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ABSTRACT

-~This paper, which is Part T of a two-part series, introduces a new model of diagnostic
problem ‘solving based on a generalization of the set-covering problem., The model formalizes

the concepts of (1) whether or not 4 set of one or more disorders is sufficient to explain a set of .

oceurring manifestations, (2) what a solution is for a diagnostic problem, and (3) how to
generate all of the alternative explanations in a probienr’s solution. In addition, conditions for
deéomposing a diagnostic problem into independent subproblems are stated and proven. This

model is of interest because’ it captures several intuitively plausible features of human -

diagnostic inference, it directly addresses the issue of multiple simultaneous causative dis-
orders, it can serve as a theoretical basis for expert systems for diagnostic problem solving, and
it provides a conceptual framework within which to view some recent Al work on diagnostic
problem solving in general, In Part II, the concepts developed in this paper will be used to
present algorithms for diagnostic problem solving.

INTRODUCTION

A diagnostic problem is a problem in which one is given a set of manifesta-
tions (symptoms, signs, laboratory results) and must explain why those findings
are present. Problems of this kind are very common: they include diagnosing a
patient’s signs and symptoms in medicine, determining why a computer pro-
gram failed, deciding why an automobile will not start, finding the cause of
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noises in a plumbing system, localizing a fault in an electronic circuit, explaining
why a child makes arithmetic mistakes, etc. This ubiquity has prompted several
empirical studies of the underlying reasoning processes involved as well as
numerous computer models of this reasoning process.

This paper, which is Part I of a two-part series, describes a new model of
diagnostic inference that supports a descriptive, object-oriented knowledge
representation. This model is called the GSC model, for “generalized set

covering,” because it is based on a generalization of the set covering problem in

mathematics [6]. The GSC model is intended to serve as the theoretical basis for
a number of diagnostic expert systems. In addition, it captures several plausible
features of human diagnostic inference, it directly. addresses the issues of
dizgnostic context and of multiple simultaneous causative disorders, and it
provides a conceptual framework within which to view recent work on diagnos-
tic probiem solving in general.
.The GSC model answers a criticism somehmes d;u'ected at Al expert systems
that explicitly model human diagnostic reasoning: that these systems are “ad
oc” (e.g., see [2]) because of their domain-specific nature and absence of a
theoretical foundation. We will illustrate in Part II that genéralized set covering
can provide a theoretical foundation for some of these expert systems. The GSC
model] thus represents an effort to bring mathematical rigor to an area of Al
where it has previously been relatively lacking, and it is an attempt to create an
abstraction of expert system implementations in the sense that Nilsson has
advocated [16]. .
Part I (the current paper) begins with a brief review of empirial studies of
diagnostic problem solving and diagnostic expert systems. It then presents the

mmplest GSC formulation of diagnostic problems, formalizing the concepts of

explanatlon solution, and solution generators. Conditions for decomposing a
diagnostic problem into independent subproblems are stated and proven. Part II
discusses formalized algorithms for solving diagnostic problems cast within the
basic GSC model, contains proofs of theif correctness, and shows how the GSC
model can be applied to analyze some existing expert systems involving diagnos-

tic inference. More advanced versions of the GSC model are introduced, and .

ongoing research is outlined.

DIAGNOSTIC REASONING AND DIAGNOSTIC EXPERT SYSTEMS

Diagnostic reasoning has received a great deal of attention over the last few
years by cognitive psychologists, Al researchers interested in modeling the
underlying thought processes, and educators interested in improving the training
of diagnosticians (e.g., {1, 3, 7, 9, 11, 17, 23, 24, 25, 26)). This section first briefly
reviews past empirical studies of the diagnostic reasoning process, and then
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discusses how models of this process have been implemented as expert systems.
Our goal is to provide the reader with sufficient background so that the
relationship of the theoretical GSC model to diagnostic reasoning can be
appreciated, and to relate the GSC model to previous expert system work in AL

EMPIRICAL STUDIES OF DIA GNOSTIClREASONING

While a variety of experimental designs have been used in empirical studies
of diagnostic reasoning, perhaps the most common and most frujtful approach
has been the use of simulated diagnostic problems. A problem-solving session is
typically recorded or videotaped, and is followed by “debriefing” of the
diagnostician (“Why did you ask this? What were you thinking of here? ...™).
Based on these studies, diagnostic reasoning is generally accepted to be a
sequential hypothesize-and-test (hypotheticodeductive) process during which the
diagnostician conceptually constructs a “model” of the underlying causative
disorders (see Figure 1) [1, 7, 9, 11, 17, 23, 25]. This model, or hypothesis, is
based largely on what manifestations aré known to be present (e.g., a patient’s
symptoms). It postulates the presence of one or more disorders that could
explain the given manifestations. Each cycle of the hypotheticodeductive in-
ference process can be viewed as consisting of three phases: disorder evocation,
hypothesis evaluation, and question generation. In reality, these three phases
overlap extensively, ' '

‘Disorder evocation is the retrieval from long-term memory of cauvsative
disorders as the diagnostician detects a new manifestation in the information
available about a problem. This evoking of potential causes for the manifesta-
tions begins very early in the diagnostic process and draws on the diagnostician’s
memory or “knowledge base” of causal associations between disorders and their
manifestations, Ideally, the diagnostician’s knowledge base includes the set of all
possible causative disorders for each manifestation, and the set of all possible

hypothesize

Eroblem Hypothesis

Description

test

Fig. 1. Hypotheticodeductive inference process.
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manifestations for each disorder [29]. Usually a single manifestation (rather than
combinations of manifestations) is responsible for. evoking new disorders for
incorporation into the hypothesis [9].

The second phase of the hypotheticodeductive cycle, hypothesis evaluation,
involves the incorporation of the new manifestation into the hypothesis. This
may require attributing the manifestation to some disorder already assumed to
be present, or adding new disorders evoked by the manifestation to the
hypothesis. The diagnostician’s hypothesis may at times be relatively complex.
Not only may.it contain a great deal of uncertainty about which of several
diagnoses account for a certain manifestation, but it might also presume the
simultaneous presence of multiple disorders. The empirical evidence suggests
that the hypothesis can best be viewed as a resolution of two conflicting goals:

Coverage goal: The goal of explaining all of the manifestations that are
present. :
Parsimony goal: The goal of minimizing the complexity of the explanation.

The second goal is sometimes referred to as “Occam’s razor.” Teleologically, the
parsimony goal can be viewed either as an attempt to focus the reasoning
process and therefore restrict searching, as a reflection of the limitations of
human short-term memory, or as a “common sense” heuristic that is correct
most of the time. :

It is important to appreciate the sequential nature of diagnostic reasoning. As
the diagnostician gradually learns information about a problem, his or her
hypothesis changes to reflect this new information. For example, if a patient
complains of sudden onset of chest pain, the physician’s initial hypothesis might
be something like:

HypoTHESIS H1.

%

“Heart attack, or pulmonary embolus, or ..."

As further details became available, some of the initially possible disorders
might be eliminated. In the above example, if it was then learned that the
patient also had a chronic cough and was a heavy smoker, the hypothesis might -
change to

HypoTHESIS H2.

