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Abstract

We study the MAXECC problem, where given an
edge-colored hypergraph with & colors and edge
size r, we seek to color the vertices of the graph in
order to maximize the number of satisfied edges
(edges having the same color as their extremities):
this is an effective mechanism for clustering (col-
oring) objects based on their multi-way interac-
tions with one another in a system, providing sig-
nificant applications in machine learning, cluster-
ing, and data mining. We exponentially improve
upon the approximation ratio of an existing algo-
rithm to rj%v present another novel dependent-
rounding algorithm with an approximation ratio
of 1/[%7, and modify the initial algorithm via an-
alytical scaling techniques in order to achieve an
approximation factor of (1 —e~")/r. We then ap-
ply our scaling algorithm to graph MAXECC and
improve the best-known approximation factor for
all hypergraphs: in particular, our algorithm pro-
vides an approximation factor of 0.43 as opposed
to the previously-known 0.38 factor for graphs.

1. Introduction

Clustering is a fundamental technique in unsupervised learn-
ing. We significantly improve upon the approximation algo-
rithms for a natural edge-colored clustering problem studied
in an ICML 2025 paper of (Crane et al., 2025) and earlier
(with applications, e.g., to temporal hypergraph clustering,
inferring researchers’ fields based on publications, assigning
tasks based on prior team experiences etc.) as discussed in
detail next.

Recall the definition of a hypergraph H: it contains a set
V' of vertices and a collection E of “hyperedges”, where
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each hyperedge is simply a subset of V. Thus, a graph is a
special case of a hypergraph in which all hyperedges have
size 2.

Clustering is a fundamental problem in machine learning
and data mining, with applications spanning community
detection, image segmentation, and collaborative filtering
(Bansal et al., 2004; Bonchi et al., 2012). Edge-colored
clustering (ECC) extends traditional clustering frameworks
to handle categorical relationships between data points. For-
mally, an ECC instance consists of a hypergraph H =
(V, E, £) where vertices represent data objects, hyperedges
capture multi-way interactions, and an edge-coloring func-
tion £ : E — [k] assigns each edge a color from a palette of
k colors representing interaction types or categories. Here
and throughout, the notation “[t]” for a positive integer ¢
refers to the set {1,2,...,t}; so, our set of colors here is
{1,2,...,k}.

The ECC framework has been successfully applied to di-
verse domains. In temporal hypergraph clustering (Amburg
et al., 2020), edge colors encode time windows, enabling
the identification of vertices that are especially active during
specific periods. In team formation problems (Amburg et al.,
2022), vertices represent individuals, edges correspond to
team tasks, and colors indicate task types; ECC then assigns
tasks based on prior collaborative experiences. In author-
publication networks, vertices may be researchers, edges
are co-authorship sets, and colors denote publication venues,
allowing inference of researchers’ primary fields.

Two natural objective functions arise in ECC: maximizing
the number of satisfied edges (MAXECC) and minimizing
the number of unsatisfied edges MINECC). Anedgee €
is satisfied under a vertex coloring A : V' — [k] if every
vertex v € e receives the edge’s color, i.e., A(v) = {(e) for
all v € e. While these objectives coincide at optimality,
they differ significantly in efficient approximability, with
MINECC being the easier of the two (Veldt, 2023; Crane
et al., 2025). More generally, the focus in MAXECC is,
given a non-negative weight for each edge, to maximize
the total weight of the satisfied edges (with all edges hav-
ing weight 1 connoting the special case of maximizing the
number of satisfied edges).
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1.1. Prior Work

Note that graphs are a special case of hypergraphs with each
hyperdge having size 2. The study of edge-colored cluster-
ing on the special case of graphs was initiated by Angel et al.
(Angel et al., 2016), who established NP-hardness and pro-
vided the first approximation algorithms for MAXECC with
ratio e=2 ~ 0.135; ! recall that for 0 < p < 1, apolynomial-
time “approximation algorithm” for the problem has approx-
imation ratio p if it always delivers a solution of value at
least p times optimal.”> Subsequent work improved this
guarantee through increasingly sophisticated linear program
(LP)-rounding techniques (Ageev & Kononov, 2015; Al-
hamdan & Kononov, 2019; Ageev & Kononov, 2020), cul-
minating in a 23 ~ 0.38 approximation for graphs (Crane
etal., 2025). Please see (Angel et al., 2016) for an additional
connection to an information-sharing model of (Kleinberg
& Ligett, 2013).

