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Abstract16

Reconstructing the evolutionary history of tumors using single-cell sequencing (SCS) data presents17

significant computational challenges. Existing approaches are either computationally intractable for18

emerging large-scale datasets or rely on heuristics that lack optimality guarantees. In this work, we19

propose a novel, time-efficient algorithm that constructs the phylogenetic tree of tumor evolution20

with a provable guarantee of optimality.21

Our main result is a branch-and-bound algorithm that reconstructs the most likely tumor22

evolutionary history up to two orders of magnitude faster than the previous best algorithm. To23

achieve this, we use efficient and well-known 2-approximation algorithms for the Vertex Cover24

problem to prune the branch-and-bound tree effectively. Unlike previous works’ polynomial-time25

branch-and-bound bounding strategies, our bounding algorithm provides strong worst-case theoretical26

guarantees, leading to faster reconstruction of the tumor evolution.27
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1 Introduction35

Cancer is an evolutionary disease, driven by the progressive accumulation of somatic36

mutations, which give rise to genetically distinct subclones within a tumor. A history37

of tumor progression can be represented as a phylogenetic tree of tumor evolution, which38

captures the lineage relationships among tumor cells and provides insights into early driver39

mutations, patterns of metastatic seeding, mutually exclusive and co-occurring mutations,40

and clonal expansions.41

The inference of trees of tumor evolution has been one of the very important problems42

in cancer genomics research. Early methods predominantly relied on bulk sequencing data,43

which provides trees of limited resolution and has well known limitations [11, 14]. However,44

advances in single-cell sequencing (SCS) technologies have enabled much more detailed45

studies of tumor evolution. Consequently, there has been rapid progress in the development46

of computational methods for inferring trees of tumor evolution from this type of data.47

Existing methods for inferring tumor evolutionary trees from SCS data can broadly be48

classified into two main categories. The first category consists of heuristic-based approaches,49

including techniques such as Monte Carlo Markov Chain (MCMC) sampling [10, 17, 21, 26, 23],50

nearest-neighbor interchange [25], and greedy search [12]. While these methods typically51

return some solution tree, they do not offer any guarantees of optimality for the reported52

solutions. Their notable limitations include terminating at locally optimal but globally53

suboptimal solutions, and, in some cases, sensitivity to minor variations in the input (e.g.,54

permutations in the order of cells in the input can lead to different outputs, despite the55

inputs being effectively equivalent).56

To address some of the limitations discussed above, a second category of methods57

has been developed. These methods are typically based on Integer Linear Programming58

(ILP) [16, 7, 19, 6, 5], and rely on established ILP solvers such as Gurobi or CPLEX. Unlike59

heuristic-based approaches, ILP-based methods can offer guarantees of optimality when they60

successfully converge to optimal solutions. However, they are often prohibitively slow on61

larger datasets containing hundreds of mutations or cells, which significantly limits their62

practical applicability on emerging single-cell datasets. To mitigate this scalability issue,63

some methods [7] apply pre-clustering of cells as a preprocessing step. While this can reduce64

computational complexity, it often comes at the cost of reduced accuracy and/or lower65

resolution in the inferred evolutionary trees [12].66

One potential direction for improving the efficiency of ILP-based methods involves67

designing specialized algorithms that exploit structural properties of the tumor phylogeny68

inference problem. The goal of such algorithms is to accelerate the solution of the underlying69

ILP without sacrificing accuracy. A notable example of this approach is the recently developed70

PhISCS-BnB, which leverages branch and bound techniques to efficiently search the solution71

space [18]. PhISCS-BnB has been shown to match the accuracy of other ILP-based methods72

on smaller datasets, while outperforming them on larger instances. In particular, for some73

large-scale inputs, it was the only method capable of producing an optimal solution (along74

with a certificate of optimality) within a reasonable time.75

While PhISCS-BnB marked a significant advancement over previous state-of-the-art76

methods in terms of performance, it continued to face a critical limitation: in the worst77

case, it may explore an exponential number of search tree nodes, solving an NP-complete78

problem at each node. This limitation constrains its scalability, especially in the context79

of increasingly large and complex datasets. As a result, the development of more effective80

pruning strategies—particularly those with polynomial-time complexity—remained a key81
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open challenge.82

Building upon the principled framework and formal optimality guarantees introduced in83

PhISCS-BnB, our work advances the field by enabling even faster phylogeny reconstruction.84

Specifically, we replace the computationally intensive SAT solvers previously used for85

branch-and-bound pruning with efficient, polynomial-time Linear Programming (LP) solvers.86

Furthermore, we provide optimality guarantees for our newly introduced pruning algorithms,87

laying the groundwork for continued improvements in both the scalability and robustness of88

phylogeny inference methods.89

Notably, the use of PDLP [1], Google’s freely-available recent Linear Programming (LP)90

solver, enabled our algorithms to achieve the fastest phylogeny reconstruction times in our91

experimental evaluations. In this context, our work not only initiates research into provably92

more powerful pruning algorithms for phylogeny reconstruction but is also expected to benefit93

from ongoing advancements in LP solvers.94

2 Background and problem definition95

We assume that a single-cell sequencing experiment has been conducted, in which single96

cells C = {C1, C2, . . . , Cn} were sampled from a tumor and sequenced. We also assume that,97

after the mutation calling step, we are given a set of mutations M = {M1, M2, . . . , Mm}98

that are reported to be present in at least one of these cells. Therefore, our input can be99

summarized as an observed genotype matrix, denoted in this work as I, consisting of n rows100

(corresponding to cells) and m columns (corresponding to mutations). In this matrix, Iip = 1101

indicates that the mutation calling step reported mutation Mp to be present in cell Ci, while102

Iip = 0 indicates its absence. Given I, our goal is to reconstruct the most parsimonious103

evolutionary history of the tumor.104

Before providing a rigorous mathematical definition of the computational problem we105

aim to solve, we first present the model of evolution used in this work and define how we106

represent the evolutionary history of a tumor. To simplify our presentation, we focus on a107

hypothetical case in which the ground truth is available. In the ground truth, cells from C108

and mutations from M define the ground truth genotype matrix T , which, analogous to I, is109

a binary matrix of size n×m, with 0 and 1 respectively indicating the absence and presence110

of a mutation in a cell. An example of such a matrix is shown in Figure 1a.111

In this work, we assume the commonly used Infinite Sites Assumption (ISA), which states112

that each mutation is acquired at most once during the course of tumor evolution and, once113

acquired by a cell, is never lost in any of its descendants. This assumption implies that114

tumor evolution follows the Perfect Phylogeny Model, in which mutations are inherited along115

the edges of a rooted tree. More precisely, under the ISA, the ground truth matrix T defines116

a unique tree of tumor evolution (referred to as the tree in the remainder of this paper,117

unless otherwise specified), which is a rooted tree consisting of n leaves, each labeled with a118

distinct cell from C. The root of the tree represents the germline (i.e., normal cells), which119

we assume contains no somatic mutations. The edges are labeled with mutations such that120

each edge that is not incident to a leaf or the root contains at least one mutational label,121

whereas the other edges may or may not contain such labels.1 A mutation assigned to the122

edge connecting a node v to its parent is assumed to be present in the cell labeling v (if v123

