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Acta Mathematica Academiae Scientiorum Hungoricae
Tornus 31 (1—2) (1978) pp. 125—149,

ON DIFFERENCE SETS OF SEQUENCES
OF INTEGERS. 1

By
A. SARKOZY (Budapest)

1. A set of integers wy=u,~... will be called an .of-set if its difference set
does not contain the square of a positive integer; in other words, if u,—u,=z*
(where x, , z are integers) implies that x=yp, z=0. Let 4(x) denote the greatest
number of integers that can be selected from 1, 2, ..., x to form an .o/-set and let
us write '

A(x)

X

a(x}=
i. Lovasz conjectured that _
{H - ax) =o(l)
(oral communication). The aim of this paper is to prove the following sharper
form of (1):

THEOREM.

. A {doglog x)¥3
@ o= o[ |

(We remark that (1) has been proved independently also by H. Fiirstenberg;
his proof is unpublished yet.} ‘ .

To prove this theorem, we are going to use that version of the Hardy-Littlewood
method which has been elaborated by K. F. Roti in [2] and [3].

Theroughout this paper, we use the following notations:

We denote the distance of the real number x from the nearest integer by |xf,
Le. x| =min {x—[x], [x]+1—x}. We write e(x)=c** where u is real. L,, L,, ...,
Xy, X1, ... denote absolute constants. If @, & are real numbers and #=-0, then we define

the symbol min {a, %} by

3 ' min o Bl a
() » 0 = b
Finally, if g0y, x5, ..o, %)= 00y X, ., X,) then we write

g(‘xl’ Xy ey xn) = H(f(xlﬁ gy -y xn))'

2. Following Roth’s Iﬁethod, we are going to deduce a functional inequality
for the function a(x).
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A. SARKOZY
Let M be a large integer and let us write M =[VN]. Let

[yl ' M
T = 2 e(zbu) = J e(z%%).
=1

Let i, g, ..., gon De a maximal «f-set selected from 1,2, ..., ¥ and let
AN ‘
Flo) = 2 e(um).
xa=1

We are going to investigate the integral

4) E= f IF@PT (@) da.
Obviously, '
(5) E= jl FO) P~ T(@de =
- f1§)e(u o) Z e(—u o) Ze( o) = ;f’%:’fz Ul =0

SINCE by, Us, ..., Wy IS AR F-3€t.
On the other hand, we shall estimate this mtegra] by using the Hardy—Litile-
wood method. For this purpose, we need some estimates for the functions 7o)

and F(a).
3. In this section, we estimate the function T (a).

Lemma 1. If'a, b are integers such that a=h, and f is an arbitrary real number then

» .
e(kf)| = min{b—a+1, }
k;’a b { 2180
(For ||Bi=0, the right hand side is defined by (3).)
ProoF. Obvicusly,

ke

ﬁ'e(kﬁ)' = ij i=b—a+!
k=0

for all 4, b, B (where a=h).
Furthermore, for |8 =0,

= e((b at D) _ - 2
‘*”“”‘ =@ e
2 R N
B —e @Dl Wawp  Samifl - 2. 3
T

II'\

which proves Lemma 1.
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QN DIFFERENCE SETS OF SEQUENCES OF INTEGERS, I 127

Lemma 2. Let p, g be integers and o, 7 real numbers such thar g=1,(p,g)=1 and

oc-—£| = -IT .
q g
Then _
02—,1 . ! 801
min 1g, ———r = 8glog q.
£ P e f T 00ed
This lemma is identical to Theorem 44 in [13, p. 26!

LemmMa 3. Let p, g be integers and e, 7, P real numtbers such that gz, {p,gi=1,

Pz=1 and

(6)

Then

(7 Stminle, 1 | _epien

- 2P ) < 8P+ logs.

PRroor. For g=1, (7) holds trivially (by Pz:1).

; For g=1, the left hand side of (7) can be rewritten in the following way:

=1 1
. &) : min 32, ————
B 2 [y +az]

A i ] i
- min{P, .ty min {P, ———-
nmé;—l Iy +ax] ogxg—l Il +ezx]

y+ax) <= tr4aextz=—
q q

1 |
= P+ T = P 1+ minyg, ———4 =

u-;--x‘gq-l n-__fxé;—i I+ o] nzx‘éz'q—x og-xg;-l ? fly -+ oce]|
Irdox|t=— By bax| 551 a:r+¢xil-=1 Metax)=—

: q 4 7 4

g—1
=P 14 min {¢g, —-—— ¢ .
R (e

il)"+zlel<;
We are going to show that
) F 1=8
. 0=x=g-~1
Iytexl <L
q

Let us assume indirectly that the left hand side of this inequality is =9. This in-
direct gssumption implies the existence of integers Xy, Xg, Xg, Xy, X5 Such that

. I .
(10) . [y o] = '-é- (for i=1,...,5)

Acte Mathemetica Academiae Scientiarum Rungaricae 31, 197§




128 A. BARKOZY

and which all lie either in the interval [O, q;l] or in [q;[ s q-—I]; in either case

(1) o<|x,.—x,;<% (for l=i=j=5).