For hypergraphs, Amburg et al. (Amburg et al., 2020)
extended ECC and provided 2-approximation algorithms
for MINECC. Veldt (Veldt, 2023) gave a combinatorial
2-approximation algorithm for MINECC and established
“UGC-hardness” for any constant factor better than 2; since
our focus is on MAXECC, we do not define the Unique-
Games Conjecture (UGC) and UGC-hardness here. Given a
hypergraph, its rank is the largest size of any hyperedge in it;
the rank of any graph is two. For MAXECCon hypergraphs,
Crane et al. (Crane et al., 2025) recently provided the first
approximation algorithms, achieving ratio (2)" - (r 4+ 1)~
for rank-r hypergraphs through LP-rounding. This ratio,
however, diminishes exponentially fast in r as the rank in-
creases, since 2/e ~ 0.736 < 1.

Recently, Lee et al. (Lee et al., 2025) introduced LP-based
combinatorial algorithms for certain overlapping and robust
variants of ECC, demonstrating that “primal-dual” approxi-
mation methods can achieve strong theoretical guarantees
while maintaining computational efficiency for these exten-
sions of ECC. These extensions are outside the scope of this
work.

1.2. Our Contributions

We present three main contributions, which significantly
improve upon the approximation ratio (2)" - (r 4+ 1)~* of
(Crane et al., 2025).

(1) Improved analysis of existing algorithm. We provide

'We use e both to denote the base 2.718 ... of the natural
logarithm as in our usage of e~2 here, and to denote a hyperedge
of H: there will be no confusion as to which interpretation to
choose in any of our usage.

2 Approximation algorithms are one natural way to deal with
NP-hardness; for maximization problems such as MAXECC, one
aims for as large a p as possible.

Table 1. Comparison of approximation ratios for MAXECC

r  (Crane et al., 2025)  Ours (Analysis)  Ours (Scaling)
2 0.180, 0.38 0.333 0.432
3 0.100 0.250 0.317
4 0.059 0.200 0.245
5 0.036 0.167 0.199
10 0.004 0.091 0.100

a refined analysis of the randomized rounding algorithm of
Crane et al. (Crane et al., 2025), improving the approxima-
tion ratio from (%)r (r+1)7tto ﬁ for rank-r hyper-
graphs. Note that our approximation only scales roughly
as 1/r, as compared to the exponential decay in r as in
the bound of (Crane et al., 2025). Although the algorithm
remains unchanged, our analysis identifies that the previous

bound was loose.

(2) Dependent-rounding approach. We develop a novel
rounding algorithm based on dependent rounding (Gandhi
et al., 2006; Srinivasan, 2001) that achieves a ﬁ approx-
imation where k is the number of colors. This approach is
particularly effective when the number of colors is small
relative to the hypergraph rank, and introduces dependent-
rounding techniques to the ECC literature for the first time.

(3) Scaling technique with refined probabilistic analysis.
We introduce a scaling function that modifies a key thresh-
olding step of the randomized algorithm of (Crane et al.,
2025). Through careful analysis beyond standard Jensen’s
inequality—specifically, by proving that certain objective
functions are minimized when tentative color assignments

are balanced across vertices——we establish an approxima-
1—e™"

tion ratio of , which is a further improvement of our
% above. Of particular note is the following. For the use-
ful special case of graphs where r = 2, the work of (Crane
et al., 2025) develops a specialized approximation algorithm
with a ratio of 0.38; our # improves this to approxi-
mately 0.432. (Of course, we also obtain improvements for
all r as well.)

Table 1 compares our results with prior work across different
hypergraph ranks r. Note in particular our significant multi-
plicative improvements as 7 increases, since the term %r in
the result of (Crane et al., 2025) decays to 0 exponentially
fast as a function of r.

Perspective. We obtain significant algorithmic improve-
ments over an ICML 2025 paper (and earlier works) on
clustering (Crane et al., 2025); applications include several
variants of clustering data that are characterized by cate-
gorical relationships among data points, as described in
(Crane et al., 2025) and earlier. This is rigorous theoretical
work with most proofs deferred to the Appendix; we do not
conduct empirical evaluations in this version.
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2. Preliminaries
2.1. Problem Definition

An instance of edge-colored clustering is given by a hyper-
graph H = (V, E,¢) where V is a node set, F is a set of
hyperedges (each element of E being a “(hyper)edge” that
is a subset of V), and where ¢ : E — [k] is a given map-
ping from the edges to a color set [k] = {1,2,...,k}. In
addition, each e € E also has a given weight or importance,
we > 0. We denote the rank of H (the maximum hyperedge
size) as r = max.cg |e|.