1 Note that the ground truth evolutionary history of the sequenced cells is a binary tree; however, in our
case, we may not have sufficient signal to reconstruct a fully resolved binary tree from T . In other words,
the trees used in this work may contain polytomies (i.e., internal nodes with more than two children).
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is a leaf), or in all cells labeling the descendant leaves of v (if v is an internal node). This124

implies that the set of mutations harbored by cell Ci can be obtained by taking the union of125

all mutations appearing on the unique path connecting the leaf labeled by Ci to the root of126

the tree. Note that, for each cell, the presence/absence pattern of mutations in that cell is127

consistent between the ground truth matrix T and what is implied by the tree corresponding128

to T . In general, when this property holds for a binary matrix and a tree of tumor evolution,129

we say that the tree and the matrix are consistent. The tree consistent with the ground truth130

matrix shown in Figure 1a is presented in Figure 1b.131

𝐶1 𝐶6𝐶5𝐶2 𝐶4𝐶3

germline

𝑀1

𝑀2, 𝑀3

𝑀4

𝑀5, 𝑀6

𝑀7

𝑀8

𝑀9

𝑴𝟏 𝑴𝟐 𝑴𝟑 𝑴𝟒 𝑴𝟓 𝑴𝟔 𝑴𝟕 𝑴𝟖 𝑴𝟗

𝑪𝟏 1 1 1 1 0 0 0 0 0

𝑪𝟐 1 1 1 0 1 1 1 0 0

𝑪𝟑 1 1 1 0 1 1 0 0 0

𝑪𝟒 1 1 1 0 1 1 0 0 0

𝑪𝟓 1 0 0 0 0 0 0 1 0

𝑪𝟔 1 0 0 0 0 0 0 1 1

𝑴𝟏 𝑴𝟐 𝑴𝟑 𝑴𝟒 𝑴𝟓 𝑴𝟔 𝑴𝟕 𝑴𝟖 𝑴𝟗

𝑪𝟏 1 1 1 1 0 0 0 0 0

𝑪𝟐 1 1 1 0 1 1 1 0 0

𝑪𝟑 1 1 1 0 1 0 0 0 0

𝑪𝟒 1 0 1 0 1 1 0 0 0

𝑪𝟓 1 0 0 0 0 0 0 0 0

𝑪𝟔 0 0 0 0 0 0 0 1 1

a b c

Figure 1 a. Ground truth genotype matrix. b. Tree of tumor evolution consistent with the
ground truth matrix shown in (a). c. Observed genotype matrix obtained from real single-cell
sequencing data. This matrix typically differs from the ground truth (red entries) and often contains
conflicts, which imply that no tree is consistent with the matrix. An example of such a conflict is
highlighted in yellow.

While it is straightforward to reconstruct the tree consistent with the ground truth matrix132

(and this can be done in polynomial time using the algorithm introduced in [9]), the ground133

truth matrix is unknown in practice. As discussed above, what we are given instead as input134

is an observed genotype matrix I obtained from a single-cell sequencing experiment. An135

example of such a matrix is shown in Figure 1c. Due to sequencing noise and mutation136

calling errors, the observed genotype matrix usually differs from the ground truth. With137

existing single-cell sequencing technologies, the most prevalent type of noise in I is false138

negative mutation calls, where a mutation Mp that is present in the ground truth in cell139

Ci (i.e., Tip = 1) is reported as absent in I (i.e., Iip = 0). Although the observed matrix I140

may also contain some false positives, their occurrence is typically rare—with reported rates141

ranging between 0.0001 and 0.001 [8]. Previous work has shown that such low false positive142

rates have minimal impact on the accuracy of the reconstructed trees when using methods143

that explicitly model only false negatives, such as the approach introduced in [18].2 Given144

this, and in line with [18], we assume that the input data in this work contains only false145

negatives. Nevertheless, we also assess the performance of our method under realistic levels146

of false positives and show that it remains largely robust to this type of noise.147

Due to the presence of erroneous mutation calls, there typically does not exist a tree that148

is consistent with the observed matrix I. More precisely, it is well known that any binary149

matrix H containing a triplet of rows (i, j, h) and a pair of columns (p, q) such that150 Hip Hiq

Hjp Hjq

Hhp Hhq

 =

0 1
1 0
1 1

151

2 Alternatively we can handle a small (≤ c for a constant c) number of false positives by solving our
problem for every subset of ≤ c columns removed from I [16] and returning the solution with the best
objective. While a serial implementation of this approach could increase the running time by a factor
exponential in c, a trivial parallelization would result in a speedup linear with the number of processors.
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is not consistent with any tree under the Perfect Phylogeny Model [15]. We say that such a152

pair of mutations and triplet of cells forms a conflict, and we refer to binary matrices that153

contain no conflicts as perfect phylogeny matrices. It is well known that for every perfect154

phylogeny matrix there exists a tree consistent with it [9].155

Given the presence of conflicts in the observed matrix I, existing methods for reconstructing156

tumor evolutionary trees aim to correct I by flipping some of its entries to obtain a perfect157

phylogeny matrix, from which a tree can be reconstructed. These methods approach the158

problem either explicitly, by directly operating in the space of binary matrices, or implicitly,159

by searching in the space of trees and scoring them using the perfect phylogeny genotype160

matrices they imply (see [15] for more details).161

This leads us to the formal definition of the Perfect Phylogeny Reconstruction Problem162

that we aim to solve in this work.163

▶ Definition 1 (Perfect Phylogeny Reconstruction Problem). Given a binary genotype matrix164

I, determine the minimum set of zero entries in I whose conversion to ones yields a perfect165

phylogeny matrix.166

For brevity, we use PP to denote perfect phylogeny matrix and “most likely PP” to denote167

the most likely perfect phylogeny matrix; i.e., the perfect phylogeny matrix obtained by168

flipping a minimum number of zero entries in the observed matrix.169

The most likely perfect phylogeny problem has been studied before under the name of170

the i-flip variant of the minimum-flip problem [3]. Here the authors prove NP-completeness171

and give an O(2kmn) fixed-parameter tractable (FPT) algorithm for the decision problem172

“does there exist a perfect phylogeny requiring at most k flips?” However, translating this173