By {10), there exist iniegers y; and real numbers §; such that

(12) | ?+ozxi=y,-+% (for i=1,..,5)

-and
-l =8 <1 {for i=1,..3).

i

Using the matchbox principle, we obtain the existence of indices p, v such that
l=p<v=5 and

_ 1
(13) . 0,6 < -

Writing f=g and v in (12), respectively, and subtracting the egualities obtained
in this way, we obtain that

. -0,
a{xp‘"xv) = y;x—yv"{"pT
Hence _
. o — = .Qf_:.g:. - -.l...-.
(14 floe (e, — %) = p 7
(by (13)).

On the other hand, we obtain with respect to (6) and (11} that
Ha(x;:""-xv)“ = l%(x,u_xv)'i_{a__%) (xu_xv) =

S L B Y PSSO N SO0 LS

g g g g* 2 2

in contradiction with (14), which proves (9).
(8), (9) and Lemma 2 vield (7) and Lemma 3 is proved.

Lemma 4. Let N, p, g be integers and o a real number such that Nz=l, g=1,

oBla k.
. q q2
Then
M M ,
{15 |T ()] = l;c21 e(k2o) =7 [-9—17;-{- (Mlog 92+ (glog q)”z]
(where M=[yN]).

Acta Mdalemation Acelomiae Suieatidsiim unyaricas 31, 1973




ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS. 1

ProOF.

IT@ = T(@)T(—a)

Z’ Z'e((x NE+ ) =

r=1lp=

M—=1 | min{M,M—u}

M M
= ;é; ,,;1 e{(x®

—1 oin{M, M-}

> 2

w=1~M y=max{1—u,1}

= X 2 e(uu+2y)w)

=l - M | p=max{l—u,1}

To estimate the inner sum, we apply Lemma 1 with f=2ux, g=max

b==min {M, M —u}. Then obviously,

J\%—l mip {M, M—r)

w=1— M

b—a = min {M, M—u}~max {1~u,1} =

thus Lemma | yields that

M-l
|T(@)? = _ngin (M—-1)+1

1 1

t\)I —

wita iJZMH

i

=7,

1

T 201 2uaj

2—-3M

1 KaM--ayq] 2— 2M+(J+1)<1-1

A

The inner sum can be estimated by using

We obtain that

1 lam
(16) TeP==5 2

2 5 v=2"ZM+ jg

—4¥q]

Jj=0

.

ZM

Toal §

Lemma 3 with y=(2—2M +jg)a, P=2M.
(l6M+8glogq) ==

- 5([3?]+1](16M+8q10gq) < (fqﬂﬂ](wwaog_q) -

2
L 32%—+8M+16Mlogq+4qlog q.

For g=1,
M= M M =
q
while for qz?.
M= Miogd = 2M10g2
Hence

AMa
g

=

L]

2 log g.

2
M= M7+2M log'g.

Acte Mathematice Acodemiae Scieniierum Hﬁnpaﬂcae a1, 19’:;8

—ya) =

e(u(u+2y)a) =

e {1-1r,1}




130 A SARKOZY

Thus we obtain from (16) that
2 2 )
TR = 32MT+8 %—+2M10g4 +16Mlogg--4glogg =

M
q

- 2
=40%—+32Mlogq+4qlogq<49 +AMlogg--qlogg|.

With respect to the inequality
(@ +b2 Y2 = g+-b+c (where a,b,c = 0),
this yields (15} which proves Lemma 4.

Lemma 5. Let N, p, g be integers and o a real number such that (p, q)=1,

{(an _ N=z3,
(18) _ l NV¥log N
and
P |
19 U B
(% Q| g
Then _
1y
T =21 7)o
Proor. Applying Lemma 4, we obtain with respect to (17) and (18) that
M 1/2 1 /2|
TE)i=<7 F%-(M'logq} +(glogg)®| =
N 1/ ‘
=7y + N (log )+ (g log g <
N 1/2
= 7 _é- +N1”4(10g N)_l.fz_,_(N_ﬁz mg N‘)l/z —
uz¢ - 1w 1/2 1/2
log N ] Ny N
= 7|= 1+2{g—=m =T7|—] -3=2t{—| .
q _ ) q g
LEMMA 6. Let N, p, g be integers and o, B real numbers such that
(20) N=9,
21 (p.q) =1,
(22) 1=g=VN,
23) a=Lyp

q

Acte Mathematice Academiag Seientiarum Hungericee 31, 1973




ON THFFERENCE SETS OF SEQUENCES OF INTEGERS. I 131

and
log N 1
{24) —— =fl= .
Vo=
Then
. log ¥ 12 ;
; (25 Ty 30 [—u—} X :
; ) B v
Proor. Let
1
0[]
. 18|
Then cbviously,
. _ 1
26 —_—
(26) =7
hence
: 1
(27 =
, |51 70
By (24),
I .
(28 — = VN
%) !
Thus _ _
i 1 i 1 2
29 Q-"_:[-"—T}*Fl:—i-'———l- Ne - —d—e
@ aF T =t YN It o = o

By Dirichlet’s theorem, there exist imtegers r, s such that

B0y (rsh =1,
(31) l=s=Q
and ' '

33 | S
- 3 .-‘< ‘;@"‘.

(31 and (32) imply that also

holds. Thus we may apply Lemma 4 with ‘? in place of % . We obtain that

" .
{33) [T (o)) = 7 (EITA + (M log 5)1!2:_(3 log 5}1/2] =

N 1/2 3
=7 [—S—] + N(logs)/2+(slog s)”zj .

