂg(D) = Q.

If mtD 1is even, then
’I”myt(D) = DC.

The lower bound has already been proven, while the upper bound remains to be shown. We
begin by supposing a hypothetical counterexample and show tha it reduces to D =1 or D = 2.

5.1 Reduction

Fix m and ¢, and suppose for contradiction that the claimed upper bound fails for at least one
positive D with mtD even. Choose such a D as small as possible. Thus there is a two-coloring

x :{0,1,...,DC} — {blue,red}
containing no monochromatic solution to Fy, s p.

Lemma 5.3. If mt is even, then the minimal counterexample has D = 1.

Proof. Suppose mt is even and D > 1. By minimality of D, every two-coloring of [0, C] contains a
monochromatic solution to

tyr+ -+ Ym) +1=Ymp
Define a two-coloring x’ of [0, C] by
X (u) = x(Du).
Choose a monochromatic solution

tur + -+ um) + 1 = tms

for x/. Set x; = Du; for every i. Then all x; have the same color under x, they lie in [0, DC], and
multiplying the displayed equation by D gives

tx1+ -+ xm)+D=m1.
This is a monochromatic solution for x, a contradiction. O
Lemma 5.4. If mt is odd, then the minimal counterexample has D = 2.

Proof. Suppose mt is odd. Since mtD is even, D is even. If D £ 2, then D > 2. By minimality of
D, every two-coloring of [0,2C] contains a monochromatic solution to

tyr 4+ ym) 2= yms1-

Define
X (v) = X<D v) (0 <wv<20).



Choose a monochromatic solution
tvi 4+ vm) +2 = Vg1

Set
D
Ty = — V;.

2

Then 0 < z; < DC, all x; have the same color under y, and multiplying the displayed equation by
D/2 gives
(14 +2m)+D =zmt1,

again a contradiction. O

Thus only D = 1 when mt is even and D = 2 when mt is odd remain.

5.2 Two elementary sum lemmas
Interchange the two colors if necessary so that

x(0) = blue.
We will repeatedly use the following two observations.

Lemma 5.5. Suppose [0, DC] is colored red and blue with no monochromatic solution to Fp, ¢ p.
If
bi+-+bp=r1+ -+ =0,

where every b; is blue and every r; is red, then
Q > D(mt+1).
Proof. Suppose instead that Q@ < D(mt + 1). Then
tQ+ D <tD(mt+1)+ D = D(mt®> +t+1) = DC,
so x(tQ + D) is defined. Both
(b1,...,bm,tQ+ D) and (ri,...,rm,tQ + D)

solve Fy, ¢ p. If tQ + D is blue, the first tuple is monochromatic; if it is red, the second tuple is
monochromatic. Either possibility is a contradiction. O

Lemma 5.6 (Interval sums). Let a < b be nonnegative integers. Every integer in
[ma, mb
can be written as the sum of m not necessarily distinct integers from [a, b].

Proof. Start with m copies of a and increase the summands one at a time. This achieves every
total from ma through mb. O

We call a representation of ) as a sum of m blue integers a blue m-sum, and define a red m-sum
similarly.



6 The Primitive Upper Bounds

We now rule out both primitive counterexamples while keeping the least-colored-integer argument
explicit.
6.1 Case 1: D =1 and mt even

The equation is
txr+ -+ xm) + 1 =T

The all-zero input forces 1 to be red. Using m copies of 1 then forces
H:=mt+1

to be blue. No positive integer at most H can be both a blue m-sum and a red m-sum.
Let v be the smallest positive blue integer. Then

2<v<H.
Since v =v + (m — 1) - 0 is a blue m-sum, it cannot also be a red m-sum.

Lemma 6.1. In this case v = 2.

Proof. Suppose v > 2. Then every integer in [1,v — 1] is red, so the interval-sum lemma implies
that every integer in
[m, m(v —1)]

is a red m-sum. Since
mv—1)>2wv—-1) >,

the fact that v is not a red m-sum forces v < m.
Let k be the smallest positive integer such that kv > m. Then k£ < m and

kv <m+wv < 2m.

Hence
kv=Fk-v+(m—k)-0

is a blue m-sum. Also,
m < kv <2m < m(v—1),

so kv is a red m-sum. So we get
kv >mt + 1.

Since kv < 2m, we have
2m > mt + 1,

which forces t = 1.
Because mt is even, m is then even. Since v > 2, both 1 and 2 are red. The red inputs

2,1,...,1
force m + 2 to be blue. On the other hand H = m + 1 and 0 are blue, so the blue inputs
H,0,...,0

force m + 2 to be red. This contradiction proves v = 2. O



Thus 0 and 2 are blue while 1 is red. If m is even, then

—

m terms

is a red m-sum, while

m m
= — . 2 —_— O
m=g ety

is a blue m-~sum. Since m < mt + 1, we get a contradiction. Hence m is odd. Since mt is even, ¢ is
even.

Lemma 6.2. Fvery odd integer at most mt + 1 is red.

Proof. Suppose not, and let n < mt + 1 be the smallest odd blue integer.
First suppose n < m. Since m and n are odd,
m-—n m+n—2

2 -0
2 * 2

m=n-+

is a blue m-sum. But
m = 1 + e + 1
N——
m terms

is a red m-sum. This is a contradiction because m < mt + 1.

Now suppose n > m. Every odd integer in [1,n — 2] is red. Sums of m such odd integers attain
every odd integer from m through m(n — 2): to see this, write each odd summand as 1 + 2z and
apply the interval-sum lemma to the z’s. Since n > m > 3,

n <m(n—2),

so n is a red m-sum. But
n=n+(m-1)-0

is a blue m-sum. Since n < mt + 1, this is again a contradiction. O

Finally, mt 4+ 1 is odd because m is odd and ¢ is even. The previous lemma says that mt 4 1 is
red, contradicting the fact that it was already forced blue. Therefore no primitive counterexample
exists when D = 1.