FPT algorithm to the most likely perfect phylogeny problem would lead to exploring the174

full, unpruned search tree considered in this work. This would lead to an algorithm orders of175

magnitude slower and is not feasible at the size of input considered in this work. There are176

approximate and FPT algorithms for the minimum-flip problem allowing both types of flips177

[3, 2, 22]. However, these methods allow both one-to-zero and zero-to-one flips with equal178

weight, which is not well suited for single-cell sequencing data where false positive errors are179

orders of magnitude rarer than false negative errors. Direct ILP formulations for variants of180

this minimum flip problem have been studied in [16, 4], but these approaches’ scalability is181

limited by the need to solve large ILPs.182

3 Preliminaries183

Throughout the remainder of the paper, let H denote an arbitrary binary matrix, which,184

depending on the context, may represent either the original input matrix I or an intermediate185

matrix generated during the branch-and-bound procedure. As an intermediary step towards186

the full perfect phylogeny reconstruction problem, we attempt to get a handle on OPTinit(H),187

the minimum number of flips required to remedy all initial conflicts in H, disregarding any188

potential newly introduced conflicts (i.e., all initial conflicts are resolved if for each row triplet189

with configuration (0,1), (1,0), (1,1), at least one of the (0,1) or (1,0) is flipped to a (1,1)).190

Note that the details on computing OPTinit(H) will be provided later (e.g., in Section 4.2).191

Analogously, let OPT(H) be the minimum number of flips necessary to make H a PP. Observe192

that, since a PP obtained by flipping some entries of H must resolve all initial conflicts in193

H, as well as any conflicts introduced in the process of resolving those initial conflicts, we194

always have OPTinit(H) ≤ OPT(H). Next, a binary matrix D is said to be a descendant195

of a binary matrix H if D can be obtained by flipping some zeros in H. Additionally,196
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define F0→1 (H, D) as the number of flips required to turn H into D and PP(H) = {D :197

D is a descendant of H and D is a PP}. Let R01(p, q) = {i : Hip = 0 ∧Hiq = 1}; i.e. the198

set of (0, 1) rows in columns p and q. Similarly, define R10(p, q) = {i : Hip = 1 ∧Hiq = 0}199

and R11(p, q) = {i : Hip = 1 ∧ Hiq = 1}. Note that, strictly speaking, the sets R01(p, q),200

R10(p, q), and R11(p, q) should also include the matrix H in the notation, but we omit this201

dependence throughout the paper for notational simplicity.202

3.1 Vertex Cover approximation algorithms203

Vertex Cover (VC) is a fundamental problem in combinatorial optimization. Given an204

undirected graph (V, E), where V is the set of vertices and E is the set of edges, the205

goal of VC is to find a subset C ⊆ V of minimum cardinality such that for every edge206

(u, v) ∈ E, at least one of the endpoints u or v belongs to C. VC is NP-complete and207

cannot be solved in polynomial-time unless P = NP. Nevertheless, VC admits efficient208

2-approximation algorithms; or 2-approximations, for short. That is, VC admits algorithms209

that, in polynomial-time, return a vertex cover C with cardinality provably at most twice210

the cardinality of a minimum vertex cover C∗; i.e., |C| ≤ 2|C∗|. VC has a very rich history211

and admits two remarkably simple 2-approximations that we make use of in this work.212

Interested readers can find detailed treatment of these 2-approximations in any combinatorial213

optimization reference; e.g., [20].214

The first 2-approximation finds a maximal matching M in time O(|E|) by simply iterating215

over each (u, v) ∈ E and adding (u, v) to M if both endpoints are unmatched. In the end, it216

returns C =
⋃

(u,v)∈M{u, v}. The second VC 2-approximation formulates VC as an LP.217

min
∑
v∈V

xv (LP-VC)218

subj. to xu + xv ≥ 1, ∀(u, v) ∈ E (1)219

xv ≥ 0, ∀v ∈ V (2)220

Next, solutions x∗ ∈ [0, 1]|V | of the above LP are rounded to X∗ ∈ {0, 1}|V |, where, for each221

v ∈ V , X∗
v = 1 if x∗

v ≥ 1/2 and X∗
v = 0 otherwise. Finally, the algorithm returns the vertex222

cover C = {v ∈ V : X∗
v = 1}. (LP-VC) is well known to be half-integral, meaning that there223

always exists an optimal solution x∗ satisfying x∗
v ∈

{
0, 1

2 , 1
}

for all v ∈ V .224

3.2 Branch-and-bound and PhISCS-BnB225

In order to prove optimality of the PP returned by PhISCS-BnB when given an input matrix226

I, the authors lean on the branch-and-bound paradigm. Branch-and-bound builds a search227

tree where each node corresponds to some binary matrix H, so for brevity we refer to search228

tree nodes and matrices interchangeably. The tree’s root node is the input matrix I, its229

leaves are precisely PPs, and, for any D in the subtree rooted at H, D is a descendant of H.230

An internal node H ′ is not a PP and has parent node H. Here, H ′ is obtained by flipping231

zeros to fix all conflicts in H between some pair of columns p and q. In an optimal solution,232

conflicts between columns p and q must be fixed by either flipping all the zeros in column p233

and rows R01(p, q) or all the zeros in column q and rows R10(p, q).234

By exploring this tree, branch-and-bound either explores or proves suboptimality for all235

PPs in PP(I). Given a matrix H, a (possibly suboptimal) PP B, and a lower bound L(H)236

on the required number of flips to make H a PP, then all matrices D that are descendants237

of H can be ruled out (i.e., “pruned”) if F0→1 (I, H) + L(H) ≥ F0→1 (I, B). In this event,238

WABI 2026



11:6 Exact and Efficient Inference of Tumor Phylogenies via Novel Pruning Techniques

no PP D, which is a descendant of H, can beat B and therefore may be pruned out of the239

search tree. When an explored leaf beats B, it becomes the new best node and the value of240

B is updated; [18] also describes simple heuristics for finding an initial guess B. In this way,241

PhISCS-BnB takes a binary matrix H with conflicts, gradually introduces flips to explore242

a tree of all possibly optimal descendants while pruning nodes that can be ruled out, and,243

finally, terminates when it has found and certified a most likely PP.244

Branch-and-bound algorithm Our branch-and-bound algorithm, provided in detail in245

Algorithm 1, builds on top of PhISCS-BnB. The key differences are the use of our new246

bounding algorithms (Section 4.2) and an additional step in which we check whether the247

“free” byproduct PPs produced by our algorithms improve upon the current incumbent PP,248

updating it when they do (Section 4.6).249

3.2.1 Lower bounding mechanisms250

PhISCS-BnB explores two formulations for its lower bounding mechanism by solving related251

instances of i) minimum weighted SAT (MWS) and ii) maximum weight matching (MWM).252