To deduce (25) from this inequality, we have to estimate s in terms of g || and W,
respectively,

P Acta Metheimatica Acadeniige Scientierwm Fingorvicas 31, 2978




A. SARKHZY

By (29) and {31},

(34 §=0 < —
) C=am
hence with respect to (20) and (24),
2 2 N
S e = D 2
o g6 =TT = “Togm =

Thus (33) implies that '

. 1/
(35) 1T ()| =7 ?] +(N”“+s”‘~')(10g N2

We are going to show that
. A
{36) p s .
Let us assume indirectly that
rp_r

(37 il

By g¢=1, s=1, (21) and (30), this implies also g=s. Thus in view of (23), (27)

and (32)
g s q § q &

ST T . LI

5| qQ sQ

- in contradiction with (37), which proves (36).
(36) tmplies that

- i
(3%) p_r|_ps—gr] 1

q s T gs
On the other hand, with respect to (22), (23), (24), (26) and (32),

. p P ‘ r p r
(3%} ) = [E——a}—l-(:x—?] = fx-—q~ -+ a_?l =
qiﬁ
= [Bl-+je— 1] = 81+ = 181+ <+ v = g
(38) and (39} yield that
1 1
i = fl4++— 57
Thus by (24),
(40) s_z—ﬁi > VN.

Actq Mathematica Academiace Scientigrum Hungaricee 31, 187§




OWN DIFFERENCE 5ETS OF SEQUENCES OF INTEGERS, [ . 133

In view of (20), (34) and (40), we obtain from (35) that

1/2 /
N y NIJQ
T)<7 [?] +25M2(log NP2 = 731”0"%*"’)1”[& oz N )M”) <
. ) 1/2 log N 12
<T84 og NP1 +2) = 21%(og NP2 < 21( T dog < 30 (12 )
) g7

and Lemma 6 is proved.
Lemmia 7. Let N, p, g be integers, R, Q, areal numbers such that N=1. (p,g)=1,

(41) l=R=g=0,
(42) . _ N=Q=N
and
3 2 ’ L
{4 g ——] = —.
( l q| gQ
Then ' .
N 172
(44) ' [T (o} ~= 7 ("I?] 4 14(Q log NP2,
Proor. (4)) and (43) imply also
I
c&—£ -~ i,
q q

Thus with respect to (41) and (42), Lemma 4 yields that

{2

|7 ()| = T(N '}“(N”'“’logq)”z-l—(qlogq)lfﬂl =

-qln’Z

N /s _
=7 (F] +{(0 log NV24H(Qlog N2

which proves (44).

4. In this section, we estimate the function F(x) by using Roth’s method.
Lemmas £ and 9 follow trivially from the definitions of the functions A(x)

and a(x).
Lemma 8. If x, y are positive integers such that x =y then A(xyz=A(p).
LemMa 9. For any positive integer X,
1 .
—=a{x)=1.
X

-For any integer & and positive integers ¢, X, let A, »{x) denote the greatest
number of integers that can be selected from b+g, b+2q, ... b+x¢ to form an

&f-set,

Acte Mathematicg Acariemioe Scientiagrum Hungaricaa 32, 1978




A. SARKOZY

Lemma 10, For any integer b and positive integers g, x,
A”,’qz)(x) = A (x) .

Proor. This follows trivially from the fact that the numbers b+u, 4% b+usg?,
wees Dty g form an of-set if and only if also the numbers u,, ;. ..., 4, do.

Lemma 11. For any positive integers x and y, we have

(45) A(x+y} = A(x)+-A(¥),
(46) Axy) = xA(y),
47 a{xy) = a(y),

(48) a(x) = [1+§]a(y).

Proor. Applying Lemma 10 with b=y, g=1, we obtain that the greatest
number of integers that can be selected from y+1, y+2, ..., y+-x to form an of-set
is =A(x). (45) follows easily from this fact.

(46) is a consequence of (45).

(47) can be obtained from (46) by dividing by xy.

Finally, by Lemma 8§ and (46),

A =4 [[}’f.]q— !]y E [[%]-;» 1] Aly) = {%—;—l]f!(}:).
Dividing by x, we obtain (48).

LEMMA 12, Ler q, i, N be positive integers, p integer, ., B real mumbers such that
(49) a—L =g
Let

_af & (s &
Fi) = 52| Se[E)|{ Z ).
5o that if (p.g)=1 then

( L. o :
(50) F@={"0ZeU0 Jor a=Ll e .a)=1).
' 0 for g=1
Then

5 [F@—F@I = (a)—a(N)N+2a()1g*(1+ 8| N) = H(, N, g, B).
PrOOF. We are going to show at first that
AN .

=3 5 3 el +0(a)ig?).

13
ta2 =~ /
qd° =1 j=1 isu,=j+tg®
. =5 (mod g™

(52) Flo) =

Let us investigate the coefficient of e{zw,) on the right hand side.