6.2 Case 2: D=2 and mt odd

Now m and ¢ are both odd, and m > 3. The equation is
1+ +am) +2=Tmi1.
The all-zero input forces 2 to be red. Using m copies of 2 then forces
H:=2(mt+1)

to be blue. No positive integer at most H can be both a blue m-sum and a red m-sum.
Let v < H be the smallest blue positive integer greater than 2.

Lemma 6.3. The integer 1 is blue.



Proof. Suppose instead that 1 is red. Then every integer in [1,v — 1] is red, so every integer in
[m,m(v—1)]

is a red m-sum. The number
v=v+(m-—1)-0

is a blue m-sum, and v < H, so it cannot also be a red m-sum. Since
m(v—1)>3(wv—-1)>wv,

we must have v < m.
Let k be the smallest positive integer such that kv > m. Then k£ < m and

kv <m+v < 2m <m(v—1).

Thus kv is a red m-sum, while
kv=Fk-v+(m—k)-0

is a blue m-sum. Since kv is both a red and blue m-sum, we have
kv > 2(mt + 1),
but kv < 2m < 2(mt + 1), a contradiction. Hence 1 is blue. O

We now know that 0, 1, and v are blue, while every integer in [2,v — 1] is red. Since v is a blue
m-sum and v < H, it cannot be a red m-sum. The interval-sum lemma, fills

[2m, m(v — 1)]

with red m-sums. Because
m(v—1)>3(v—1) >,

it follows that
v < 2m.

We split into three subcases.
Subcase 2a: m < v < 2m. The identity
2m=v+(2m—-v)-1+(v—m—1)-0
uses exactly m blue terms, so 2m is a blue m-sum. But

2m=2+---+2
—_——

m terms

is a red m-sum. Since 2m < 2(mt + 1) = H, this is a contradiction.

Subcase 2b: 4 < v < m. Let k be the smallest positive integer such that
kv > 2m.

Then k£ < m and
kv < 2m+v < 3m.



Thus
kv=Fk-v+(m—k)-0

is a blue m-sum. Since v > 4,
kv <3m <m(v—1),

and hence kv € [2m, m(v — 1)], so kv is also a red m-sum. We get
kv > 2(mt + 1).

Because kv < 3m, we obtain
3m > 2(mt + 1),

which forces t = 1.
Now H =2m + 2. Also,
m(v—1)>3m>2m+2=H.

Therefore H € [2m, m(v — 1)], so H is a red m-sum. But H itself is blue and 0 is blue, hence
H=H+(m-1)-0
is also a blue m-sum. This is a contradiction.

Subcase 2c: v = 3. Since m is odd,

QmZmTH-IS—FmT_g-I—i—l-O

is a blue m-sum. It is also the red m-sum of m copies of 2. Again 2m < H, a contradiction.
All cases are impossible. Therefore no primitive counterexample exists when D = 2.

6.3 Completion of the upper bound

We have shown that a minimal counterexample would have to be D = 1 when mt is even or D = 2
when mt is odd, and both primitive cases are impossible. Hence, whenever mtD is even,

’I"myt(D) S DC.
Together with the lower bound,
rmi(D) = D(mt* +t +1).

If mtD is odd, then m, t, and D are all odd. The odd-even coloring of the nonnegative integers
contains no monochromatic solution: all-even inputs give an odd output, while m odd inputs
together with odd ¢t and odd D give an even output. Thus

rmt(D) = oo.
This completes the proof of the nonnegative theorem.
Shifting back to positive integers gives the main result.

Theorem 6.4 (Equal-coefficient Rado number). Let m > 2, t > 1, and ¢ < mt — 2. If mt and ¢
are not both odd, then
Ro(Epte) =1+ (mt —1—c)(mt* +t+1).

Equivalently,
Ro(Emte) = m*t? —mt*c —tc+ (m — 1)t —c.

If mt and c are both odd, then Ro(Ep, ) = oo.
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Proof. Put D = mt — 1 — c¢. Equation (5.1) gives
Ry(Eme) =14 m(D).

If mt and ¢ are both odd, then mtD is odd and the shifted Rado number is infinite. Otherwise
mtD is even, so
Ro(Epie) =1+ D(mt* +t 4 1),

as claimed. n

As a special case, when m = 2 this gives

Ro(txy + tog = 23+ ¢) =43 —2%c—te+t—c.

7 Conclusions and Open Problems

For ¢ < mt — 2, the equal-coefficient two-color problem is now completely determined. If mt¢ and ¢
are both odd, the odd-even coloring avoids a monochromatic solution forever. In every other parity
case,

Ro(Epte) =1+ (mt —1—c)(mt> +t+1).

The proof has two main pieces: the three-block coloring gives the lower bound, and after shifting
to nonnegative coordinates, one can further reduce the problem to the constants of 1 and 2, and
finally a case analysis comparing sums of m numbers of the same color yields a contradiction.

The boundary value ¢ = mt — 1 is also immediate: setting every variable equal to 1 gives a
solution, so the Rado number is 1. The case ¢ > m¢t is different because the three-block construction
used here no longer applies directly.

Open Problem 7.1. Determine the two-color Rado number of
tx1 4+ +xm) =Tm+1 + ¢

when ¢ > mt.

Open Problem 7.2. Determine the r-color Rado number of Ep, ;. for r > 3.

Open Problem 7.3. Determine the two-color Rado number of
a1x1 +ax2 + -+ amTm = Tmi1 + G,

where ay, a9, ..., an are a fized set of positive integers (not necessarily equal), and c is an integer
constant.
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