Despite MWS itself being NP-hard, and thus requiring super-polynomial time in the worst253

case, in practice, PhISCS-BnB with MWS terminates orders of magnitude faster than254

PhISCS-BnB with MWM.255

MWM lower bounding mechanism. Given a matrix H, the MWM lower bounding256

mechanism constructs a graph (V, E) where vertices correspond to columns of H and257

edges correspond to column pairs with conflicts. Formally, MWM sets up a graph (V, E) with258

V = {p : 1 ≤ p ≤ m} and E = {(p, q) : |R01(p, q)| ≥ 1 ∧ |R10(p, q)| ≥ 1 ∧ |R11(p, q)| ≥ 1}.259

Observe that, for any pair of columns p and q of matrix H, a conflict is implied by the260

presence of all three value pairs: (0, 1), (1, 0), and (1, 1), when considering the values of these261

columns across all rows of H. Since we are only allowed to make flips from 0 to 1, resolving262

all conflicts between columns p and q requires flipping all 0’s in column p to 1 in each row of263

R01(p, q) or flipping all 0’s in column q and each row of R10(p, q). In other words, we need at264

least the smaller of the two numbers of flips in order to resolve all conflicts between columns p265

and q. Hence, for each e = (p, q) ∈ E the edge weight we is set to min{|R01(p, q)|, |R10(p, q)|}266

when |R11(p, q)| > 0 and we = 0 otherwise. The matching property ensures that flips that267

may fix multiple conflicts are not counted multiple times. Let MWM(H) be the weight of268

such a MWM in the corresponding (V, E). Indeed, the weight of any matching M on (V, E)269

is a lower bound on OPTinit(H) since we for e = (p, q) is a lower bound on the number270

of flips from columns p or q that a PP must make to resolve all conflicts between p and q.271

Therefore, MWM(H) is the best matching-based lower bound.272

MWS lower bounding mechanism. Given a matrix H, the minimum weighted SAT (MWS)273

lower bounding mechanism writes a weighted SAT instance wherein the weight of a minimum274

satisfying assignment lower bounds OPT. PhISCS-BnB considers other MWS formulations.275

For brevity’s sake, we refer interested readers to [18]. Like VC, MWS is NP-complete.276

However, unlike our algorithms, which solve VC approximately and in polynomial time,277

PhISCS-BnB solves MWS instances exactly in worst case super-polynomial time.278
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3.3 Outline of our contributions279

We make key observations relating the perfect phylogeny reconstruction problem to vertex280

cover and use these insights to derive branch-and-bound lower bounding mechanisms inspired281

by well-known 2-approximation algorithms of vertex cover. In Section 4, we show that our282

new polynomial-time lower bounding mechanisms achieve provably stronger guarantees than283

the polynomial-time lower bounding mechanisms of PhISCS-BnB.284

In Section 5, we benchmark our algorithm on synthetic datasets. Our experiments285

demonstrate that the proposed polynomial-time lower bounding mechanisms significantly286

accelerate branch-and-bound search, yielding speedups of up to 1000x over PhISCS-BnB.287

While our best performing lower bounding algorithms can only account for initial conflicts,288

in Section 4.4, we introduce an additional lower bounding mechanism that gives a provably289

stronger lower bound that accounts for conflicts beyond only those that are initially present.290

4 Lower bounding algorithms291

4.1 Provably better polynomial-time lower bounds292

To further motivate the search for better polynomial-time lower bound mechanisms, we take293

a closer look at MWM. Let MWM(H) be the maximum weight matching computed on the294

graph corresponding to matrix H. Let Sn,m be the n×m binary matrix consisting of n− 2295

copies of the row (0, 1, 1, . . . , 1), one (1, 0, 0, . . . , 0) row, and one (1, 1, . . . , 1) row; i.e.,296

Sn,m =


0 1 1 · · · 1
...

...
...

. . .
...

0 1 1 · · · 1
1 0 0 · · · 0
1 1 1 · · · 1

 .297

Observe that all conflicts in Sn,m occur between column 1 and another column p > 1.298

Therefore, the corresponding MWM graph of Sn,m is a star graph with center vertex299

corresponding to the first column. Similarly, because each conflict can be resolved via a300

single flip in the second to last row, all edge weights are 1. Hence, by these two facts,301

MWM(Sn,m) = 1. However, the optimal solution uses min{n − 2, m − 1} flips, indicating302

flipping all zeros in either the first column or the second to last row, respectively.303

▶ Remark 2. For all k ≥ 3, MWM(Sk,k+2) = 1 despite OPTinit(Sk,k+2) = k − 2.304

Even as OPTinit increases, MWM lower bounds may provide no information at all. A lower305

bound of 1 is merely an unhelpful “the current matrix is not a PP” message.306

4.2 Vertex Cover formulation and lower bounding algorithms307

Our algorithms take a binary matrix H and use the VC approximations described in Section 3.308

Let Z(H) be a set of coordinates for pairs of zeros appearing in conflicts together; i.e.309

Z(H) = {((i, p), (j, q)) : (1 ≤ p < q ≤ m)∧(i ∈ R01(p, q))∧(j ∈ R10(p, q))∧(|R11(p, q)| > 0)}.310

Define the graph (VH , EH) with VH = {(i, p) | Hip = 0} and EH = Z(H); for comparison,311

H has nm entries, |V | ≤ nm, and |E| = O(n2m2). Algorithm 5 (provided in the Appendix)312

directly uses the maximal matching-based approximation on (VH , EH). Similarly, Algorithm 3,313

uses the LP-based approximation where LP-VC is written taking (V, E) = (VH , EH).314
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Input: Original input matrix I ∈ {0, 1}n×m

B ← A simple PP (see Section 4.7) ; // Best incumbent node
Q← An empty priority queue;
Push I into Q;
while Q is not empty do

C ← pop next node from Q with minimum priority score;
p, q ← columns of C in conflict;
// Branch into two new nodes, S(1) and S(2), by fixing the pq

conflict by flipping either (0, 1)s or (1, 0)s
S(1) ← C, S(2) ← C;
for r ∈ R01(p, q) do

S
(1)
r,p ← 1;

end
for r ∈ R10(p, q) do

S
(2)
r,q ← 1;

end
for i ∈ {1, 2} do

if S(i) is a PP then
if F0→1

(
I, S(i)) < F0→1 (I, B) then

// S(i) beats incumbent best node B

B ← S(i);
end

else
// Explore nodes that cannot be pruned away
L← lower bound on the number of flips to make S(i) a PP; e.g. from
Section 4.2;

if L + F0→1
(
I, S(i)) < F0→1 (I, B) then

Push S(i) in Q with priority score set to L + F0→1
(
I, S(i));

end
// Use “free” upper bound, if available, to update best

incumbent node B; see Section 4.6
if Lower bounding algorithm gives a “free” incumbent best node then