The goal of ECC is to construct amap A : V' — [k] that
associates each node with a color such that edge satisfaction
is optimized. An edge e € FE is satisfied if A(v) = {(e)
for all v € e, and unsatisfied otherwise. We denote by Z,
the indicator that edge e is satisfied, and every edge has a
nonnegative weight w, associated with it.

In MAXECC, the objective is to maximize the weighted
sum of satisfied edges.
2.2. Integer Programming and LP Formulations

MAXECC can be formulated as the following integer pro-
gram:

max E We Ze

ecE
k
s.t. fo,:l YoeV,
c=1
o > Ze Ve € [k], Ve € E., Yv € e,
z$ €{0,1} Vcelk], VveV,
2. €{0,1} VeeE (H

Setting x;, = 1 indicates that node u receives color c (i.e.,
A(u) = ¢), and z. = 1 indicates that edge e is satisfied.

Since integer programming is /N P-hard while linear pro-
grams (LPs) can be solved efficiently in theory and practice,
we naturally consider the LP relaxation: this is obtained by
relaxing the binary constraints to x¢, z. € [0, 1].

A solution to the LP relaxation gives a fractional node-color
assignment where z¢ € [0, 1] can be interpreted as the
extent to which vertex v “wants” color c¢. The algorith-
mic challenge is to round these fractional values to values
in {0,1} in order to produce an integral coloring while
maintaining robust approximation guarantees. The optimal
LP-relaxation value is an upper bound on our optimal inte-
ger program value; thus, it will suffice to show a feasible
rounded solution whose expected® value is at least p times

»Expected” since we allow randomized rounding algorithms.

the optimal LP-solution value (for as large a p as we can
obtain); this will automatically imply a p-approximation.

We restate the following observations in (Crane et al., 2025)
below as well as their original randomized ECC algorithm
(Algorithm 1).

Observation 1. Given a randomized ECC algorithm A and
a fixed constant p € [0, 1], if for each e € F, we have that
Prl[e is satisfied by A] > pz., then A is a p-approximation.

We denote X, . as the event that node v wants color ¢ and
Z. as the event that every v € e wants color ¢, = {(e).

Observation 2. For every v € V, Pr[X, ] = Prla. <
Ty | = Ty, < 1 and the events { X, c}oc[x) are indepen-
dent.

Observation 3. Pr[NyceXyp.c] = Millyee Ty e = Ze-

In order to ensure, for each ¢ € [k] and e € E, that the
events X, . ce are positively correlated, their algorithm
generates color thresholds o, uniformly at random from
[0,1] so that each event X, . occurs if and only if z, . < ..
Moreover, let W, = {c € [k] | X, .} for every edge e.

3. Improved Analysis: ﬁ-Approximation

In this section, we provide an improved analysis of the
randomized rounding algorithm introduced by Crane et al.
(Crane et al., 2025). While the algorithm itself remains
unchanged, our refined analysis achieves a significantly
better approximation ratio.

3.1. The Algorithm

The algorithm, presented as Algorithm 1, operates in two
phases. First, for each color ¢ € [k], a random threshold
o, ~ Uniform[0, 1] is sampled. A vertex v tentatively
selects color c if o < . Second, conflicts (vertices
with multiple tentative colors) are resolved using a random
permutation 7 of colors: each vertex selects the tentative
color that appears first in 7.

Algorithm 1 Randomized Rounding for MAXECC

Input: LP solution {{},cv,ce[k]-
Output: Coloring A : V' — [k].
7 < uniform random ordering of colors [k]
For ¢ € [k], ac < uniform random threshold in [0, 1]
forv eV do
W={celk]:a.<zt}
if W] > 0 then
A(v) < argmax, .y m(c)
else
A(v) < arbitrary color
end if
end for
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3.2. Analysis

1
r+1

Theorem 3.1. Algorithm 1 is a
MAXECC.

Remark 3.2. Crane et al. (Crane et al., 2025) analyzed the
same algorithm and obtained ratio (2)" - (r + 1)~!. Their
analysis works by bounding the probability of the event
that each vertex of an edge tentatively chooses at most one
additional color (in addition to the color of the edge).

