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Abstract

Quantum approaches speed up the process of calculating graph properties which in turn can
help in solving problems related to graphs more efficiently like minimum odd cycle traversal
or graph coloring. This work studies such algorithms and their complexities (upper and lower
bounds) in terms of number of queries made to the adjacency matrix or adjacency list-like array
of the graph, depending on how the graph is represented. Most of the algorithms try to solve
some optimization problem and use quantum search for doing that. The properties studied in
details include the maximum flow and maximal independent set. We also give a brief overview
of the quantum algorithms for minimum spanning trees and single source shortest paths.

1 Introduction

This project studies quantum algorithms and quantum query complexities to find graph properties.
The main focus is on the problem of finding maximal flow in a network and maximal independent
set in a graph. Maximal flow is one of the most studied problems in computer science. A network
is modeled through a directed graph, which is a collection of vertices and directed edges connecting
one vertex to another. A simple graph with a set of vertices and directed edges is shown in Figure 1.

Figure 1: A graph, G = (V,E′) with vertices, V = {A,B,C,D,E, F} and directed edges of E′

shown through arrows.

In a network, each edge has a capacity which indicates the maximum flow that it can allow. A
network flow is an assignment of flows to each edge such that the incoming flow at every vertex
is equal to the outgoing flow, except for the source and sink vertex. For the source, all flows are
outgoing and for the sink, all flows are incoming. The problem is to find an assignment of flows for
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each edge that maximizes the size of the flow, which is the total flow going out of the source. An
example of a network with flows assigned to every edge is shown in Figure 2.

Figure 2: Network with maximum flow = 5. Each edge label is of the form f/c where f is the flow
assigned to the edge and c is the maximum capacity of the edge.

An independent set in a graph is a subset of vertices of the graph such that no pair of vertices
from this set are connected via an edge. We call an independent set maximal if it is not a proper
subset of another independent set. Some independent sets are shown in Figure 3.

Figure 3: This figure is showing the independent sets in different graphs. In each graph, all vertices
of colour red represent one maximal independent set and all vertices of colour black represent an-
other maximal independent set. The maximal independent set of largest size is called the maximum
independent set. In all the figures, set of black vertices show the maximum independent sets.

We study a Θ(n1.5) and Θ(
√
nm) quantum query algorithm, depending on how the graph is

represented for calculating the maximal independent set.
The outline of this report is as follows. A graph can be represented in different ways like an

adjacency matrix, adjacency list or an adjacency array. The different models through which this can
be done are presented in Section 2. Section 3 describes the quantum ingredients, mainly quantum
search which forms the basis of speedup achieved by quantum algorithms when trying to calculate
graph properties. Section 4 studies in depth the algorithms for finding maximum flow in a network
and finding a maximal independent set in a graph. It gives a brief overview of the algorithms
for calculating minimum spanning tree and single source shortest paths. Then, Section 5 shows
how to derive the quantum complexities for each of the studied problems and compares them with
classical complexities. Section 6 shows how the algorithm for finding the maximal independent set
in a graph can be applied to do graph coloring. We conclude in Section 7.

2 Graph Models

Quantum algorithms have been developed primarily over two models, the adjacency matrix model
and the adjacency list-like array model. We explain how these models are formally represented in
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this section. Throughout the report, we will use G = (V,E) to represent a graph, with V being the
set of vertices and E being the set of edges. E is a collection of tuples of the form (v, w), where
(v, w) represents an edge directed from v to w. |V | = n and |E| = m.

1. The adjacency matrix model
The edges of the graph are represented by a square n × n Boolean matrix, A, with 1 corre-
sponding to an edge and 0 corresponding to no edge. A[v, w] = 1 iff (v, w) ∈ E. Here, n is
the number of vertices in the graph.

2. The adjacency list model
Each vertex is mapped to an array containing all the vertices it is connected to via an edge.
The input is specified by n arrays {Nv : v ∈ V } of length dv (1 ≤ dv ≤ n, dv being the degree
of vertex v). Each entry of an array is either a pointer to a neighbour or empty indicating
the end of neighbours.