B′ ← candidate best node byproduct;
if F0→1 (I, B′) < F0→1 (I, B) then

B ← B′;
end

end
end

end
end
Y ← B;
return Y ;
Algorithm 1 VC-PhISCS-BnB: Branch and bound method

▶ Lemma 3. C ⊆ VH is a VC of (VH , EH) if, and only if, flipping Hip for all (i, p) ∈ C315

fixes all initial conflicts of H.316

Proof. Observe that: a conflict between (i, p) and (j, q) in Z(H) is fixed ⇐⇒ Hi,p or Hj,q317
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is flipped ⇐⇒ (i, p) ∈ C or (j, q) ∈ C ⇐⇒ ((i, p), (j, q)) ∈ E is covered. As Z(H) and EH318

are in a one-to-one correspondence, the claim follows. ◀319

▶ Corollary 4. Let C∗ be a minimum VC of (VH , EH). Then |C∗| = OPTinit(H).320

Behind effective pruning algorithms, lie effective “lower bounding” algorithms. That is,321

given a matrix H, we need algorithms that produce strong lower bounds on the number of322

flips necessary to make H a PP. As seen in Remark 2, the MWM bound is not useful in the323

worst case. Unlike MWM, our lower bounding algorithms remain provably useful.324

▶ Theorem 5. Let LVC and LLP-VC be the lower bound values returned by Algorithms 3 and 5,325

respectively, on a binary matrix H. Then OPTinit(H)/2 ≤ LVC, LLP-VC ≤ OPTinit(H).326

Proof. LVC = ⌈|C|/2⌉ where |C| is a VC of (VH , EH), |C| ≤ 2|C∗| for a minimum VC C∗.327

Applying Corollary 4 and the definition of 2-approximation,328

OPTinit(H) = |C∗| ≤ |C| ≤ 2|C∗| = 2 OPTinit(H).329

Thus, dividing by two, OPTinit(H)/2 ≤ |C|/2 ≤ OPTinit. Since OPTinit(H) is an integer,330

we can take a ceiling and complete the proof for the claim about LVC.331

For the next lower bound, LLP-VC =
⌈∑

(i,p)∈VH
x∗

ip

⌉
with x∗ and X∗ being the fractional332

and rounded LP solutions, respectively.333 ∑
i,p

x∗
ip ≤ |C∗| = OPTinit(H) ≤

∑
i,p

X∗
ip ≤ 2

∑
i,p

x∗
ip.334

The first inequality follows from the well known fact that LLP-VC ≤ |C∗|, the equality follows335

from Corollary 4, the second inequality follows from the fact that {(i, p) : X∗
ip = 1} ⊆ VH336

defines a VC, and, finally, the last inequality follows from the fact that X∗
ip ≤ 2x∗

ip for all337

(i, p) ∈ VH . Like before, OPTinit(H) is an integer, therefore we can take a ceiling and both338

bounds on LLP-VC follow. ◀339

Between Algorithms 3 and 5, the fastest (and simplest) approach is arguably the maximal340

matching-based Algorithm 5. Since both algorithms rely on VC 2-approximations, why not341

stick to the simpler one? Computation time is only one aspect of an effective lower bounding342

algorithm; quality of the lower bound matters too. For the simple VC approach, the lower343

bound, |C|/2, and the VC size, |C| ≤ 2 OPTinit, are, pessimistically, always a factor of 2344

apart. Meanwhile, for (LP-VC), instead of the analogous lower bound 1
2

∑
i,p X∗

ip = |C|/2,345

we can use a greater
∑

i,p x∗
ip.346

▶ Remark 6.
∑

i,p x∗
ip − 1

2
∑

i,p X∗
ip = N

2 where N = |{(i, p) : x∗
ip = 1}|.347

Proof. By the half-integrality of (LP-VC) we can split the summation as348 ∑
i,p;x∗

ip
∈{0, 1

2}

(
x∗

ip −
1
2X∗

ip

)
+

∑
i,p;x∗

ip
=1

(
x∗

ip −
1
2X∗

ip

)
=

∑
i,p;x∗

ip
=1

(
x∗

ip −
1
2X∗

ip

)
= N

2 .349

◀350

In practice, a substantial N/2 enables Algorithm 3 to prune the search tree more aggressively351

and may even offset the additional computational cost of writing and solving an LP. This352

tradeoff between lower bound quality and computation speed is explored once more in the353

last of our lower bounding algorithms, Algorithm 4.354
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Input: H is the matrix at the current branch-and-bound node, F is a set of flips
resolving all initial conflicts on H, H ⊕ F returns H after applying the flips
of F .

function CandidateBestNode(H, F )
B ← Node requiring ∞ flips to become a PP;
if H ⊕ F is a PP then

B ← H ⊕ F ;
end
return B

end
Algorithm 2 Check if a set of flips makes the matrix a PP

Input: H is the matrix at the current branch-and-bound node and solver is an LP
solver.

function LPLowerBound(H, solver)
(VH , EH)← VC instance from H as described in Section 4.2;
Π← (LP-VC) instance written using (V, E) = (VH , EH);
x∗ ← optimal solution to Π, obtained using solver;
for Hip = 0 do

X∗
ip ← 1 if x∗

ip ≥ 1
2 else 0;

end
C ← {(i, p) : X∗

ip = 1};
return

⌈∑
i,p x∗

ip

⌉
, CandidateBestNode(H, C);

end
Algorithm 3 Lower bound using (LP-VC)

4.3 Considering only the initial conflicts in I355

We now focus on Algorithm 4, stated fully in the Appendix, which is also an LP-based356

approach but deals with (LP-VC) defined by (V, E) = (VH , EH ∩EI) where I is the initial357

input matrix. Like before, EI = Z(I), so EI ∩EH is a set of edges corresponding to conflicts358

that are present in both I and H. The compromise between computational speed and lower359

bound quality is as follows. We write the full (LP-VC) once with the graph (VI , EI). Then,360

at each node of the branch-and-bound tree, we only partially rewrite (LP-VC). That is, at361

each node, instead of rewriting the costly O(m2n2) LP constraints, we just update the lower362

bounds of O(mn) variables to ensure that the entries that have been flipped between I and363

H remain flipped. This results in a significant speedup, as mn≪ (mn)2; owing to the high364

quality of LP solvers available, writing the LP itself can be much more time consuming than365

solving it. On the other hand, this approach weakens our lower bound as it will not account366

for conflicts introduced in the flips from I to H. An analogous guarantee to Theorem 5 holds367

for Algorithm 4.368

▶ Remark 7. The lower bound of Algorithm 4 is at least half the number of flips necessary369

to fix conflicts present in both I and H.370

4.4 Going beyond initial conflicts371

The lower bounds on the number of flips we prove in Theorem 5 hits a ceiling at initial372

conflicts. That is, for any binary matrix H and lower bound L(H) on the number of373
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flips necessary to make H a PP from Theorem 5, L(H) ≤ OPTinit(H). In this section we374

introduce a new LP formulation giving stronger lower bounds that can exceed OPTinit(H).375