“heart attack, or pulmonary embolus, or...”

and

“bronchitis, or asthma, or,...,”
reflecting the physician’s belief that at least two diseases must be present to
account for this patient’s symptoms. Note that at this poini, the hypothesis
contains both uncertainty (indicated by or) and the presumption that multiple
simultaneous disorders are present (indicated by and).
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competing disorders: particular finding may be “positive, noncontributory or
negative with respect to a particular hypothesis” {7 At the end of a

absent [7].

The third phase of the hypotheticodeductive cycle is question generation, and
it Tepresents the “test” in “hypothesize-and-test” (see Figure 1). The word
“question” here is being used in a Vvery general sense to indicate not only verbal

problem solving typicaily divide such questions into two categories: protocol-
driven and hypothesis-driven. Protocol-driven questions are those that a di-
agnostician generally asks as a routine during any diagnostic session (e.g.,
“review of systems” in medicine), and these will not be of further concern in
this paper. In contrast, hypothesis-driven questions seek information that is
specifically needed to modify the evolving hypothesis. Investigators who observe
diagnosticians often attribute each hypothesis-driven question to a specific

R
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TABLE 1
Some Methods Used in Diagnostic Expert Systems
Method Examples Theoretical basis
Staltistical pattern [5, 31} Probability Theory
classification
Rule-based [10, 22, 26, 30] First-order
deduction predicate caleulus
~ Frame-based [12, 21, 27] 7
abduction

classification, -the knowledge base typically consists of tables of probabiliﬁes,
and the inference mechanism involves the calculation of posterior probabilities
of disorders using formulas such as Bayes’s theorem. Expert systems of this type

have clearly achieved expert-level performance, at times outperforming human -

diagnosticians [5, 31]. It is important to what follows to note that expert systems
using statistical pattern classification have a strong theoretical foundation in
probability theory.

Diagnostic expert systems using rule-based deduction typically have a knowl-
edge base consisting of conditional rules and an inference mechanism based on
modus ponens or tesolution (the latter in expert systems written in PROLOG). AS
with statistical pattern classification, diagnostic expert systems of this type have
clearly been demonstrated to exhibit an expert level of performance in empirical
testing [10, 22, 30]. They also have a strong theoretical foundation in first-order
predicate calculus.

The third approach to building diagnostic expert systems listed in Table 1 is
frame-based abduction. Unlike deductive rule-based systems, whose inferences
might in their simplest form be characterized by modus ponens:

Given fact “4” and rule “4 — B”, infer “B”,
expert systems of this type inherently involve abductive inference of the form
Given fact “B” and associat{bn “4— B, infer “plausible 4”.

Although the " in the deductive syllogism refers to logical implication, in
the abductive syllogism as used in diagnostic problem solving it refers to a
causal association between 4 and B: “disorder A is capable of causing
manifestation B, and manifestation B is known to be present, so perhaps
disorder 4 is causing it.” _ .
Abductive expert systems not only aim for a high level of performance, but
they also are often explicit attempts to model the underlying reasoning of the
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diagnostician. Information in the knowledge base is generally represented in an
object-oriented fashion, and a sequential hypothesize-and-test inference process
is used (e.g, [12, 21, 27]). The key point here is that frame-based abductive
expert systems, in marked “contrast to statistical pattern classification and
rule-based deduction, do not have a readily identifiable well-developed theoreti-
cal foundation. It is in large part due to this absence of a theoretical basis that
AI research on abductive expert systems is sometimes dismissed as “ad hoc”
(e-g., [2]). The basic GSC model described in this paper (and Part II) represents
a first attempt to fill this gap. ' .

PROBLEM FORMULATION AND “EXPLANATION”

In many real-world domains, the knowledge base used in diagnostic problem
solving is very large, complex, and “ill-structured” (e.g., in medicine [17, 18]).
One approach to formalizing the structure and use of this knowledge in expert
systems would be to examine the most general case possible. While this is
obviously the ultimate goal, as a starting point it introduces a great amount of
complexity and detail that obscures the central ideas of the theory being
developed here. Thus, in this and the subsequent companion paper, we initialty
present the simplest meaningful version of the GSC model and discuss its
implications. Once this basic formulation is understood, its basic assumptions
are reexamined in Part II to explain why more general formulations are
necessary. Our efforts to extend the GSC model to progressively more general
formulations will be explained at that time.

In the basic form of the GSC model discussed here the underlying knowledge

for a diagnostic problem is organized as pictured in Figure 2(a). There are two
discrete finite sets which define the scope of diagnostic problems: D, repre-
senting all possible disorders d, that can occur, and M, representing all possible
manifestations m; that may occur when one or more disorders are present. For
example, in medicine D might represent all known diseases (or some relevant
subset of all diseases), and M would then represent all possible symptoms,

a)

Fig, 2. Organization of diagnostic knowledge (a} and problems (b).

ey
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examination findings, and abnormal laboratory results that can be caused by
diseases in D. We will assume that DM =&, that the individual disorders are
independent of one another, and that the individual disorders are of relatively
equal likelihood in general. We will reexamine these assumptions in Part II and
discuss what happens when they do not hold.

Within this basic framework, we make the following definition.!

DEFINITION. A diagnostic problem P is a 4-tuple (D,M,C, M* ) where

D={d,...,d,} is a finite set of disorders;

M={m,,...,m,} is a finite set of manifestations;

C € D XM is a relation with domain(C) = D) and range(C) =M; and M c M
is a distinguished subset of M.

In this definition we are using the notation domain(C) = {d|{d, m) € C for
some m} and range(C)= {m|(d, m) € C for some 4}, implying that C=g
only if M and D are empty. '

The relation C captures the intuitive notion of causation, where (d,,m;) € C
means “d; can cause m;” Note that (d,,m;) € C does not imply that m;
always occurs when 4, is present, but only that m; may occur. For example, in
medicine a patient with a heart attack may have chest pain, numbness in the left
arm, loss of consciousness, or any of several other symptoms, but none of these
symptoms are necessarily present. Whereas D, M, and C are general knowledge
about a class of diagnostic problems, M* represents the manifestations occur-
ring in a specific case (l.e, M* is those manifestations which are “present”).
M is illustrated in Figure 2(b). o

Given the above problem formulation, we define the following sets:

DEFINITION.
man(d,) = { m,(d;,m,)€C}  Vd, €D,
and |
causes(m;) = { d,{d;, m;) € C} ijeM.

These seis are depicted in Figure 2(a), and represent all possible manifestations
caused by d;, and all possible disorders that cause m;, respectively. These
concepts are intuitively familiar to the human diagnostician. For example,
medical textbooks frequently have descriptions of diseases which include, among

! The notation vsed in this paper is summarized in Appendix A.
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other facts, the set man(d,) for each disease d;. Physicians often refer to the
“differential diagnosis” of a symptom, which corresponds to the set causes(m ;).
Clearly, if man(d;) is known for every disorder d;, or if causes(m;) is known for
every manifestation m,, then the causal relation C is completely determined,
and vice versa, We will use man{D)=4, . , man(d,) and causes(M )=
Y ;e » CaUSES(m;) to indicate all possible manifestations of a set of disorders
D and all possible causes of any manifestation in M » tespectively. We will also
use the following abbreviations: o :

man* .(d,-) = man(d,)n M+,
man® (D) =man(D)NM~.