-approximation for

Proof. First observe that the LP optimal is a relaxation
of MAXECC, hence greater than the optimal of the prob-
lem. We shall compare the expected number of satisfied
edges to the LP optimal, and show that E[} ., Z.] >
% > ecr Ze- By the linearity of expectation, it suffices to

show that for any edge e € E, we have E[Z.] > ;55.

Consider an edge e with color ¢, = {(e). We denote by X!
the indicator that vertex v tentatively selects color ¢ (this
occurs independently for each color with probability z),
and by W, the set of tentative colors (excluding c.) for all
vertices in e.

Since the LP constraint requires xi¢ > z. for all v € e,

the event a., < z. ensures that all vertices in e tentatively
select c.. This event occurs with probability z.. Edge e is
satisfied if and only if a., < z. and the permutation 7 ranks
¢, before all colors in V..

We analyze the probability that ¢, comes first conditioned
on ae, < Ze:

Prlee first | e, < 2]
[ 1

-E|—
L1+ WV

| e, < ze}

=E

1
1+ E#CE MaxXyce X})]

[ 1
>E -
_]‘ + Zi;ﬁce ZUEe XZ)]

i 1
_]‘ + Zuee Zi;ﬁce Xé]
S 1
T 14 ZvEe Zi#ce E[Xilf]
1
1+ ZvEe Zi#ce J?%
1
1+r

>

. . . . ,L 1/
The inequality in line 4 uses max,e. v, < > . 7.

The inequality in line 6 applies Jensen’s inequality (since
f(z) = 1/(1 + x) is convex for > 0) and the linearity
of expectation. The final inequality uses >, Zeo x! <1 for

v

Algorithm 2 DEPROUND Subroutine

Input: Fractional values {(z, 22)},ev.
Output: Rounded values with min(z}, z2) = 0 for all
v.
v+ max, (z} + 22)
while Jv : z} £ 0 and 22 # 0 do
Al min(min,.,1 2o xl, ming.,2 4, (y — x2))
A? — min(ming,.,2 o T3, Miny.e1 4, (7 — xl))
a < Uniform|[0, 1]
if o < ﬁlQ then
forv: 2zl ¢ {0,7} do
xl 2l + A2
end for
forv: 22 ¢ {0,7} do
22 22 — A2
end for
else
forv:xl ¢ {0,7} do
Ty« zh — Al
end for
for v: 22 ¢ {0,7} do
22 22 + A!
end for
end if
end while

each v € e (from the LP constraint ), 2! = 1), giving
Zvee Ei;ﬁce Z'Z S |€| S r.

Therefore,

Pr[Z.] = Prlae, < ze] - Prlec. first | a, < z]
1
r+1
Hence Algorithm 1 achieves expected value at least

T Yoecr Ze = w7 - OPT. We prove the tightness of
this approximation in the Appendix. O

> Ze

4. Dependent Rounding: ﬁ-Appmximaﬁon

We now present a rounding algorithm based on dependent
rounding that achieves approximation ratio ﬁ where k is
the number of colors. This approach is particularly effective
when £k is small.

4.1. The DEPROUND Subroutine

Our algorithm uses a subroutine based on dependent
rounding (Gandhi et al., 2006). Given fractional values
{(x},2%)},ev for two colors, Algorithm 2 rounds them

such that for each vertex v, at least one of x}, z2 becomes
Zero.

Lemma 4.1. Algorithm 2 terminates in at most 2|V | steps
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and ensures xl, x% < v for all v. Moreover:

1. If initially xi > !, then after rounding z¢ > x,

v — u’
(order preservation).
2. E[z¢] = a2t where x! is the initial value (expectation

preservation).

Proof. At each iteration, at least one variable reaches 0 or ~y
and stops being updated. Since a variable can only reach ~y
if its paired variable is already O (their sum remains constant
at < ~ while both are active), the algorithm terminates in at
most 2|V| steps.

Order preservation holds because all non-boundary values
of 2% are updated by the same amount in each iteration.

For expectation preservation, in each iteration where 2 is
updated, it increases by A’ with probability ﬁﬂy and
decreases by A~ with probabﬂlty ﬁ (where {3, ]}. =
{1,2}). The expected change is therefore zero, preserving
the expectation. O

4.2. Main Algorithm

Algorithm 3 applies DEPROUND in tournament fashion over
[log k] rounds. In each round, we pair up colors and round
each pair independently. After rounding, each vertex retains
at most one color from each pair. We track which color each
vertex retains in a list P, ; for each round i.

Theorem 4.2. Algorithm 3 is a ﬁ-appmximation for
MAXECC.