Let I := {(0, 1), (1, 0), (1, 1)} and define our LP as follows.376

min
∑

i,p:Hip=0
xip (LP-Extended)377

subj. to − xip + xiq ≤ B(p, q, 0, 1), ∀1 ≤ i ≤ n, 1 ≤ p < q ≤ m (3)378

xip − xiq ≤ B(p, q, 1, 0), ∀1 ≤ i ≤ n, 1 ≤ p < q ≤ m (4)379

xip + xiq ≤ 1 + B(p, q, 1, 1), ∀1 ≤ i ≤ n, 1 ≤ p < q ≤ m (5)380 ∑
(a,b)∈I

B(p, q, a, b) ≤ 2, ∀1 ≤ p < q ≤ m (6)381

0 ≤ B(p, q, a, b) ≤ 1, ∀1 ≤ p < q ≤ m, (a, b) ∈ I (7)382

0 ≤ xip ≤ 1, ∀Hip = 0 (8)383

This LP is reminiscent of the integer program in [16], which is used for a closely related384

problem. Like in (LP-VC), the variable xip corresponds to the matrix entry Hip, with385

xip = 1 denoting that Hip should be flipped and xip = 0 saying to leave Hip unflipped. The386

auxiliary variables B(p, q, a, b) ensure, for each (a, b) ∈ I, that if columns p and q have a row387

with values (a, b), then B(p, q, a, b) = 1. Lastly, Constraints (6) ensure an integer solution388

corresponds to a matrix that is a PP.389

Given a matrix H, let L1 =
∑

i,p x∗
ip and L2 =

∑
i,p y∗

ip be LP objectives at optimal390

solutions of (LP-VC) and (LP-Extended), respectively.391

▶ Lemma 8. L1(H) ≤ L2(H).392

▶ Lemma 9. L2(H) ≤ OPT(H).393

Proof. Let H∗ be a most likely PP. It suffices to show that x∗ with x∗
ip = H∗

ip ∈ {0, 1}394

is in the feasible region of (LP-Extended). As H∗ is a PP, for any pair of columns p and395

q, the columns p and q do not contain (at least) one of the three rows (0, 1), (1, 0), or396

(1, 1); otherwise H∗ would not be a PP. This means for every pair p and q, there exists an397

assignment of B(p, q, a, b), for (a, b) ∈ I such that Constraints (3), (4), (5), and (6) are all398

satisfied. Therefore, x∗ is in the feasible region of (LP-Extended). ◀399

▶ Lemma 10. There exist binary matrices U where L2(U) > OPTinit(U) ≥ L1(U).400

Note that proofs of Lemma 8 and Lemma 10 can be found in the Appendix. Finally, the401

following theorem follows from Lemmas 8–10.402

▶ Theorem 11. L1(H) ≤ L2(H) ≤ OPT(H). Moreover, there exist binary matrices U for403

which L2(U) > OPTinit(U).404

On the other hand, this LP does not always perform better. Let In,n be the n×n identity405

matrix and let 1 be the matrix of size n× n with all of its entries equal to 1. The matrix406

1− In,n will have the associated VC instance be a complete graph on n vertices. Therefore,407

OPT = n− 1 but both LP objectives will be OPT /2.408

4.5 Trading off between LP formulation and speed409

We identify that rewriting an LP to account for the conflicts present in every node of the410

BnB search tree is a bottleneck. To this end, in Section 4.3 we consider only the initial411
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conflicts of I in its computed lower bound. At each node of the search tree we only need to412

adjust the bounds of O(mn) variables, instead of rewriting the much larger LP. However,413

H may have introduced new conflicts. To consider these conflicts without needing to also414

rewrite the LP from scratch, we use (LP-Extended) in Section 4.4.415

Alongside Algorithm 4, this lets us consider all initial conflicts at every matrix H, while416

avoiding the need to fully rewrite the LP at every node of the search tree. At the center417

of this tradeoff lies a question whose answer depends on the given input matrix I: “what418

fraction of the conflicts that must be resolved are present initially?” If few or no conflicts are419

to be re-introduced, then the larger LP is not worth the additional computation. However, if420

conflicts are introduced frequently enough, then the additional computation of (LP-Extended)421

can be worth it.422

4.6 Upper bounding algorithms at low computational cost423

There is one more ingredient to effectively pruning nodes: providing a good “best node”424

B guess (i.e. a possibly suboptimal PP), which promises the optimal solution can only425

take at most F0→1 (I, B). In this way each PP B gives an upper bound on the number of426

required flips. In addition to lower bounds, our algorithms also use the byproduct VCs to427

check whether they lead to a new best node. In particular, if the flips suggested by the VC428

introduce no new conflicts, then the resulting matrix constitutes a PP, and we check whether429

this new PP improves upon the best one seen so far. This logic for updating the best-so-far430

node lies in Algorithm 2; checking whether a matrix is a PP is done in O(nm) time using431

the algorithm of [9].432

4.7 Hybrid algorithms433

In many synthetic matrices, the MWS lower and upper bounding heuristic of PhISCS-BnB434

is able to terminate at the root node of the search tree. In other words, the lower bound435

produced at the root node matches the best node.436

To take advantage of this, we build a hybrid branch-and-bound algorithm by borrowing437

this strategy only for the first best node guess. Then we use our own algorithms from438

Section 4 for the remainder of the branch-and-bound algorithm. Analogous to Algorithm 4,439

this is yet another algorithmic compromise between quality and speed of lower bounds that440

performs promisingly.441

Polynomial time can be guaranteed for the initial guess by running both the MWS442

formulation and our polynomial-time algorithms in parallel and taking the better guess of443

the two after some (polynomial) time. As all of the lower bounding algorithms suggest a set444

of flips that solve initial conflicts, we can simply run the lower bounding algorithm, perform445

the suggested flips, and repeat until we achieve a PP. This is guaranteed to converge in446

polynomial-time because if the current matrix has any conflicts, then some nonzero number447

of flips will be suggested and the matrix of all ones is a PP.448

5 Results449

5.1 Experimental setup450

All experiments presented in this section were run using Python 3.10 on an 8-core machine451

with an Intel Xeon Silver 4216 CPU and 64GB of RAM. The branch-and-bound logic452

is implemented using the library pybnb. Our code repository forks the code of [18]453

and is available at https://github.com/jdluque/faster-tphyl-reconstruction. To454