Thus, man™ (d,) represents that subset of M* which could be caused by 4.
Two lemmas immediately follow from these definitions, and we will re-
peatedly use them both explicitly and implicitly in subsequent proofs.

Levva 1.1, Let P=(D,M,C, M* ) be a diagnostic problem, and let d, € D,
m; €M, Dc D, DD, and M C M. Then

{a) man(d )+, (@) causes(m;) # @,

(b) 4, € causes(man(d,)), () m; € man(causes( m;)),
(¢) D g causes(man( D)), {¢") M < man(canses( M)),
(d) D = causes(M), (&) M = man(D),

(e) d, e causes(m;) if and only if m; € man(d,),
(f) man{D)—man(D’)C man(D ~ D).

Proof. All proofs are given in Appendix B.

LemMA 1.2. If P=(D,M,C, M ™) is a diagnostic problem with D cD and
McC M, then

Dn cauges(M)=Qﬁ ff M0 man(D)=0.

Having characterized a diagnostic problem in these terms, we now turn to
defining a solution to a diagnostic problem by first introducing the concept of
explanation.

DEFINITION, For any diagnostic problem P, ECD is an explanation for
M* if :

() M* ¢ man(E), or in words: E covers M*; and
(i) E is parsimonious,

This definition captures what one intuitively means by “explaining” the
presence of a set of manifestations. Part () specifies the reasonable constraint




236 T. A. REGGIA, D. 5. NAU, AND P. Y. WANG

that a set of disorders E must be able to cause all known manifestations M *in
order to be considered an explanation for those manifestations (the “coverage
goal” described in the Introduction). However, that is not enough; part (ii)
specifies that £ must also be one of the most “parsimonious” sets to do so. Part
(ii) reflects what was referred to earliet as the parsimony goal or Occam’s razor:
the simplest explanation is the preferable one. This principle or heufistic is
generally accepted as valid by human diagnosticians, but raises the issue of how
one should go about formalizing the notion of parsimony or simplicity. One
possibility is to replace (if) in the definition of an explanation with

(") |E|<|D| for any other cover D of M*.

In this case simplicity has been equated with minimal cardinality, and an
explanation with a minimal cover [6]. _

While this is a reasonable concept of explanation in some situations, in others
it is inadequate. For example, in medicine there are situations where two very
common disorders might be a more plausible explanation for a patient’s
symptoms than a single very rare disorder. We will examine other notions of
parsimony in Part II; but until then we will use.(ii"), or minimal cardinality, as
our criteria for a cover to be an explanation.

EXAMPLE. Let P, = (D,M,C, M*), where D= {d,, dj;...,dy}, M=
{my,..., mg}, and ' .

C={{d;,my), (dy,ymy), (dp,my), <dz,m3>’ <d2,m4>:

(dy, my),{dy, m3}, {dysmy), (dy, mg),
(ds;my)(ds, my), {ds,my), (dg,my), (dg,m3),
(dy, my).(dq, ms), - {dg,myy, (dg,ms), {dg, mg),

{dg, m3),{dg, ms)}.

Thus, for example, man(ds) = { m,, m,, m, } and causes(n;) = {dy, dy,ds, dg}
Suppose that a specific case has manifestations M * = { ¥y, m,, ms}. Note that

no single disorder can cover (account for) all of M *+, but that some pairs of

disorders do cover M. For instance, if E = '{ d,,ds} then M* ¢ man(E). Since
there are no covers for M™* of smaller cardinality than E, it follows that E is an
explanation for M*. E is illustrated graphically in Figure 3. ‘

We proceed to characterize further the concept of explanation.

LEMMA 1.3 (Explanation existence). There exists at least one explanation for
M for any diagnostic problem.

LEMMA 1.4. If E is an explanation for M, then |E|<1M7|,

LEmMA 1.5. E =@ is the only explanation for M* =@ .

et
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Fig. 3. Pictorial representation of an explanation E for M* in P,, where M* is not contained
in man(d,} for any ..

LEMMA 1.6. If E is an explanation for M*, then E € causes(M™).

Note that in contrast to Lemma 1.6, if D is a cover for M* then it is not
necessarily true that D¢ causes(M™), :

LeMMa 1.7, If E, and E, are two explanations for M*, then |E,| = 1B, ]

In view of Lemma 1.7, all explanations for a particular M~ have the same
cardinality so the following definition is meaningful;

DEFINITION. The order of a diagnostic problem P, designated order(P), is
the cardinality of an explanation for M. :

THEOREM 1.8 (Competing-disorders theorem), Let E be an explanation for
M*, and let man* (d\) S man* (d,) for some d1,dy €D, Then

(a) d, and d, are not both in E, gnd ' o
() ifd, € E, then E" = (E~{d\)Wu{d,)} is also an explandtion for M*,

The term “competing disorders” here refers to the fact that 4, and 4, can
generally be viewed as alternatives to one another in forming an explanation.
Thus, 4, and 4, might be grouped together in a disjunction such ag was

illustrated in Hypothesis H1 in the Introduction. As will be explained in Part IT,
a variant of the competing-disorders theorem was discovered by others on an

_intuitive basis and used as a central component of a computer model of

diagnostic reasoning which they developed. B

SOLUTIONS AND SOLUTION GENERATORS

In many diagnostic problems, such as those occurring in medicine, the
diagnostician is generally interested in knowing all possible explanations for a

t——t
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set of manifestations rather than a single explanation. This leads to the follow-
ing definition:

DEFINITION. The solution to 2 diagnostic problem P, designated Sol( P), is
the set of all explanations for M".

Note that by Lemma 1.5, if M* =@ then Sol(P)={2}.

EXAMPLE. The solution to problem P, in the previous example is the set of
all explanations for Mt={m,my,ms}:

Sol(P) = {{d\,d7}: {1, ds}: {41y }s
{dy,d;), {dy,dg}, {dado}s
{d3dg} {dasds}}-

Rather than representing Sol{ P) as an explicit list of all possible explanations
for M*, it is advantageous to represent the disorders involved by “generators.”

DEFINITION. Let gy, 82,..-» 8, b€ nonempty pairwise disjoint subsets of D.
Then G, = { g1 82+--+»8n ) is a generator. The class generated by Gy, designated
[G;), is defined to be 1G,1={{dy,ds,....d, }d: € g, 1 <i< B} :

Note that if G, =@ then [G,]={@}. The use of the numerical subscript I
here is a notational convenience used to distinguish a single generator Gy from a
generator set G = {G, Gy, Gy} as defined later.