We also explain some of the network terminology we will be using throughout the report. A residual
network is used in the intermediate state of calculating network flows in which every edge has some
residual capacity depending on the direction of flow. An augmenting path in a network is a path
from the source to the sink with a positive capacity. A blocking flow in a layered residual network
is a maximal flow with respect to inclusion. A cut is a subset of edges of the network such that
removing removing these edges from the network will create two disconnected components.

3 Quantum Ingredients

All the algorithms studied make use of some common quantum sub-routines. One is a generalized
version of Grover’s search which finds k items in a search space of size l in O(

√
kl) quantum queries.

Quantum algorithm for calculating maximal flow in [1] is based on a quantum procedure for finding
a layered sub-graph which in turn uses the generalized Grover’s search. Quantum algorithms in [2]
are based on amplitude amplification which is a generalization of Lov Grover’s search algorithm.

3.1 Searching all points with a particular function value

We recall that the quantum search problem is to find a particular x ∈ D, given a characteristic
function, f : D → {0, 1}, such that f(x) = 1. The search algorithm proposed by Grover finds one
such x with O(

√
N) quantum queries, where |D| = N . A generalized version of Grover’s search

(described in [7]) finds k items in a search space of size N in time O(
√
kN). Further, whether

k > 0 can be decided in O(
√
N) queries. We denote with ALL-QUANTUM-SEARCH(fD), an

application of Grover’s search that computes the set of all the solutions.

3.2 Finding a layered sub-graph

A layered network is a network whose vertices are ordered into a number of layers and whose
edges go only from ith layer to (i + 1)th layer. For calculating the network flow, we will make
use of a quantum sub-routine that calculates the layered-subgraph. We start with the network
modeled as a graph, G = (V,E) and a starting vertex a ∈ V . Each vertex needs to be assigned
a layer. Let l : V → N be the mapping which assigns layer to each of the vertices. l(a) = 0 and
l(a) = 1 +minx:(x,y)∈El(x). We use the ALL-QUANTUM-SEARCH routine to calculate l.

3



The algorithm is basically a quantum implementation of breath-first search. We initialize the
layers as l(a) = 0 and l(a) = ∞ ∀x 6= a. Also, we create an entry queue, W = {a}. This step
takes O(n). Then, we pop vertices from the queue one by one and process them until the queue is
empty. The processing we do is that we update the layer value of its neighbours to 1 plus the layer
of the vertex for all the neighbours whose layer is currently at ∞. Searching for neighbours in the
adjacency array with the required properties takes at most O(

√
n) and finding the vertex that is

to be popped (having no descendants) also takes O(
√
n).

In the list model, processing a vertex v takes time O(
√
nvdv+

√
dv + 1), where nv is the number

of vertices inserted into W when processing v. Let f ≤ min(n,m) be the number of found vertices.
Using a series of arguments and the Cauchy-Schwarz inequality, it can be shown that the running
time in this case is bounded by O(

√
nm). We summarize the steps of the algorithm as follows:

1. Initialization Step: l(a)← 0 and l(x)←∞ for all x 6= a
Queue, W ← {a}

2. Loop Step:
While W 6= ∅,

• pop x from W

• For each neighbour y of x found using ALL-QUANTUM-SEARCH (all y such that
l(y) =∞),

• l(y)← l(x) + 1

• Add y to W

The above algorithm assigns layers in time O(n3/2 log n) in the adjacency matrix model and in
time O(

√
nm log n) in the list model.

4 Graph properties

In this section, we understand the quantum algorithms for finding maximum flow in a network
and maximal independent set in a graph in depth. We explain briefly the quantum algorithms for
calculating the minimum spanning tree and single-source shortest paths. The properties studied
are as follows:

4.1 Maximum flow for Integer Networks

The quantum algorithm in [1] works with integer networks, where all the edge capacities are in-
tegers. The capacities are bounded by U , with U ≤ O(n1/4). We will derive the quantum query
complexities of the quantum algorithm in Section 5.1. We now make some observation about in-
tegral networks that helped in developing the quantum algorithm. If we have an integer network,
with all capacities ≤ U , whose layered residual network with depth k, the size of the residual flow
is at most U.min((2n/k)2,m/k). We call this the residual flow bound. This can be proved by
considering the following two cases:

• Case 1: ∃, Vl, Vl+1, both having less than 2n/k vertices. This is true because if for every
i ∈ {0, 1, ..., k/2}, at least one of the layers, V2i, V2i+1 had size at least 2n/k, then the total
number of vertices will exceed n. But Vl and Vl+1 form a cut. So, the residual flow has size
at most |Vl||Vl+1|.U ≤ (2n/k)2U .
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• Case 2: For every i = 0, 1, ..., k − 1, the layers Vi and Vi+1 form a cut. The cuts have no
common edges and together there are atmost m edges. Thus, from the generalized pigeon-
hole principle, atleast one of them has atmost m/k edges. As a result, the residual flow is at
most O(mU/k).

Now, we dive into the details of the quantum algorithm to find maximum flow. It will make
use of the above result. We will show that the maximal network flow with integer capacities (at
most U), can be found in time O(n13/6.U1/3 log n) in the adjacency matrix model and in time
O(log n.min(n7/6

√
mU1/3,

√
nUm)) in the adjacency list model.

At every stage, the algorithm works with the current layered residual network. It calculates the
current flow and blocks it in the layered residual networks. This process is continued iteratively
until the depth of the network exceeds k = min(n2/3U1/3,

√
mU). Then it searches for augmenting

paths while they exist. The idea of switching the two algorithms comes from a classical network
flow algorithm([5]). The space complexity to store the current flow and its direction for every edge
of the network and a one-bit status for every vertex is O(n2). A blocking flow is found as follows.

A layered sub-graph H ′ of the residual network H is found using the quantum sub-routine for
calculating a layered sub-graph discussed in Section 3. The capacity of each edge in H is reassigned
to be equal to the original capacity plus or minus the current flow depending on the direction. The
edges which have reached zero capacity are not considered. All the vertices are marked as enabled.
Then, a path ρ from the source to the sink of H ′ is found that only goes through enabled vertices.
During back-tracking, all vertices are disabled for which there is no path from source to sink. We
augment the flow by µ along ρ, where µ is the minimal capacity of an edge on ρ. The process of
finding an augmenting path is repeated until there is no such path, in which case, the algorithm
quits.

The layered subgraph H ′ is computed from H using the quantum sub-routine and the capacities
of H can be computed on-line in constant time. When the flow is augmented by µ along the path
ρ, the saturated edges will have been automatically deleted. This is because the algorithm only
stores layer numbers for the vertices, and the edges of H ′ are searched on-line by Grovers search.

4.2 Maximal Independent Set

We describe a quantum algorithm for finding the maximal independent set in a graph, G = (V,E),
where V is the set of vertices and E is the set of edges. We will derive the quantum query complexity
of the studied algorithm in Section 5.2. In the algorithm, we will be using the ALL-QUANTUM-
SEARCH routine from Section 3. The search function, fG,v is defined as follows:
fG,v : V → {0, 1}|fg,v(x) = 1 if x is a neighbor of v in G and fg,v(x) = 0, otherwise. The algorithm
is summarized as follows:
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MAXIMAL INDEPENDENT SET(G = (V,E))

V ′ ← ∅, F ← G
while F contains some vertices, do

choose some vertex v from graph, F
V ′ = V ′ ∪ {v}
W = ALL-QUANTUM-SEARCH(fG,v) ∪{v}
Remove W from the vertex set of F

end while
return V ′

The idea is to start with an empty set as the maximal independent set because, in case all the
vertices have edges looping back to them, then the maximal indepedent set is empty. We try to
add some random vertex, v at every iteration of the while loop to our current independent set.
Now, when we do so, we need to ensure that all neighbours of v should not be allowed to enter the
maximal independent set in future. We do this using the ALL-QUANTUM-SEARCH subroutine,
which returns all the neighbours of v. We remove all of v’s neighbors and v itself from future set
of candidates. We continue doing this until there are no remaining candidates in F .

4.3 Minimum Spanning Tree

The minimum spanning tree of a graph is a cycle-free edge set of maximal cardinality that has
minimum total weight. [2] gives a quantum algorithm for finding the minimum spanning tree based
on a parallel classical algorithm by Boruvka([8]). We don’t go into the details of the algorithm here.
We just explain the key idea that helps in quantum speed-up. We search for the minimum weight
edges in the graph using quantum procedures instead of classical. Similar to quantum search, the
minimum of a function, f : D → R, can be found using O(

√
N) queries, where |D| = N .