Acta Malrematice Acedemige Scientiarum Hungaricge 31, 1978



ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS. I : 135

If tg*=w=N then we account e(u) exactly #4° times, namely for the follow-
ing values of j:

J=u—tg*+1, u,—rig®+2, .., u..
Thus the eoefficient of e(u) is
1
2.2
g " 1

in this case (and its coefficient is the same on the left hand side).
I :

(53) ' l=u, =14
then weaccount e{aw,) on the right of (52) forj = 1,2, ..., w,, thus its coeflicient is
1 I |
=V, i o
0 =)u, 2 =< Ig e 1

on the right and 1 on the left of (32). The numbers 2, satisfying (53) form an .+/-set
thus in view of (46) in Lemma 11, their number is '

= AQg®) = A(D g = a(t) g

These facts yield that, in fact, the error term in (52) is 0(a(t)zg?).
The term e(au) in the inner sum in (52) can be rewritten in the following way:

elan) = e (2| = e[ 2] epuy
— e[ Z) ere(su—) = e(Z) it +ocx st -

. : (s '
= e[ Z) ectir+oCalp@—ni = e (2] eap+onipisay
since 1,—f|<tg® in the inner sum, and

le(r)—1] = le(y/2)--e(~7/2)| = [2sinmy| = 2{my| = 2xy|

for any real number 7. ' , _
Thus the inner sum in (52) can be estimated in the following way:

. a n
(54 3 ewy= 3 |o[Z]egproonipig] -
jEu, = T+igh s S+t q
. =5{mod g3) &y, = s(mod g%)

5 ,
- e(—-‘z-} eBN+0QxBlzgd| 3 1
d JEu=j4 gt
u,=3{mod %)

Let us define the integer v by
v<j=v+gt, v=s(modg?.

Acta Maethematira Academiage Scienticrum Hungaricee 31, 197
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136

Then by Lemma 10,
1= -A(v qn)(f) A(t) = a(t)t.
=37 1
éksg(n"l}o—zga)
Thus if we define D(j, ¢, ¢, ) by
2 t=a@h=D{j.t q.5)
g < it
iy, = s {mod g2}

then D{j, 1,4, 5)=0. Putting this into (54):

3 el = [e (L) e+ 0 2nlplag®| (a(ryr—D0 1, 4,9) =

Qg < i
iy, =& (moed 72}

= (?]e(ﬁi)(a(r)sz(j, g, ) +0(2r|Blale) i q?)

Thus (52) yields that

(55) Flay = %S; é’l{e [—1;—5] e(Bi(a(yi—-D(j, ¢, g, s)}+0(2n|ﬁ|a(i)fzqz};}+
+0(a (g = iﬁ‘}[ée(%]} [ée(ﬁj)) éf’ie( ) elh)DG. 1,5
+0(£;g t}"*.N-212|f3’ict(‘t)t‘«‘£j,2J_|_e(‘:t(r)t‘,_},z)ﬁ

= F{a)— Z Z’e[ ]e(ﬁj)D(},f g, $)+0(2n B ENa(r)tq")A—G(a{!)!q)

S==1 J=1

Putting here a= ﬁ=p:0, we obtain that

AN = a(0)- N—i $ zbu,z ¢, s)+0{a (D rg?).

© g=t j=
Hence
(56) 2 DG, 1 4,9 = 60 N- AN a(i)ig* =
T ) —a (M) N+a (g
With respect to (56), (55} yields that

L]

F) - R = 7z 5 ZD0,1,0,9+2218 a0 +a(g* =

s=1

Ity

(a(t)—a(NYN+a(t)tg*+2n | Na(thrg* + a(r)tg*=
= (a(t)—a(N))-+-2a(tyea*(1+ 7|8 N)
which proves Lemma 12.

cin Mathematicn Academice Scientigrum Hungoricae 31, 197§
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5. In this section, we are going to deduce a functional inequality for the function
a(x), by investigating the integral F defined in Section 2. This inequality will contain
four parameters: ¢, N, R, 0 whose values will be fixed later.

Levma 13, Let 1, N be positive integers, R, Q real numbers such that

(57)
(58}
(59)
. \fﬁﬁ)
Then
{(61)

Then

at(t}N®

]

2 < 1260a(t){a(r)—a(N)) N¥2log log N+

N=£5
/N,
- 1= R = NVY%log W,

N

W< Q=

+12600a%()tN (log N2~V 1

+ 120{a(r) — a(N))* {TN*2 R¥2 log N+ 20N*(log NY/*Q~V* Ry +
+26000a%(7) 12{3N"V2(log N)* R*/2 4 2N *(log N)V2Q 52 R¥) +

+140a(1) {NY¥2R-12L 2NQV2 (log N2},

PROGF. Let us write

Glay=a(n) gwl e(jo).

1 1 1
E= [IF@PT@de= [ |G@FT@det [(FE)F~G@)P)T(2)dx
1} Q 1)

where E=0 by (5). Hence

(62)

Here .

1

L]

(63) f1 (G ET (@) =

If
(64)

(65)

1

f a(f)jg':e(jac)) [a(:)ée(—ka)]

[ I6@ETE) de = ~ [ (|F@)~G@[) T de.