A generator can be interpreted from two perspectives. By definition, a
generator Gy is simply a set of n>0 sets. However, [G;] is analogous 10 a
Cartesian set product, the difference being that [G;] consists of unordered sets
rather than ordered tuples. In particular, [G;] contains precisely all possible sets
of n disorders which can be formed by taking one disorder from each g, €G;.
Thus, we can think of a generator as a structure similar to Hypothesis H2 in the
Introduction. Each g, corresponds to a disjunction (e.g., “bronchitis or asthma

or...”), while G; as a whole corresponds to a conjunction of such digjunctions

(e.g., Hypothesis H2). To remind the reader of this special purpose of G;, we
will subsequently write G; = (8, 825+ g,) rather than G; = {81, 825-+-» &a 3

DEFINITION. G = {G,,G,,...,Gy} is a gemerator set if each G;€G is &

generator and [GN(G1=2 if I+J. The class generated by G is [G]= [G.1V
[Gy]U - - UIGy}

Even though an individual generator can itself be viewed as a set, we will use
the term “generator set” to mean a set of generators as defined above. Note that

a “generator set” is more than just a set of generators: the classes generated by

each gencrator involved must be disjoint..
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An immediate consequence of the above definitions is that il G=@ is a
generator set, then {G]=2. Also, using our earlier convention, if G= { @} then
[G]={&}. We will primarily be interested in a generator set which generaies
Sol( P) exactly, and henceforth will use the phrases “G is a generator set for
Sol( P)” or “G represents Sol(P)” to mean that [G]= Sol{ P). In this context,
each generator is a collection of sets of “competing” disorders that implicitly
represents a set of explanations in Sol(P) and can be used to generate them.

EXAMPLE. Consider problem P, as presented in the previous example. Let
G, =({d,d,}.{ d;,dg,ds}) and G, =({ds,ds}, { dg}). Then, [G]
={{ds,ds},{ds,ds}},50[G,]1 € Sol(P,). [G,]is the other six explanations in
Sol( P,). Since [G,1N[G,]=2, G={G,,G, } is a generator set for Sol(P,).

There are at least three advantages to representing Sol{ P} by a generator set.
First, this is usually a more compact form of the explanations in the solution.
Second, generators are a Vvery comvenient representation for developing al-
gorithms to process explanations sequentially (see Part II). Finally, and perhaps
most important, generators are closer to the way the human diagnostician
organizes the possibilities during problem solving (e.g., the “differential diagno-
sis” in medicine). The following lemmas relate generators to diagnostic prob-
lems and are easily derivable from the preceding definitions.

LeMMA 1.9 (Generator-set existence). For any diagnostic problem P, there
exists a nonempty generator set G such that [G]=Sol(P).

LeEMMA 1.10. IfPisa diagnostic problem with order(P) 1@1, then it is possible
to find a single generator Gy such that [G;]= Sol( P).

Of course, if order(P) > 1, then more than one generator may be necessary to
completely and exactly produce Sol(P).

LEMMA 1.11. Let G, = (81, 825-- > &) and Hy = (hy, has .o h,) be two gener-
ators.

(@) [G,IN[H,1# 2 if and only if there exists a relabeling of the members of Gy
and H, such that g, N h;+@ Vi, 1<i<n.

() [G;1 < [H,] if and only if there exists a relabeling of the members of Gy and
H, such that g; S h;, Vi,1<i<n.

COROLLARY 1.12. For two generators Gy and H,, [G;]=[H;]1 if and only if
GI = HJ-. ‘ .

Because generators are central concepts in algorithmically solving diagnostic
problems, it proves useful to define two operations that manipulate generators
and establish the basic properties of these operations. The first operation is that
of generator composition. : :

e,
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DEFINITION. Let Gy = (1> 82»+++» &) and Hy = (hy, hy,..., h,,) be two gen-
erators where g,Nk; =2 Vi, j. Then the composition of G, and H; is

GI'HJ=(gl’gzi'“!gn!hl’hﬁ""!hm)'

For example, if G,=({d,,d,},{ds,dy,ds}) and G, =({dg,d;}), then
G, Gy =({dy,dy},{ds,ds,ds}, {ds, d,}), effectively appending together G,
and G,. Generator composition will be used in the next section to construct the
solution to a diagnostic problem that has been “decomposed” into smaller
subproblems from the solutions to those subproblems. Note that generator
composition is commutative and associative, and that @ is the identity element.
In addition:

LemMa 1.13. Let G, and H, be two generators containing no disarders in
common. Then |G- H;1={D,U D,|D, €[{G;), D; € [H;1).

LeMMa 1.14. Let Gy =(81,82:-18n)> H;=(hy, hy,..., hy,), and Fx=
(fis fas---s f,) be generators such that g f;=2 and h, N f; =2 Vi, j, k. Then

(G- FeIn[H;-Fx]= {D}.UD2!DIE[GI]ﬂ[HJ]J D, e[ Fl}.

The second operation that will prove useful involves the “division” of
gencrators by a set of disorders. Generator division will be used in Part II for
modeling the sequential updating of a diagnostic hypothesis during problem
solving. '

DEFINITION. Let G; = (g, 82,---»8,) be a generator, and et DC D with
D+, Then H = {H,|Hy, is a generator} is a diision of G; by D if Vk,
1<k <n, we have Hy = (R, hyas.:., hyy), Where :

g, —D if <Kk
g if j>k.

The qualification “Hy, is a generator” in this definition eliminates from H'
entities of the form H,, =(...,&,...), i.e., any Hy, which contains h;; =@ and
is therefore by definition not a generator. Note that if G; =42, ‘then n=0 and
there is o k such that 1 < k < n, so H =@. The concept of generator division
seems quite strange when first seen, but we will give it an intuitive meaning
shortly and will demonstrate its usefulness in Part 1L
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LemMa 1.15. Let HY be a division of G; by D. Then H' is a generator set.
‘Lewa 1.16. If HY is a division of G; by D, then [H'1S{G;)

EX.AMPLE. If GI = (gl’ gz, g;)Whel'e n= {dl! dz,dg }, 8= {d4, dS’dﬁ}! aﬂd
8= {d-‘v, ds}, and if D= {dl,dz, ds}, then

Hn=({d1:dz}, {d4!d5’d6}: {d'nds}):

Hn:({ds}: {ds}» {d'?:ds})!

and H,, is not a generator, because @€ Hy;. Thus, H!'={H;,H,} is a
division of G, by D. Note that by considering the members of G; in a different
order, other divisions of G, by D may be obtained. For example, by “reorder-
ing” G, as (g,,8,8;) We obtain K'={Ky;, K} as a division of G; by D,
where K; =({ds},{dy,d;,ds5}, {d;,dy}) and Ky
=({ dy,de}s {d,d2}, {d-.nda})-

Since there may be more than one division of G, by D, we will adopt the
following notation: '

DEFINITION. G, /D is the set of all divisions of G, by D:
G;/D = { H’|H’ is a division of G, by D}.

Thus, H! € G; /D indicates “H’ is a division of G, by D.” ‘While a division
of G, by D does not necessarily produce a unique generator set, all generator
sets in G, /D are “the same” in that they generate the same class: -

LEMMA 1.17. Let G, be a generator and D a nonempty subset of D. For every
H' eG,/D,[H'|={E€[GIEND+2}. '

Lemma 1.17 is illustrated in the example above; where [H]=[K'] even
though H’ # K’. Lemma 1.17 also provides an intuitive meaning for generator
division: if G represents the solution of some diagnostic problem, then after
division of G; by D we have H', where [H'] is the set of all explanations in
[G;] which have an element in common with D. Other results that will be of use
are the following:

LEmMMA 1.18. Let Gr={g,2:,.-»8,) be a generator and DD where
D+3.