4.4 Single source shortest paths

In graph theory, the problem of single source shortest paths is to find the minimum distance of
all the vertices from a particular starting vertex. Classically, this problem can be solved by the
Dijkstra’s algorithm. In Dijkstra’s algorithm, every vertex is assigned a particular weight, which
is the current distance of the vertex from the source. It choses the vertex with the minimum
weight and expands it. This step is optimized using the quantum procedure to find the vertex with
minimum weight in O(

√
N) queries.

5 Complexity of the quantum algorithms

We study how to find the lower and upper bounds of quantum complexities of network flow and
maximal independent set. We study the quantum time complexity for the problem of network flow
and the quantum query complexity for the problem of maximal independent set. We recall that
quantum query complexity of a graph algorithm A is the number of queries to the adjacency matrix
or to the adjacency list of the input graph made by A and quantum time complexity of A is the
number of basic quantum operations made by A.
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5.1 Complexity of network flow

We do a analysis of the quantum time complexity of the algorithm to calculate maximal network
flow described in Section 4.1. We start with calculating the time spent at each vertex for finding
the augmenting path. We use the following notations.

• av is the number of augmenting paths going through v

• ev,i is the number of outgoing edges from v at the moment when there are still i remaining
augmenting paths

• cv is the number of enabled vertices that are found from v but do not lie on an augmenting
path and are thus disabled

• Aj is the size of the blocking flow at depth j

The capacity of every edge is at most U , hence ev,i ≥ di/Ue. Therefore, the time spent in Grover’s
search leading to an augmenting path in v is at most

av∑
i=1

√
dv
ev,i
≤
√
U

av∑
i=1

√
dv
i

= O(
√
Uavdv). (1)

The time spent in Grover’s search for finding the vertices counted by cv is at most O(
√
cvdv.

Also, it takes time O(
√
dv + 1) to find that there is no augmenting path from v, and in this case

v is disabled and never visited again. If j is the depth of the network at any point, then the total
number of augmenting paths going through vertices in any given layer is at most Aj . We conclude
that

∑
v av ≤ jAj . We also know that

∑
v cv ≤ n and

∑
v dv ≤ m. By using the Cauchy-Schwarz

inequality, the running time for finding one blocking flow is

∑
v

(
√
Uavdv +

√
cvdv +

√
dv + 1) ≤

√
U

√∑
v

av

√∑
v

dv + 2
√
nm

= O(
√
jmAjU +

√
nm) (2)

The algorithm performs at most k = min(n2/3U1/3,
√
mU) iterations of finding the blocking

flow in total time at most
√
mU

∑k
j=1(

√
jAj + k

√
nm). We do the analysis by considering a

random stage of the algorithm and estimate the size of the residual flow and thus, the upper bound
on the number of augmenting paths that need to be found. In this particular iteration, say the
algorithm has constructed a layered network of depth > k. By the residual flow bound described
in Section 4.1, the residual flow has size O(min((n/k)2,m/k).U) = O(k). Hence, the algorithm
terminates in O(k) more iterations. From this point onwards, the algorithm looks for only one
augmenting path in each layered network, reducing the complexity to O(

√
j′m) = O(

√
nm). The

total running time becomes

O(
√
mU.

k∑
j=1

√
jAj + k

√
nm) +O(k

√
nm) (3)
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[3] proves that
∑

j

√
jAj = O(k3/2) by splitting the sequence into log k intervals each of size

that is a power of 2. The running time is thus O(k
√
m(
√
kU +

√
n)). Now, kU ≤ n because

U ≤ n1/4 and

kU = min(n2/3U4/3,
√
mU3/2) ≤ n2/3n1/3 = n (4)

The running time is therefore, O(k
√
mn) = O(min(n7/6

√
mU1/3,

√
nUm)) for the adjacency

list model. For the adjacency matrix model, we set m = n2 and derive the running time as
O(n13/6U1/3).