[[VZ’me;;r;ci] do =

Sr=l

> el(—k+zDa)jda=a%(r) 3 1

AkEN _f—k+kz'ﬁ’;u
= 1= j,k=
Lm Iézém

lézgé%—l, z= 0,
. N
l=j= 'i"'H

Acta Methematice Acgdemiae Scientigrum Hungaricae 31, 1078




A, SARKOZY

then the numbers j, k= /422, = satisfy the conditions

j—kt2=0, l=j,k=N, |sz=yN
since
N N

By (37), the number of the positive integers z satisfying (64) is at least

T e R . e

2 1= 2

whilz (65) holds for [%7—] +1 :-% integers ;. Thus (63) yields that

1 ~
669 [IG@IT@da=a¢) 3 1>a2(¢)-ﬂ-f— é—aﬂ(r)NBf?-.
‘ CRsary -
lézélfﬁ'

Teo complete the proof of (61), we have to give an upper estimate for the right
hand side of (62). _
For ¢g=1,2, ..,[0] and p=0,1,...,g—1, let

! x(f___L _13_+L]
#\g p@ g g0

aiid let § denote the ser of those real numbers « for which

_.i - = I__l_.
0T 70
helds and
(67 agl,, for 1=g=R O0=p=g—1, (pg=
Then
1
(68) | [ {(IF@)E— 6@ T () def =
1]
1-1jg3 =1} )
=| [ (F@P-1G@BT@dd = [ |[FEf -G T dx+
-1 ~1/2
i .
£33 [IF@F-IG@P) TG da
ITEEE

+ [IF@PR-1G@E T de = E,+ Ey+ E,.
5

Let us estimate the term E; at first.

Acta Mothemelice Acadesidae Scizntiarum Hungaricae 51, 1978




ON DIFFERENCE SETS OF SEQUENCES OF INTEGERS. 1

For any complex numbers #, », we have

(69)

-

there, thus we obtain that
(70}
(69) and (70) yield that

{71)

+1g

~ifg
13

-/Q

=Dl = fud—vd] = Hu— ) F+ (@ -D)| =
fe—ilal+ oll—5} = |Gl + o) = Ju—o]([(s 1) + 0} + |o]) =

= ju—v(lu—v/+20)) = u—v]t+2u—0v|jv].

|F(x)— G(a)| = H(t, N, 1, ).

+3Q

-2

+1/0

[ BN 0| T () dat2

~1/Q

B= [ F@P-IG@r|IT@ dc=

+1/@

[ Fe)—G@EIT@da+2 [ |F@)~Ge)|IGEIT@)dx =

-1/q

H{t, N, 1, ) G (@) ;I:r(a)i dx = E{ +2E].

E{ will be estimated simultaneously with E,: here we estimate only Ey.
The function |G{x)} can be estimated by using Lemma 1. Furthermore, for
le|=log N/N, we use the trivial inequality

@)

while for log N/N-=|u|=1/
way, we obtain that

T(e) =

M
2 ezt
=1

’ M
3=

=

= N2,

=l

@ B f {(a(t)——a(N))N+2a(t)t[1-i-rz»%-N]}-a(t)N-N””dac-{-
: lal= YN , :
+ {(a(t)——a(N))N—FZd(t)t(l+1c)[oc[N}-a(t) ! «NV2 o
UN el lon NIN 2jul
' ] log Ny
_ i . — —= 1 4
+log,M'N-=la:{§1,‘Q{(a(t) a(N))Nﬁ Za(”t(l—'_n) 'MN} a(t)szxl 30{ .{OCE ] >
< 2 {al)(alt) —aW) N>+ 202 )1 5« N9} +
+%a(?)(ﬂ(f)”ﬂ!(N))J’Vs"2 'Ti—idowz. 08N a(ryee5. N
1N <|ai=log N/IN .
+15a()(a(t)— a (W) Nlog N)12 — dor 4

+30a2(¢)t- SN (log N)1/2

8/2
og NN = =100 12

1

iujlfﬂ

do.

log N/N-=la| S1/Q
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Furthermore, applying Lemma 12 with p=0, ¢g=1,2=§, we have Fi(e)=G(x)

O{=<1/2¥N, by (60)), we apply Lemma 6. In this

A




A

Here
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—l-dcf = 2loglog ¥,
. y le|
1% =zl log NN |
—1/3 2
- l +ea 1 N 113 N 3
' s o = 2 "57:5((05=2-2[0g ] ;4[W
leg N/N=<iaj=1{Q |'1‘\ log N{N & N ) og
and
1 12
E’rﬂ—a do = 2 f
g NN - |e = 1/0 o
-4

Q —3
Thus with respect to (57), (60) and a(t)=a(N) {by (47) and (58)).

12
4
o dx=2-2 [I } =
e
E{ = 2a(t)(a(t) — a(N)) N¥2 42002 (1) tN 2+

Qn'z -

4 a(z‘)(.:;{r)—a(]’\;’))JM’”2 loglog N+ 10a2(t)tNY2log N+

+ 60 (£){a(f)—a(N)) N¥/:4 600a% (1) iN (fog NR2Q~12 <

_ o ‘ . N 143
= 63a(r){a(t)—a(N)) N*?loglog N-+30a®(¢) tNY2log N{i +20 {m] }
63a(1)(a(r)— a(N)) N** log log N+ 630a%(1) tN (log N} Q2.
Now we are going to estimate £y +E,.

1A

If 2=g=0Q, 1=p=g—1 then a¢l, , implies that

1

N

Lo
lell =
Thus for 2z=g=0, l=Zp=

5_..(;___..