(2 Ifg. " D=0 Vi, 1<i<n, then G /D={2}.
(b} If g; < D for some g; € Gy, then {G;}€G;/D.
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We now extend the definition of division by D in a natural fashion to
generator sets and establish analogous results.

DEFINITION. Let G = {G,,G,,..., Gy} be a generator set and D D, where
D+@. H is a division of Gby D if

H=H'UH*U---UH",

where H' € G, /D VI,1< 1< N. In other words, H is a division of G by D if
H is the union of divisions of each of the G, in G by D.

Lemma 119, Let G={G,,G,,...,Gy} be a generator set, let DCD be
nonempty, and let H be a division of G by D. Then H is a generator set.

Since ecach H’ used in forming H is not necessarily unique, neither is H.
Thus we let G /D represent the set of all divisions of G by D. Regardless of the
form H takes, however, the class it generates is always the same:

LemMa 1.20. Let G be a generator set and D a nonempty subset of D. For
every HEG /D, [H]= (E€[GIlENnD=+4d}.

Finally, as with division of a single generator, the following holds as an
immediate corollary of Lemma 1.20:

COROLLARY 1.21. Let G be a generator set and D a nonempty subset of D. If
HeG/D then [H12[G)

PROBLEM DECOMPOSITION.

Problem decomposition refers to the splitting or “decomposing™ of a prob-
lem into independent subproblems [15]. When such subproblems are easier to
solve than the original problem, and when the solutions to the subproblems can
be easily “composed” to provide a solution to the original problem, decomposi-
tion provides a powerful tool for use in problem solving. For diagnostic
problems as defined in this paper, decomposition is an important issue for the
following reason.

THEOREM 1.22. Finding the solution to a diagnostic problem is NP hard.

The implication of this theorem is that in the general case, the effort required
to comstruct Sol(P) can be expected to increase exponentially as order( P)
increases. Since this potential for “combinatorial explosion” exists, it is im-

e



MODEL OF DIAGNOSTIC INFERENCE. I 243

portant to address the question of when a diagnostic problem can be conveni-
ently decomposed into smaller, independent subproblems, so that the sum of the
efforts required to solve the subproblems will be less than the effort requued to
solve the original problem.

We present two examples of situations where diagnostic problems can be
reduced to smaller subproblems. The first of these conditions is relatively weak
in that it takes a problem P with order(P)=N and breaks it into two
subproblems with order(P;)=1 and order(P,)=N-1. It is based on the
concept of pathognomonic manifestations.

DEFINITION. A manifestation m € M is pathognomonic for d if causes(m) =
{d}.

The concept of a pathognomonic manifestation is a familiar one in several
fields. For example, physicians use the same name for such findings that
uniquely characterize a discase (e.g., Kayser-Fleischer rings are a patho-
gnomonic sign for hepatolenticular degeneration). Also, the concept of an
essential prime implicant in Boolean minimization problems is analogous to a
disorder which is the sole cause of a pathognomonic manifestation. When
present, pathognomonic manifestations can be used to simplify solving diagnos--
tic problems as shown below.

LEMMA 1.23. Let P=(D,M,C, M+ be a diagnostic problem where m & M*
is a pathognomonic manifestation for d € D. Then '

{a) every cover for M* contains d,

(b) D covers M* —man(d) if and only fo u{d} covers M™, and

(¢) D is an explanation for M* —man(d) if and only if D u{d} is an
explanation for M.

The following decomposition theorern immediately follows:

THEOREM 1.24 (Decomposition using pathognomonic manifestations). Let
P={(DM,C, M") be a diagnostic problem where m € M™ is a pathognomonic
manifestation for d€ D, and let H={H,,H,,...,H,} be a generator set for
Sol(P*), where P’ = {D,M,C, M* —man(d)}. Then G={G,, Gs,..., G, }, where
G;=H,-{{d}}, is a generator set for Sol( P). '

The second example of 4 situation where a diagnostic problem can be
conveniently decomposed into subproblems is based on a concept of “con-
nectedness” of manifestations. This approach is miore powerful than patho-
gnomonic manifestations in that the order of subproblems may not be just one
less than the order of the original problem. Connectedness is defined recursively
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in the following definition:

DEFINITION. Manifestations m, €M and m, € M are conrected to each
other if either

(1). causes(m, )Ncauses(m, ) =3, or
(2) there exist {m;, m,,...,m,}CM such that m_ =m,, m,=m,, and
each m; is connected to m,,; Vj, 1< j<n—1,

Otherwise, m, and m, are unconnected to ecach other.

This concept can be extended to sets of manifestations and pairs of sets of
manifestations in a natural way. For example, M € M is a connected set if
VYm,, m, & M, m, is connected to m,. However, the key concept we will need
is the following: :

DEHNIHON. Two sets of manifestations M, and M, are unconnected to
each other if Vm, € M, Vi, € M,, causes(m, )N causes(m,) =2 .

ing,

LemMa 1.25. Let P = (D,M,C, M* ) be a diagnostic probleri with M+ = M;
U M, where My and My are unconnected to each other. Then

(a) causes(M; YNcauses(M; )=2; and
(b) E is an explanation for M* if and only if there are explanations E, and E,
for Mi' and M such that E=E, U E,.

THEOREM 1.26 (Decomposition using unconnected manifestations). Let P =
(D,M,C, M* ) be a diagnostic problem, and let M* = M;" U My, where M;" and
My are unconnected to each other. If G={G,,G,,...,G,} is a generator set for
Sol( P,) where Py = (D.M,C,M{") and H= {H,, H,,..., Hy} is a generator sel
for Sol(Py) where P, = (D,M,C, My ), then

K={G-H/l<I<Q, 1<J<R}

is a generator set for Sol(P).

This theorem establishes that if M™* can be partitioned into N unconnected
subsets, then the original diagnostic problem can be partitioned into N indepen-
dent subproblems. The generator set for the solution to the original problem is
then easily constructed by composing the generators for the solutions to the
subproblems.

Using the concept of unconnectedness, we can immediately show the follow-




MODEL OF DIAGNOSTIC INFERENCE. I 245

DISCUSSION

This paper has proposed a new model of diagnostic problems and their
sohutions that is based on a generalization of the set-covering problem in
mathematics. The basic form of the GSC model presented in this paper
conforms to much of what is known from past empirical studies of how human
diagnosticians conceptually organize the information they use in diagnostic
problem solving (e.g., see {1, 3, 7, 9, 11, 17, 23, 24, 25, 29]). For example, in
medicine the GSC model captures a number of concepts that are intuitively
familiar to the physician, The cansal relationship between diseases and manifes-
tations is represented as a relation C, which is then used to define the sets
man(d,) and causes(m ;). As we have explained elsewhere [21], the set man(d;)
is analogous to the descriptive information about a disorder that is found in
medical textbooks, and provides a convenient organization for knowledge
representation in expert systems. The set causes(m;) corresponds to the well-
known notion of a “differential diagnosis” for a single manifestation. Mani-
festations where |causes(m;)| =1 represent what a physician would refer to as
“pathognomonic” manifestations.