https://github.com/jdluque/faster-tphyl-reconstruction
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implement the various lower bounding mechanisms we use the Python libraries Cython,455

numpy, NetworkX, and pysat. LPs are solved using Google’s PDLP [1] through their open456

sourced or-tools package as well as Gurobi. We distinguish which lower bounding algorithm457

was used to branch-and-bound in the following way. LPLowerBound(Solver) uses458

Algorithm 3 and PartialLPLowerBound(PDLP) uses Algorithm 4, each using one of459

PDLP or Gurobi as the LP solver. ExtendedLPLB(PDLP) denotes Algorithm 4 using460

(LP-Extended) and PDLP as the underlying LP solver. VCLB uses Algorithm 5 and is run461

with r = 5 repetitions. All of our presented algorithms are the hybrid variants as discussed462

in Section 4.7. PhISCS-BnB using MWS and MWM as the underlying lower bounding463

algorithm are denoted by PhISCS-BnB-MWS and PhISCS-BnB-MWM, respectively.464

To assess the performance of our algorithm, we simulated phylogenetic trees representing465

tumor evolution with a specified number of cells n ∈ {20, 30, 50, 100}, each labeling a distinct466

leaf of the simulated tree (see Figure 1b). We then randomly assigned a given number of467

mutations m ∈ {20, 30, 50, 100, 250, 500, 1000} to the edges of the tree. This tree gives us a468

unique ground truth genotype matrix with 400 ≤ mn ≤ 100, 000 entries. To generate the469

noisy (observed) genotype matrix I used as input to our method, we introduced noise into the470

ground truth matrix as follows: for each entry equal to 1, we flipped it to 0 with probability471

p ∈ {0.05, 0.10, 0.15, 0.20} (i.e., p denotes the false negative rate). For each combination of472

parameters (m, n, p) we generated 10 distinct instances.473

In addition to the simulated datasets described above, we also evaluated our methods on474

the same mouse melanoma dataset used in PhISCS-BnB, derived from the study of [24] and475

available through Python’s scphylo-tools library.476

(a) Runtime comparison of PartialLPLB(PDLP)
and PhISCS-BnB-MWS.

(b) Runtime comparison extended to include VCLB
and ExtendedLPLB-PDLP.

Figure 2 (a) The runtime of each algorithm for the specified dataset on a log scale with different
matrices at each value of the horizontal axis. Matrices are sorted by the median time to find the
most likely PP between the competing algorithms. (b) Additionally considers algorithms VCLB
and ExtendedLPLB-PDLP. The lines that go all the way up to the timeout line indicate a dataset
that the algorithm failed to complete.

5.2 Experimental results477

Each algorithm is allotted 48 hours total to work through the 1,120 generated matrices.478

Further, each algorithm is allowed a maximum of 2 hours per matrix before timing out. For479

the sake of clearer plots, we rank instances by the median time required for the various480

algorithms to compute a most likely PP.481

A natural comparison benchmark is then to ask how many PP each algorithm finds482

within time constraints. This result is displayed in Table 1 with our LP-based methods being483

the clear winners, finding 98.8% of PPs in the largest matrices with mn = 100, 000 entries.484

These are followed by PhISCS-BnB-MWS and VCLB, which find 89.5% and 89.0% of PPs485
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Figure 3 Comparison of speedup factors of PartialLPLB(PDLP) and PhISCS-BnB-MWM
shows that our new method is a vast improvement over the previous best polynomial-time lower
bound algorithm.

on matrices with as many as mn = 50, 000 entries. Finally, all algorithms greatly outperform486

PhISCS-BnB-MWM which only finds PPs for 39.7% of matrices including matrices with up487

to mn = 3, 000 entries.488

We plot the speedup factor k, as well as the number of datasets for which this speedup489

factor is achieved (i.e., the number of matrices in which one algorithm finishes k times faster490

than the other).491

Bringing up the rear, PhISCS-BnB-MWM finds PPs for 445 matrices with up to nm =492

3000 entries. Next, VCLB and PhISCS-BnB-MWS, find PPs for 997 and 1002 matrices493

with up to mn = 50000 entries, respectively. Leading the pack, PartialLPLB(PDLP),494

ExtendedLPLB(Gurobi), ExtendedLPLB(PDLP) all find PPs for 1107 matrices with495

mn = 100, 000 entries.

Table 1 Performance of various methods in finding PPs within time constraints.

Method PPs found Max Entries (mn)

ExtendedLPLB(PDLP) 1107 (=98.8%) 100,000
PartialLPLB(PDLP) 1107 (=98.8%) 100,000
PartialLPLB(Gurobi) 1107 (=98.8%) 100,000
PhISCS-BnB-MWS 1002 (=89.5%) 50,000
VCLB 997 (=89.0%) 50,000
PhISCS-BnB-MWM 445 (=39.7%) 3,000

496

Our greatest improvements over PhISCS-BnB-MWS were generally achieved by497

PartialLPLB(PDLP) and ExtendedLPLB(PDLP), as shown in Figures 2 and 4 (note498

that Figure 4 is provided in the Appendix). Intuitively, it is not always optimal to disregard499

conflicts that are introduced later on, as PartialLPLB(PDLP) does. Still, this proves to500

be a valuable variant, as PartialLPLB(PDLP) outperforms ExtendedLPLB(PDLP) in501

many instances, as shown in Figure 4. On the other hand, ExtendedLPLB(PDLP) performs502

better on some of the harder instances, so there is no conclusive winner. Across the board,503

no algorithm outperformed every other algorithm on every dataset, as shown in Figure 2b.504

Relative to PhISCS-BnB-MWS, ExtendedLPLB(PDLP) achieves speedup factors as large505

as 1000x on 27 instances. The improvements are much steeper compared with the previous506

polynomial-time lower bounds of PhISCS-BnB-MWM. In Figure 3, PartialLPLB(PDLP)507

is orders of magnitude faster than PhISCS-BnB-MWM across nearly all instances.508
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As suggested by the number of solved instances in Table 1, VCLB also consistently509

outperforms PhISCS-BnB-MWM. Compared to PhISCS-BnB-MWS, VCLB has an edge on510

the easier instances, but does not keep up; as the difficulty increases, it times out more often511

making its overall performance slightly worse than PhISCS-BnB-MWS. Although VCLB is512

simpler and the bounding algorithm itself is pretty fast, this speedup does not offset the time513

cost of exploring more nodes of the search tree as a result of the lower bound’s deterioration.514