1 1
90" ¢ 4 24
—1 and (p,g)=1, Lemmas 1 and 12 (where Fy(x)=0

in this case) and the trivial inequality (72) yield that
[ IF@E— G IT@] du = [ IFOPFIT@ det [ IGEPFITE)] dx =
[ I.p:'! f

= [1F@P

I

Tlda+ [ a*() %(29:)21\1% dot =

Pt IPH? -
= [ IF@)PHT )| det
i

i
2a%(1) gt N2 =
520" ()gq
-+1{eQ ) -
= [ HYN.g, ﬁ)lT[—+ﬁ] dB+a*{) N
—1/g0 q
+10 ’
E{ - Es = H2(t, N, 1, o} | T (o) da-+
-Tig
43 +1igQ
+2 Z { f
irse Lo
R}

H(t, N, g, ﬁ)i[T (%HS] dﬁ+a2(z)N1’°} =
+1/qQ
>

H:t, N, g, 0) IT [£+,8]} dB--a*(t) RANY2
g=1l0=p=g—1 _'UqQ { q

C (=l )
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To estimate T[§+ ﬁ] »weuse Lemmas 5 and 6 for || =log N/Nand log N/N<ff|=

=1/g0, )respectlvely We obtain w1th respect to (57), (59) and (60) that (for ¢=R,
(p, g)=1

e n e \T(§+ﬁ] 4 <

—1/gQ0

= f {2(a(t)—a(N))2N2+léag{t)t‘-’q"’(l+n3;5’2N“’)} 21 [%—]mdﬁ+

iBi=log NIV
log ;¥

+ 2 MENTL16a2(8) gt (1 + 2 AN 3 -
IongN-:'lf:;'--lqu{ (G(Z) a( ) i a(t)t ( ﬂﬁN)} 0[ Iﬁl) dﬁ

log N

ifa
<222t {2@7(:) ~a(N))* N+ 16a%() 2 ¢ [1+n:2 log? NN%}}m [%] +

+60(a()—a(NEN (log N)¥2g—12  |p-v2ap+
log NIN<|f=1/q0

+  f  as0anrg-n ﬁENz-[
log N/N~<|p]=1/90Q

jog Ny2
d,
g8l ]

< 84{a(t)— a(N)FN*2log N- g~V + 32-log N- N~ M2g%(r) 1272 11 -log? N- 21 +

1/q0
+120(a(z)—a(N))EN? (log NY2g=12 [ p-vzdg+

lqu
+10560a%(t)t2q7* N* (log N)¥* [ p2dp =
o

= 84(a(r)—a(N)2N*log N- g2+ 739222 () 1* N "2 (log NP "2 +

+ _]20(:: (£)—a (M) N* (log Nyeg—1/2. Z(QQ)“M-F

+10560a2(¢) 2 g"2 N* (log N)¥2- % (g0)~5 =
= (a(t)—a(N))* {84N*"2log N- g~/2-- 240N* (log NP0 ~12g~*}+
+a?(1)12 {7392 N1 (log N)3q7/2+ 4224 N2 (log N)H2Q—524}

since
(x+y)? = 2x*+2)7
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for any real numbers x, y. Thus (75) yields with respect to (57) and {59) that
(76)
& g1
E/+E <« 3 ¥ {(f.z(t)—a{f\i'))z(StH\.’:‘f2 log N+ g7+ 240N (log NY Q- g=1) 1
g=1 p=0 .

+a* ()2 (1392 12 (log NY*q™* 4+ 4224N*® (log NYW2Q~2q)} + a(r) RENY?
1w '
< S {(a(®)—a(N)2(384NV:log N- g2 + 240N* (log N )20 174 +
g=1

+a*(£)£3(T392N 12 (log N)'q™2 4+ 4224N° (log N2 —52g0)} +
+a (@) (N 2flog NENVE =
= {a(t)—a(N))* {B4N>2 R¥2 Jog N+ 240N* (log N)/2Q ~H2 R} -+

4 a¥(t) 12{7392N ~V2 (log N)* RM14- 422417 (log N)WQ‘W.R"}—I—% a2(r) No2.

Finally, in order to estimate E,, we use Lemma 7. Namely, if 48 then there
exist integers p, ¢ such that

l=g=( 0=p:=g-1 (pg)=1I
and

1N
qQ’

by (67), g satisfies also R<g. Thus (41) and (43) in Lemma 7 hoid (and also (42)
holds by (60)). Hence, Lemma 7 yields that

Oi—-g-' -
g

N /2
sup [T(w)] = 7 {—) + 14(C log N2,
al R

Thus we obtain applying Parseval’s formula that

(77 Ey= [|IF@)F|G@PIT@)de =
A
= Fla)|*d R da) <
up [T@I( [ IFE@P det [1G )P da)

< {7 R7I2 4+ 1402 (log Ny} f |F(e)® do+ flfG(oz}F dz) =
: i ]
= {TNVRR 1211404 (log NYVEHA(N) +a* (1) N) =
= (TNVERY24 14012 (log NY2}(a (W) N+a (1) N) =
= (TN R=32 4 140V% (log N2} (a(t) N+ a() N) =
= a(t) {14V32 R-12 4 28 NOV2 (log N)M2}
by Lemma 9 and since a(?v’) =a(f) by (47) in Lemma 11 and (58).
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Collecting the results (62), (66), (68), (71), (74), (76) and (77) together, we
obtain that

1 1
gaz(l‘)Nalz“: f §E1+E2+E3§
4

= (Ej 4+ 2E)+ Ey+ Ey = 2E{ +(E{ + Ey+ E, =
< 126a(t)(a(t)—a(N)) N**log log N+ 126042 (¢) tN (log Y2012+
+(a()— a(N))2{84N*2 R3/2 Jog N+ 240N (log N)M2Q V2 R} 4
+a*(r)£*{7392N 13 (Tog N)P R1V/2 + 4224 N2 (log NY/2Q~5/2 R¥) 4

+ EIZ a2t} N2t a (1) {14N%2 R=1/2L 2RNQI2 (log N2},

Subtracting %az(zjf\."”2 and then multiplying by

oyt (7]‘1 64
["s‘—aa‘] =) =7 <1
we obtam that

&3 (1) N9 < 12600 (1){a (1) — a (W)= Tog log N+ 12600a°() 2N (log Ny20-112.+
+120(a(t)— a (W) {TN*2 R¥2 log N-+20N° (log N) 012 R} +
+26000a% (1) 12{3N ~1/% (log N)* R™2 4. 2N (log N)H/2Q~52 RO} .