The concept of “explanation” défined as a minimal cover in the basic GSC
model also embodies intuitively reasonable ideas from the himan diagnostician’s
viewpoint. Not only does an explanation represent a set of disorders that can
cause a set of manifestations, but it also reflects the generally recognized
principle of Occam’s razor. For example, in medicine the solution to a diagnos-
tic problem, especially when organized as a generator containing sets of “com-
peting disorders,” represents a generalized “differential diagnosis” for a patient’s
manifestations. Generators provide a plausible approach to diagnostic problems
where multiple, simultaneous causative disorders may be present, a situation
which is well recognized to be difficult to represent in other models [20]. Finally,
decomposition of a diagnostic problem into subproblems based on manifesta-
tion unconnectedness seems very reasonable from the point of view that such
subproblems are intuitively unrelated.

It is of interest to contrast the basic form of the GSC model of diagnostic
problems presented here with the classical set-covering problem and to em-
phasize in what ways it is a generalization. The set-covering problem is typically
stated along the following lines:

For a finite set § of clements and a family F of subsets of S, a cover K of § from F is a
subfamily X € F such that U(K)=258. A cover X is called minimum if its cardinality is as
small as possible [6]. :

In this definition, S corresponds to M* and F corresponds to D in the sense
that each 4, € D labels a subset of M™*, which we have designated man™ (d,). A
minimum cover K is analogous to the idea of an explanation E. However,
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diagnostic problems as defined in this paper generalize the usual formulation of
set-covering problems in two ways. First, in the case where M *+M an
explanation E need only satisfy M" € man(E) rather than M* = man(E}), as
would be required in the set covering problem. This first difference represents a
partial rather than exact match of causative disorders to manifestations. Fur-
thermore, any set-covering problem can be formulated as a diagnostic problem
where M = M"* (see the proof of Theorem 1.22). Second, we have been
concerned with finding aff minimal covers rather than a single minimal cover as
is done in the set covering problem. This latter difference reflects the diagnosti-
cian’s desire to know what all of the possibilities are rather than just a single
possibility. As described in Part II, the basic form of the GSC model also
embodies a third generalization: algorithmic solution in a sequential fashion
where only part of M* is known initially and the rest of M~ must be
«discovered” through question generation at problem-solving time.

Set covering has previously found application in such diverse areas as
optimizing logic circuits, scheduling, assembly-line balancing, and information
retrieval (see [4] for a review). However, to our knowledge, the analogy between
the set-covering problem and general diagnostic reasoning has not previously
been examined in detail. Some related biomedical work has. been done for
assignment of HLA specificities to antisera (see [13] and [28]), but this was more
limited in scope and did not address many of the issues involved in general
diagnostic problem solving, '
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APPENDIX B. PROOFS

LemMa. 1.1. (a): Since domain(C)=D by the definition of a diagnostic
problem, Vd; €D there exists m; such that (d;,m;) €C, so man{d,)# 2. ()
is analogous.

(b): By (a) there exists m, & man(d,) such that (d;,m;) € C. Thus d, €
causes(m,) © U, c man(a,,CauSes(7) = causes( man(d,)).

(b') is analogous.

(©), (¢): Immediate from {b), (V).

(d): Vd, €D, d,€ causes( man(d,))  causes(M) by (b). Thus, DS
causes(M). If d; € causes(M), then d; € {(dd,m>eCc D. Thus,
causes(M) C D. (&) is analogous. ‘

(©: d; € causes(m;) iff {d;,m;) € C iff m; € man(d)), all by definition of C.

(£): If m € man(D)—man(D’), then there is a d € D such that m € man(d).
Since m ¢ man(D)—man(D"), it follows that d &€ D', so deD—D’. Thus

m & man(d) ¢ man(D — D). Since this is true ¥m € man(D)—man(D’), it

follows that man(D)—man(D") C man(D - D).

Leva 1.2. Let D Ncauses(M)=2. Then Ym; €M, causes(m,)ND =2,
so Vd, e D, (d,m;y&C. Thus, Vm; & M, m; & man(D), and therefore M N
man(D) =%, The converse is proven in an analogous fashion.

LeMMa 1.3. D covers any M*, so there always exists a cover for M*. Selection
of one of the smallest covers D D will therefore always provide an explanation
for M*,

Lemma 1.4. Let DCD be constructed by selecting any one d; from the
guaranteed nonempty causes(m,) for each m, & M™. Then 1D| <|M* | D covers
M*, because M* ¢ man(D). Since E is'an explanation for M*, |E|<|D), so
|E| < |M*1.

LeEvMa 1.5. @€ man(@), and D is clearly minimal. There are no other covers
of cardinality zero. '

LeMMA 1.6. Suppose there is a d € E such that d & causes(M™). Then
{d}Ncauses(M*) =2, so by Lemma 1.2,

M* man(d) =8. . (6A)
Since E is an explanation, |
M* ¢ man( E)
s0, '

M* —man(d) gman(E)—-man(d),
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M* ¢ man( E)-man(d)  (by [GA]j,
s0
M*cman{ E—{d}) [byLemmall({(f)].

But |E —{d}| <|E| contradicting the minimality of E.

LemMa. 1.7. Otherwise the minimality of one of these explanations is con-
tradicted. o

THEOREM 1.8. (a): Suppose that both.d, and d, are in E. Since man™ (d,) &

man* (d,), mah*(E —{d;})=man* (E)= M", making E—{d,} a cover for

M. This contradicis the minimality of E.
(b): E’ covers M*, because

M*=man* (E) = man* ( E—{d,})Uman” (d,)
Cman* (E~{d,}}Uman* (d;)
=man* [(E~{d})U{d,}]
= = man* (E’).
Also, |E’|=|E|, so E’ is minimal, making E’ an explanation for M™.
LEMMA 1.9. By Lemma 1.3, Sol(P)#2. If So(P)={@}, G={D} is a

nonempty generator set for Sol(P). If Sol(P)# {@}, then Sol(P)=
{E, E,,..., E,}, where (by Lemma 1.7), |E\}=|E,|= - -+ =|E,|= N for some

N>1. For each E; = {d,,d;,,...,d;x}, construct a corresponding generator
G, ={dy},{diz}s.{din}) and let G={G\,G,,....6,}. Since [G,]={E]}

Vi, it follows that [GIN[G,]=2 if j # k, and that [G]=Sol(P): Hence, G is a

nonempty generator set for Sol(P).

LemMMA 1.10. If order(P)=0, then Sol(P)={@)} and G;=% is a single

generator such that [G,]1=Sol(P). If order(P)=1, then Sol(P)=
{E,,E,,...., E,}, where n >1 and |E|=1 Vi, 1<i<n. Without loss of gener-
ality, let E,={d,} Vi. Then G, =({d,,d,,...,d,}) is 4 single generator such
that [G,] = Sol(P).