We compare the quantum complexity with some classical algorithms’ complexities. One of the
well-known algorithms for calculating network flows is by Ford and Fulkerson([4]). The fastest
running time for a network with n vertices and m edges in O(n3). For special cases, we can do
better as shown in Table 1. The complexity of the quantum algorithm is also shown in the table.
It is polynomially faster when m = Ω(n1+ε) and U is small.

Property of network Complexity of max flow

- O(n3)
Sparse O(nm(log n)2)

Integer capacities O(log n2/m logUmin(n2/3,m3/2))

Unit networks O(min(n2/3m,m3/2))

Undirected unit networks O(n7/6m2/3)

Integer capacities [Quantum]O(log n.min(n7/6
√
mU1/3,

√
nUm))

Table 1: Complexities of calculating network flows for special networks

5.2 Complexity of maximal independent set

We show that the quantum query complexity of maximal independent set is O(n1.5) in the adjacency
matrix model and O(

√
nm) in the adjacency list model. We can observe from the algorithm

described in Section 4.2 that each vertex is deleted at most once from the temporary graph F . In
the adjacency matrix model, every vertex can be found in O(

√
n) quantum queries to the adjacency

matrix, and thus, total number of queries is O(n
√
n) = O(n1.5).

In the adjacency list model, every iteration of the loop costs O(
√
dG(v)av) quantum queries,

where av is the number of vertices in F adjacent to v. Now, Σvav 6= n. Therefore, the quantum
query complexity is upperbounded by the Cauchy-Schwarz inequality as :

∑
v

√
dG(v)av ≤

√∑
v

dG(v)

√∑
v

av

= O(
√
nm) (5)

6 Graph applications

The quantum algorithm for finding maximal and maximum independent set in a graph has many ap-
plications like doing graph coloring and finding the minimum odd cycle traversal respectively.(Note
that a maximum independent set in a graph is the maximal independent set of the largest size). We
study how to do vertex coloring using maximal independent set calculation algorithm in details.
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6.1 Vertex coloring

A coloring of a graph G is an assignment of colors to every vertex of the graph such that no two
adjacent vertices are given the same color. Every color class (the set of vertices with the same
color) is thus an independent set. We solve the problem of coloring a graph, G = (V,E) with k
colors, where k is decided by the algorithm. A 3-coloring of a graph is shown in Figure 4.

Figure 4: A 3-coloring of a graph

We can use the quantum algorithm of finding the maximal independent set to do this. We
calculate a maximal independent set, W of the graph G. We assign a new color to all the members
of W and remove all the members of W from G. We repeat this procedure until there are no
remaining vertices in G. We observe that k is equal to the number of iterations run, and not
necessarily the smallest number of coloring for G.

We analyze the query complexity of the above algorithm. Each iteration takes O(n1.5) in the
adjacency matrix model and O(

√
(nm)) in the adjacency list model(derived quantum query com-

plexity of maximal independent set in Section 5.2). There are k iterations in total. Therefore, the
quantum query of the algorithm is O(kn1.5) in the adjacency matrix model and O(k

√
nm) in the

adjacency list model.

Another application of quantum graph algorithms is to find a minimum odd cycle traversal in
a graph. A minimum odd-cycle traversal is a subset of vertices whose deletion makes the graph
bipartite. A graph is said to be bi-partite if we can divide it into two independent sets, U and V
such that every vertex in U is connected to every vertex in V . An algorithm is presented in [3] to
calculate the minimum odd cycle traversal in a graph using a quantum algorithm for calculating
the maximum independent set.

7 Conclusion

In this project, we studied quantum algorithms to find various graph properties and observe the
improvements made. The key step in most of the algorithms is using quantum subroutines to
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search for some specific traits in the graph, like the neighbours of a vertex with certain labels
or weights. In some cases, the improvement is more depending on certain specific traits satisfied
by the graph, like sparcity, undirectedness of edges or the capacities of edges in the flow network
all being integers. There are some interesting open problems as well, like, is there a quantum
algorithm for independent set problem which can find the maximum independent set in O(cn) for
some c < 1.1. Also, for k-independent set problem, is there a quantum algorithm to improve the
Ω(n) lower bound.
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