+ 1400 ()N R-1/2 £ INQV2 (fog N2}
which proves Lemma 13. '

6. In this section, we are going to simplify the functional mequahty given
m Lemma 13. It can be shown that we obtain the best possible estimate for a(x}
in the case when the order of magnitude of the product QR is Njlog N; thus we
choose

N 1
T 0 Tog N’
- Furthermore, we put
raf =X
£ o
* Then
.S
T loghN©

_ The inequalities' (39} and (60} can be rewritten in form

s N
= e— = —
~ logN = loghN”

{78} logN = 5= N
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and
N_ N
1/3 - - .
N < s = log N’
79) | %N”*> s=1logh,

respectively. (79) implies (78) thus it suffices to assume that (79) holds.
Finally, if we divide (61) by N®? then we obtain that

a*(t) = 1260a(7){a(t)—a(N))log log N+12600a*(t)s $1/2 (log N2 4+
C +120(e()—a(W))P{7s**(log N)~H2+20s¥* (log N) 7} +
+ 26000a%(£) r—2{35"12 (log N)~ 52+ 25112 (log N) 33} +
+ 140a(2) {s~1/2 (log N)Y/* + 2512 (log N)/%} -
< 1260a(t)(a () —a(N)) log log N+
+ 13000002(t) {,.—1 gH (Iog N)i,fz 4 pighi2 (log N)—sfz} +
+-3240(a(t)— a(N))2s* (fog N) /2 4-420a(t)s "/ (log H)V2.
Thus we have proved the following

Lemma 14. Let t, N, r be positive integers, s a real number such that

(30) Nz,

(81) N=tr,

(82) | log N= 5= —;—N"‘z.

Then ' . :
(83) a2(t} = 1260a(7){a ()—a(N)) loglog N 4-

4130000 4%(¢) [r15172 (log N)L/2 S22 (log N) %)+
+3240(a(t)—a (N¥))2s** (log N)~12+420a(t)s~13 (log N)2,

4. In this section, we are going to complete the proof of our theorem by showing
that the functional inequality given in Lemma 14 implies (2).

Let us put ' .
_ (loglog x*
QQ(JC) - (].Og x)yg

for x=3. Furthermore, for L=3, 4, ..., let us define the sequence #(L)=1{b;, bs, ...}
by the following recursion: let &=L, and for k=1,2, ..., let

bysr = by[4+10%(p (b)) /2 (log b)¥7].

Obviously, (p(x))~*—~+e as x—-+e. Thus there exists a real number X,
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such that (p(x))"1=1 for x&X,. Letus put Ly=max {X,,3}. Then we obtain
{(by straight induction) that for L=1,,

(84). b—’bll = [4- 10‘3'2((,:»(15,.{)}“13-"2 (log by Y] = [4-10%. 1. 1] = 4. 10 > L.
- :

Hence

(85) L=b <by<b,=.. (for Lz=L)

We are going to show (by straight induction, using Lemma 14) that af L is
large enough then for h=1,2, ...,

86) a(by) = m_(lﬁ..(p (b,

For k=1, the right hand side of (86) is

1 ] 1 i
m.fp{fm} = ‘P(_L).(P(b]) = m.(p(L) =1

{hus in this case, (36) holds trivially by Lemma 9.
Let us suppose now that (86) holds for some positive integer &. We have to
show that this implies also

- . 1 .

(87) alby ) = m (B2

Lzt us suppose indirectly that
i 1 -

88 a(h [ —— T )
(88) (Dy+1) @) (b iy
Ry the construction of the sequence #(L),

(89) BBy

Hence, _

(90) : a(by) = a(byyy)

by (47) in Lemma 11.
We are going to show that for sufficiently large L, Lemma 14 is applicable
with izb;;, N=bf:+17

= NjE = byl = [4-10%(p(B)) 1 (log 5]
_ s = 5. 108(a (b)) log by = 5-10°(a(r)} *log N,
Then by (83), : '
(o1 Nst=z=L (for L=L)
Thus (30) holds for Lzmax {ef, L,}.
(81} holds by the definitions of N, 7, r and #(L).
By Lemna 9,

s = 5-10%(a(b,))"2log N = 5-10°log N = log N.
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Finally, we have to prove that

N,

§ =

ta] —

With respect to (84), (88) and (8%),
(92) s =35-105a(b)) *log bysy =

04 (bk-T—l)] log by g =

(log N)**
(loglog N}V

= 50 108a(by, )" log by = 5+ 10“[ oD

2 5+ 104 (b)) R log by = 5 10%(p(N)) "2 log &¥ = 5- 10°

for Le=F=X,. _ Thus i suffices to show that

- (log Ny |
6__~ = AL
> 0 eatog Ay =T M

But this holds trivially for large N, Le. for Lz=L, (in view of (91)).
Thus Lemma !4 is applicable and it vields that (83) holds. To deduce a con-
tradiction from {83), we have to estimate » and a( r) a(N} (in terms of a(¢) and N}).
Obviously,