LemMMa 1.11. (a): Suppose [G;|N[H,]1#@. Then there exists some D=
- {dy,dy,...,d,} such that D € [G;IN[H;]. Since D €[G,), relabel the elements

of G; so d; € g, Vi, L<i<n. Similarly, since D €| Hj], relabel the elements af”
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H;sod;€h, Yi,1<i<n Theng,Nh,+2 Vi. Conversely, suppose g, N\ h; # &
Vi, 1<i<n. Let D={d,,d,,...,d,} be such that d,€g,Mh; Vi. Then
D €[G;] and D € [H,], so [G,IN[H,]+2.

(b): Suppose [G/|C[H,]. Forl<i<n, let d; € g, whence {d,,d,,...,d,}
€[G,1C[H;]. Then Vd,, there is a single h; € H; such that d, € h;, so relabel
the elements of H; such that d, € h,. But then vd; € g,,
{didy,....di 1, dldis ..., d,} €[GS[H,), so d/€h;. Thus g, h; Vi,
Igign,

‘Conversely, suppose there is a relabeling of Gy and H; such that Vi, g, Ch
Then {GI]={{d1sdzs---:dn}idiegi} c{{d.d,,....d,}|d; €h;} =[H;], s0
[G/ISH,]. | |

COROLLARY 1.12. Immediate from Lemma L11(b). -

LEmMa 1.13.
[G-H;]= [(gl’g2!"'=gn!hl!h29""hm)]
= {{dl,...,d,,,d,,+1,...,d,,+m}|d,-Eg‘.,Iagie;, n,d;€h;_,,
ntigigsn+m)

= {{dn---;dn}V{dn+1»---’dn+m}l“'} |

={D,uD,|D,€[G], D e[H,]).

Levma 1.14, By Lemma 1.13,
[Gr-F]n[H,-F]=(D,uD,|D €[G], D, A1}
n{D,uD,|Dye[H,)], D, e[ F]}

"= {D{uDs|D{e[GInLH], Dy e[ K}

LeMMA 1.15. By the definition of H', if Hy, € H' then H,, is a generator. We
therefore only need to show that if Hy=(hy,h,,...,h, )€ H and Hy; =
(hyshjase.. by € H where i # j, then [HpIN[Hy;1 =@, Without loss of gener-
ality, assume i < j. From Lemma 1.11(a) it suffices to show that hiOhy, =2
V'r. For the case where r =i, we have h,, =gNDandh;=g~D,soh;Nk;
=@. For the case where r # i, we have g, N\ g, =%, and thus since h; S g and
h;, C g., we have hyNh;, =2, : : ;
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Lemma 1.16. If H' =@, then [H\=2¢c!G,] for any G;. If H #3, con-
sider any generator Hy, € H I By the definition of division of a generator, hy; ©8;
Vj, 1< j<n. Thus, by Lemma 1.11(b), [Hy 1S [Gr), 50 by the definition of the
class’ generated by a generator set, [H NelGrl

LeMma 1.17. We show below that for any H' € Gy /D, [H'} and {E €[G,]|
END+@) are subsets of each other and therefore are equal.

Let E€[H). By Lemma 116, E€[G,} Also E€ [H,,] for some Hy, € H',
soE={dy,dy,...,d,} withd; € hy; Vi. Thend, € hyy =g ND#9,50d, €D,
whence EN D +@. Thus [H ] {EEIGIIEND#B}. . .

Conversely, let E €G] such that END+@. Then E={d,,d;,....d,} with
d; € g, Vi, and E contains a least one d; € D. Let k be the smallest | such that
d, € D. Then from the definition of Hy, : :

Vi<k, hy,=g—D=g#8,504d;Ehy,
fori=k, hk,=gkﬂD=#ﬁ because dkehkk’
and Vi>k, hy, =g, %9, s0d, €Ehy;.

Thus, DE€[(hy hiy -+ b)) = Hy )G [H]. Since this is true VE e[G,]
such that EN D+, '

(E€lG|EnD=2} c[H].

Lemma 1.18. (a): Let H' €G,/ D, and suppose there exisis a generator
Hy, € H'. Then hy, € Hy, is given by k=g N D =@, contradicting the fact
that H,, is a generator. Therefore H =@, 50 G /D={2)}.

(b): Relabel Gy as G = (g}, 8»-.-» &) where g1 =i, &/ =8;—1 for 2< <1,
Cand gi=g, forj>i. Let H' € G; /D be constructed according to the relabelling
G} of G;. Then :

Hﬂ:(g{nDs 351!3:1) =(ginD7 gl’_g‘.’,’-":gr‘)l’ gi+15"'5gn)
=(gisgl!gzs-'-’gi—lagi+1s---93n) =Gy.

Alsoforkcabl,
H{k=(g£—'D,...)=(.g,-"“'D,_....)=(®,...),

s Hy, & H. Thus, H' = {G,}, so {Gy} €G;/D.

LEMMA 1.19. Since H=U H' where each HY is a generator set by Lemma
1.15, H' contains only generators. To show H is a generator set, we therefore only
need to show that the classes generated by its generators are distinct. Let H, € H'
and H, € H' be two generators in H. If I=1J, then |HIN[H,} =% if H, # H,
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by Lemma 1.15. Suppose I+ J. Then [H,1C[H'] by the definition of [H'], so
[#,)<[G;] by Lemma 1.18. Analogously, [H,1c[H1<[G,L Since G is a
generator set, [G,IN[G,1=@. Hence, [H|N[H,]=4.

LEMMA 1.20.

E'e€[H] iff E'€[H'] for some I, where H' € G, /D and G, € G,
iff E'€(E€|GIEND#@} forsome I (by Lemma 1.17),
iff E'e (E€[GlEND +2). '

- Thus, [H]={E€[GENn D @),

CoroLLARY 1.21. Immediate from Lemma 1.20.

THEOREM 1.22. The long-studied problem of finding an exact, single set cover
is known to be NP complete [8]. We will therefore reduce the set covering problem
to a diagnostic problem by showing that there is a function J operating in
polynomial time such that {(S, F) is a diagnostic problem having a cover of size
< nif and only if S is a set and F is a family of subsets of S with a set cover K CF
of size < n. :

Given S and F, let f(S, F)=(D,M,C, M* Y, where D=F—{3} M=S§,
M* =S, and C={{d,m)|deD, meM, and me d}. Clearly P=
(D,M,C, M™ ) can be constructed in polynomial time from S and F.

Suppose S has a set cover K C F of size < n. Then S

domain(C) = {d €D|(d,m) €Cforsome meM} - - -
={deF—{Q}medforsomem€S}
=F-{@}, |
since every nonempty member of F contains at least one element éf S;
rangc(C)={méM,(d,m)ECforsomed%D}
%{mES]medforsomedEF¥{ﬂ}}

= 8, since F contains a set cover for S:

and M'=ScS§=M.

Thus, P is a diagnostic problem. In addition, K — {8} F—{#}=D, and

Vs €S there exists K, €K~ (@} such that s€K,, so {K,,s)€C. Thus,
Vs € M" there is a K,€ K—{3) such that (K;,s)<€C, so K—{@} isa
P-cover in the diagnostic problem P for M*, and |K — {2 }| < n.
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Conversely, suppose P = (D,M,C, M" ) is a diagnostic problem having a cover
E for M* of size <n. Then ECD=F—{@}CF, and Vme M? there exists
d € E such that {d,m) €C, whence m&d. Thus Ym &S there exisis deE
such that m & d. Thus, E is a set cover for S of size < n.