This mirrors the discussion at the end of Section 4.2. Interestingly, PartialLPLB with PDLP515

and Gurobi perform comparably, with PDLP completing a few more instances faster, as516

shown in Figure 5. Lastly, we benchmarked our methods on the mouse melanoma dataset517

introduced above. On this dataset, our algorithms and PhISCS-BnB-MWS both reconstruct518

the most likely PP in 80 minutes.519

5.3 Tree reconstruction accuracy in the presence of false positives520

We also evaluated the performance of our method in the presence of false positive mutation521

calls in the input data. To this end, we conducted additional experiments in which, alongside522

false negatives, we also simulated false positives. Given that false positives typically occur at523

lower rates in practice [8], we simulated them at rates of 0.01, 0.001, and 0.0001.524

As shown in Figure 6, PartialLPLB(PDLP) remains largely robust to the presence525

of false positives, with ancestor–descendant accuracy decreasing only slightly relative to526

the corresponding experiments without false positives. More specifically, the average527

ancestor–descendant accuracy at false positive rates of 0.01, 0.001, and 0.0001 were 0.984,528

0.975, and 0.9240, respectively, corresponding to decreases between 0.01 and 0.06 compared529

to the baseline without false positives. By contrast, the reduction in different-lineage accuracy530

was even smaller, with decreases of less than 0.0001 relative to the baseline without false531

positives across all evaluated false positive rates. Since the presence of false positives resulted532

in only negligible changes in different-lineage accuracy, we do not show separate plots for533

these results.534

Overall, these results demonstrate that our method is only marginally affected by the535

presence of false positives and remains highly accurate under realistic levels of such noise.536

6 Discussion and future work537

Although the latter lower bound derived in (LP-Extended) is stronger than that of (LP-VC),538

experiments showed that the lower bound from (LP-VC) solved the perfect phylogeny539

reconstruction problem faster. In fact, (LP-Extended) is asymptotically smaller using the540

same number of variables but O(nm2) constraints compared to the O(n2m2) constraints of541

(LP-VC). This finding is yet another example of an important recurring theme in this work:542

theory versus practice; or better yet, theory-aided practice.543

Nevertheless, our theory-informed algorithms saw speedups upwards of two orders of544

magnitude in experiments. Stronger theoretical results, such as the bounds of (LP-Extended)545

in Section 4.4, will likely continue to be an important part of future improvements. This546

bound may also see more success with even larger datasets or in settings where the SCS data547

noise is more adversarial; for example, noise with correlations instead of uniformly random.548

Our work is a practical advancement for the most likely perfect phylogeny reconstruction549

problem and sets up groundwork for future improvements by providing the first polynomial-550

time pruning algorithms with theoretical guarantees. Additionally, we leave room to improve551

our algorithm via the, still unexploited, polynomial-time pruning algorithms that account552

for more conflicts than just those initially present in a matrix, as well as with practical553

improvements in LP solvers such as [13].554
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7 Appendix648

7.1 Algorithms649

Input: H is the matrix at the current branch-and-bound node, I is the initial matrix,
Π is an LP-VC written using (V, E) = (VI , EI), and solver is an LP solver.

function PartialLPLowerBound(I, H, Π, solver)
for Hip = 1 and Iip = 0 do

Set xip ≥ 1 in Π;
end
x∗

ip ← optimal solution to Π using solver;
for Hip = 1 and Iip = 0 do

Set xip ≥ 0 in Π (i.e., unset the previous xip ≥ 1);
end
for Hip = 0 do

X∗
ip ← 1 if x∗

ip ≥ 1
2 else 0;

end
C ← {(i, p) : X∗

ip = 1};
return

⌈∑
i,p x∗

ip

⌉
, CandidateBestNode(H, C)

end
Algorithm 4 Lower bound while only partially rewriting (LP-VC)

650

Input: H is the matrix at the current branch-and-bound node.
function VCLowerBound(H)

(VH , EH)← VC instance from H as described in Section 4.2;
C ← ∅;
for ((i, p), (j, q)) ∈ EH do

if (i, p) ̸∈ C and (j, q) ̸∈ C then
C ← C ∪ {(i, p), (j, q)};

end
end
return

⌈
|C|
2

⌉
, CandidateBestNode(H, C)

end
Algorithm 5 Lower bound using a VC instance

651
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7.2 Additional Figures652

(a) Speed comparison of ExtendedLPLB(PDLP)
and PartialLPLB(PDLP).

(b) Speedup factor comparison between
PartialLPLB(PDLP) and PhISCS-BnB-MWS.

Figure 4 PartialLPLB(PDLP) slightly outperforms its Extended LP counterpart in more instances
throughout, but ExtendedLPLB(PDLP) comes out on top in some of the harder instances of Figure 4a.

(a) Speed comparison of PartialLPLB(Gurobi)
and PartialLPLB(PDLP).

(b) Speedup factor comparison of
PartialLPLB(Gurobi) & PartialLPLB(PDLP).

Figure 5 These plots compare the runtimes of PartialLPLB using PDLP and Gurobi as the
underlying solvers. Generally, PDLP was most performant, especially as the instances take longer to
solve. Figure 5b shows each speedup factor k, as well as a count of the number of datasets in which
an algorithm finishes k times faster than the other.

Figure 6 Assessment of robustness in the presence of false positive noise. Ancestor–descendant
accuracy is shown for varying false positive rates (for the definition of this measure, please refer to
[14]).
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7.3 Proofs653

Proof of Lemma 8. It suffices to show that the feasible region of (LP-Extended) is a subset654

of (LP-VC). Let y∗ be a feasible solution of (LP-Extended) and consider a pair of zeros in655

an initial conflict, say, at coordinates (i, p) and (j, q). Then,656

B(p, q, 0, 1) ≥ −y∗
ip + y∗

iq = −y∗
ip + 1. (9)657

Similarly,658

B(p, q, 1, 0) ≥ y∗
jp − y∗

jq = 1− y∗
jq. (10)659

As there is an in initial conflict between p and q, it must be that |R11(p, q)| > 0 so660

B(p, q, 1, 1) = 1. (11)661

Applying (6) alongside (9), (10), and (11), gives662

(−y∗
ip + 1) + (1− y∗

jq) + 1 ≤ 2,663

which simplifies to y∗
ip + y∗

jq ≥ 1. In other words, y∗ satisfies (1) and thus lies in the feasible664

region of (LP-VC). ◀665

Proof of Lemma 10. Consider the matrix666

U =



0 1 0
0 1 0
0 1 0
1 0 0
1 0 0
1 0 0
1 0 1
0 1 1


.667

We can easily verify by hand that OPTinit(U) = 2, corresponding to flipping the two zeros668

in the last two rows. With the aid of an LP solver, however, we can verify that L2(U) = 5,669

corresponding to flipping either the first or second column, in addition to the bottom two670

rows. We can derive more matrices, with larger gaps between L2 and OPTinit, by increasing671

the number of (0, 1, 0) and (1, 0, 0) rows. ◀672
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