. N by

= ot = [410%(p(b) 1 (log b =

5 1172 o . [(loglog )& -z
- [4. [g--a(q; (&))" (log r)w-] - [4. 10 {( (igog 1)133 } (log ¢ )m“] =

_ 2 {log )i/ ] 2y _(log D
. [4 0% fogtoa il = 419 fiosTog e

and with respect to {84),

N

: ' 10/3 10/3
o 7= < [a10m 080 ] 2-100 1080

Toglog HITF Toglog N7 (for L = L.).
In view of (21}, (93) and (94) imply that for L=1IL,,
(95) O=)logr=logN-logt =

= %log logr4+0(1)-log (4.- HUSES) (%L iogloglog r] =

< 4loglogr (forL=1,)
hence for L=L,,

{96€) logr=log N—4loglogt > logN—4loglogN >

= %Log N (forL= 1,
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and for L=L;,
(97) log Iogt = log [%— log N] = loglog N—log2 = %ioglogN Jor L= L)

(86, ( 88.}, (91), (95), (96) and (97) vield that for Zz=L,,

Ly lo(N
——-«—am)] <a(|t _M] -

a(t) {e (L) ()

(logz)+® [(iog log1)*0  doglog N}“’S]
(loglog 17 | (log 1)y (log NY® =

(log r)*/* {(log log Ny (log 10gN)3F3)
e {log )19 T (log N)H® =

(E—log log N]

(98) a(th—-a(N) = a(f)[l

fp(r) th)

= a(r) alr}

C== alt)

2logrpB o 0g )9 —(log 1)
{log Tog V)2 {loglog N) {toz /)7 (log N =

= ¢ (1)

log N—logt
(log N5 ((log N)**+(log Nlog 1)+ (log ¢ 7 T

= 2a(p)

loglog W
) 1 213
(log NJH/° [7 log N]

dioglogi —iift(f)

~ 20(_?)( gN)”a-_’t(logt)z’S - 3

= 6u (r)lo”};iﬁ X

=

By (88), (90}, {91}, {92}, (94}, (96) and (98),(83) implies that for LWL-

lo glog N

] - 172
@1}y - 1260a(t)- 6alr) fog N

-loglog M-t

aiydnei - (08108 ;)11/3. o (log NPS
13000023270 10" T E.S oz log NP

-1 g, UOU log T)IIJ'S ‘—’( o UOE N).,,’ )ll,ﬂ':} . }
t vee el g Jog N oo sl L
{ - Aog (yoe } 5410 foglog W) tlog V) 4

1/3
} (g Ny 2+

L3 ( (f)]oglogN) ( . i(}“(a{{}}"‘IDg.-’V}MB(ng N)—z.f;:_i"

4200 (1)(5 - 105(aft)) 2 log N)~H2 (log NP> = 7560(;;’:;’%”’” a*(t)+
i 13./8 : d/8
130+ 10730y |20 107 SOSIOBNIRE s e _UOBMZ
] {_I-foer] : {loglag N')*
i "
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u oo loglog NP o ooy OB NP 4
+2-%. 10 S 5HELER 10

[ =073 Mlog log MEst ™
l% o N] {loglog ¥)

+4-103.36-a:(r)£°1%5§%§i—) 12542 - 10°(a(1))* log N+

4 (212222 102500 - 22 108 25)a%(r) =

<—a°{m & m{ue BT 1 LR TR SLIPERIPLE B
(log Ny !

: A
144 1012 1202 L8 tog V)

“toraal LM
"_Eg_"ﬁ_{qau)‘(m] +{§jﬁ“2—5] a*(e)

<wa"(t)+a°(t}{«—-i-390 10~ }+z-1@15.:;3(:)(,;3(1,)4-—;-@(:)

U i o 1 2} . ey
=< gate (t)[——m+—«5 (z)+—a (7) = 2a* (r)
provided that

210M R (L) = i:":’ p{L) < 101"
but this holds for L=4,.

Thus for large L, the indirect dSbumleOﬂ (88) teads to the contradiction ¢ ()=
<a*(t) which proves (86).
Finally, if x is a positive integer : satisfying x =p,= L, then there exists a positive
integer i such that b, =x-<b,,i. By (48) in Lemma i1, (86) implies that

a(_x) ;_:[1+%]a(bk}‘—_’-2 7 (L) (P( 1:)

2 i _(loglogbk)ﬂf” g, L .(loglogx)ﬂ"‘j
o) Gogho® ~ T o) (logbh)'®

(59)

A

With respect to {96),

1 ]
jog by, > —Z—Log broy> —;niog x.
Thus we obtain from (99) that

2 (ioglog o 4 (ioglogx)*® .
{100} a(x) = = . = {forx = L)
> 173 1 175 ;
| @(L) [2 log Y} | p(ly (logx :

v

which completes the proof of our theorermn.
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We remark that L can be chosen as the least positive. integer L satisfying
Lz{et Ly, Ly, ..., Lg}. All the constants Ly, Ly, ..., Lg are explicitly computable
thus also the comstants in (100) are explicitly computable.

8. In Part II of this series, we will give a lower estimate for a{x).
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