LemMMa 1.23. (a): Since m is pathognomonic for d, causes(m)= {d}. By
Lemma 1.1(¢), d is the only disorder such that m € man(d). Let D be a cover for
M*. Then me M* Cc man(D), so d € D. ‘

(o) Suppose D is a cover for M* —man(d). Then M™ —man{d) ¢ man( D),
so M' c[M* — man(d)]Uman(d) C man(D)U man(d) = man( DU{d}), .
making DU{d} a cover for M*. Conversely, suppose D U{d} covers M *. Then
M* ¢ man( DU{d})= man(D)V man(d), Therefore, M™ - man(d) &
[man( D)\ man(d)] — man(d) = man(D)—man(d) € man(D), so D covers
M* —man(d).

(¢): Suppose DvJ{d} is an explanation for M*. Then by Lemma 1.23(b), D
covers M* —man(d). If D is not an explanation for M —man(d), then there is
a smaller cover E for M* —man(d), so by Lemma 1.23(b), EU {d} covers Mt
But \EU{d}|<|DV{d}|, contradicting the assumption that DU {d} is an
explanation for M. '

Conversely, suppose D is an explanation for M™ —man(d) but that DU{d} is
not an explanation for M*. By Lemma 1.23(b), D U {d} covers M, so thereis a

< smaller cover E for M*. From Lemma 1.23(a) we have d € E. Thus, by Lemma

1.23(b), E—{d) is a cover for M* —man(d). But then |E—{d}|<|D|, con-
tradicting the assumption that D is an explanation for M + —man(d). Thus,
D U{d} must be an explanation for M*.

THEOREM 1.24. Let Hy=(hy, bz hiye) for I=1,2,...,n, where k=
order( P). Then ‘

Sol Py={Du{d}|DeSol(P)}  byLemmal23c

| _={,ou{ﬂ'}lDe U [Hf]}

I=1

={DU{d}|DE 0 {{dnadns---,dkadeEh.lj}}
=1

n

= U {{dnadlzs-“!dlk’d}ldfiEh!f}}'
F=]1

= L"J [(hhshn:--ﬂhlk’{d})]
Tl

- U [ ((a] - U161 =161 |

T=1
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Also, if G, €G and G, €G with I#J, then [G/]N[G;]=@, since H is a
generator set.

LemMma 1.25. (a): Immediate from definitions of causes(M) and set uncon-
nectedness. _

(b): “If 7: Assume E, and E, are explanations for M and M3 respectively,
and let E= E, U E,. E covers M*, because:

M* = M} U M; € man( E;)Uman( E;) = man( E).

It remains to show that for any other cover D for M, |E| < |D].

Let D be a cover for M*, and let- D,=D nNcauses(M;"), D,=Dn
causes(M,"), and D,=D—-D,—D,. Then D=D UD,UD;. By Lemma
1.25(a), causes(M; YN D, =@, so by Lemma 1.2, - E

M} nman(D,)=2.
Similarly, since causes{M;" YN D, =@, we again have by Lemma 1.2

M7 r\_man(D3)_=iZi; '

Thus, since M, C man( D), it must be because M;" € man(D,), s¢ D, covers
M. Thus, ' '
1:- ¥

DsEL @)
Analogously, it can be shown that D, covers M3, so -
| D, | > B, o o (25B)

Thus,

| D|=|D;|+|D,|+|Dy|  because D, "\ D, =2 and D, N D, =@ by their defi-
nition, and D, "\ D, =@ by unconnectedness of M
and M5 and Lemma 1.25(a) o

=D, |+ }.Dz]' : because | Dy |2 0
=|E|+HE| by (254) and (25B) above
=|E| - because E, N E, =@ by unconnectedness of M;" and

M and Lemma 1.25(a). . ‘ "

Thus, E is an explanation for M*.

——”
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“Only if ”: Assume E is an explanation for M + = M} U My . E can.be written
E=E,UE,UE,, where E;=E Necauses(M; ), E, = E Ncauses(M; ), and E;
= E — E, — E,. As in the immediately preceeding paragraphs, it follows that E,
covers M;, E, covers My, and E, N E, =@ by the unconnectedness of M{" and
M; . Furthermore, E, =@, for otherwise E, U E, alone would be a smaller cover
of M™*, contradicting the minimality of E. It remains to show that both E, and E,
are minimal covers for M and My . Suppose they are not. Then at least one (say
E,) is not minimal, so there exisis a proper subset of E, called E{ which is a cover
for My with \E{|<|E,| But then E{UE, covers M*, and since E{C E,,
E;NE, =@, so |E{UE)|=|E]+ |Ey| < | Ey|+ | Eal = 1E|, contradicting the
minimality of E. Thus, E, and E, are explanations for M} and MS such that
E=E;VE,.

THEOREM 1.26. We first show that K is a generator sel. Since composition of
generators results in generators by definition, it is only necessary lo prove that the
classes generated by the generators in K are disjoint.

By Lemma 1.13, VG, G; € G and VHj, Hy € H, we have |G- Hgl={D;U
D,|D, €[G;), D, €[Hl} and (G, - Hpl={D,U DD ElG], D€ [H1}. For
each D, U D, € [G;+ H;) where D, €[G,] and D, € [H,], consider any D, U Dy
€[G,-Hy), where Dy€[G;] and D, €[Hy). Suppose I+ J. Thew Dy # Dy
because G is a generator set, so there is a d, € D, — Dy, because | D] =1D;|. But
D,ND,=@ by the unconnectedness of M and My, so d € D,, and thus
d, & D, U D,. Since this is true YD, U Dy €[G, - Hyl, it follows that Dy U D, &
[G; - Hy). Since this is true YD, U D, € [G;-Hy), it follows that no member of
(G, - Hg] is in [G; - Hy]. Similarly, it can be shown that no member of [Gy-Hy] is
in |Gy - Hg). Thus, when I+ J,[G; -Hg1N[G, - Hy] =@ . Analogous results hold if
S # T..Hence, K is a generator set.

It remains to show that [K]=Sol(P). Let D €[K). By the definition of K,
there exist G; € G and H, € H such that D € (G, - H;). Hence, by Lemma 1.13,
D =D, D,, where D, €[G;] and D, € [H,). By the premises of this theorem
D, is an explanation for M; and D, is an explanation for My . By Lemma
1.25(b), - it follows that D is an explanation for M. Thus, D€ Sol(P), so
[K1cSol(P). . . .

Let D € Sol(P). Then, by Lemma 1.25(b), there exist D, and D, such that Dy
is an explanation for My and D, is an explanation for My, and D= DU D,.
Thus, there exist G; € G and H; € H such that D, € [G;] and D, € [ H;, whence
D=D,UD,e|[G-H;] by Lemma 1.13, Thus, D €[K], so Sol{P)C[K]

By the preceding two paragraphs we therefore have Sol( P) ={K}.
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