Proof. 1t suffices to show that for any edge e € E with
color ¢, = {(e), we have E[Z.] > T

Let w = argmin, .,
By Lemma 4.1, the order is preserved across all rounds, so
xy, > a.c, forall v € e and all rounds 4. Therefore, if
xff Mlog K1 7&'0, then mf}fﬂog . # 0 for all v € e, meaning
edge e is satisfied. Hence:

E[Zc] > Prlz; fog k] 7 0]

By Lemma 4.1, ]E[xze [og k]}

. o .
the maximum value .Z‘u, Mog k] can attain.

= 2y¢ = z.. We now bound

After the first round of pairings, for each pair of colors
(2§ — 1,2j), by Lemma 4.1:

37201201* from pair j < max( + x )
’ veV
= max(:vfﬂ_l +22) <1
veV

where the last inequality uses the LP constraint ) z§ = 1.

xle, so x5 = 2 by the LP constraints.

Algorithm 3 Dependent Rounding for MAXECC

Input: LP solution {{},cv,cefi]-
Output: Coloring A : V' — [k].
Randomly relabel colors to [k] = {1,2,...,k}
Yo e V,c e [k]: x5 + xf
Vv € Vi P, 1 < [k] {List of colors}
for i = 1to [log k] do
Vu: P, i+1 < [] {Empty list}
for j =1to [|P,;|/2] step 2 do
if j = | P, ;| then
{Odd number: bye}
Append P, ;[j] to P, i+1
else ‘ ‘
{(:Cf”‘i[j] xPu.i[J+1])}Ue .
DEPROUND ({ (21",
forvc Vdo
if 27U £ 0 then
Append P, ;[j] to P, i+1
else
Append P, ;[j + 1] to P, ;11
end if
end for
end if
end for
end for
Yo e V: )\(’U) — Pu,ﬂog k] [1]

Ty Al [J+1])}1)EV)

In subsequent rounds, when combining results from two
previous pairs, the new maximum value is at most the sum
of the maximum values of the two previous pairs, so:

[k/2] -
I’,lcj ’_log k_‘ S I’lflea,‘a( SCCO7 201' rom palr J
j=1
< [k/2]
Therefore:
o ]E[ flog k]} Pr[xlcte [log k7] 7& 0] ’ [k/Q—I

Pr[Z.] > Pr[xz Togk] 7 0] = [k/ﬂ

O

Remark 4.3. For k = 2 (binary edge colors), this gives
an exact solution When £k is small relative to r, this can
outperform the = and 1=¢ __ guarantee of Section 3 and 5.

5. Scaling and Refined Analysis

We now introduce a modification to Algorithm 1 that scales
the LP values using an exponential function, combined with
a refined probabilistic analysis that goes beyond Jensen’s
inequality.
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5.1. Modified Algorithm with Scaling

The key idea is to replace the thresholding condition o, <
x& with a. < g(z5) where g(z) = x - f(x) and f(z) =
e~ for a parameter w € (2/3, 1) to be chosen.

The modified algorithm assigns color ¢ tentatively to vertex
vif e < g(x¢) = x¢ - e~ . Moreover, we assume that
maxecg (1 — z.) < w(k — 1), since for small (constant)
k, our previous algorithm provides a better factor approxi-
mation of ——.
=1

5.2. Key Technical Lemma

The core of our improved analysis is the following result,
which shows that certain probability functions are mini-
mized when color “wants” are balanced across vertices.

Theorem 5.1. Let f(x) = e~"* withw > 2/3 and g(x) =
xz-f(x). Forany ¢ > 1,t > 2, andv > Owithv < t(1—z.),
define:

t

he,v(mla"'amt) = Z S—]ih-g Z Hpj H (1 7pJ/)
s=0 %%Ltljes i'¢s

where p; = g(m;) ande:1 m; = vwith0 <m; <1-—2z2,
forall i.

Then hg,(ma, ...
my = v/t.

,my) is minimized when m; = --- =

The proof proceeds by induction on ¢, with the base case

(t = 2) requiring verification that the derivative condition
8‘2}’; > 6%‘1 holds when mo > mq, which reduces to

showing h; , is increasing when perturbed. The full proof is
given in the Appendix but we provide the key insight here.

Proof sketch. The base case ¢t = 2 reduces to showing that
¢(@) = Tasary — " is decreasing on [0, 1]. Taking
derivatives and simplifying shows that ¢’(z) < 0 when
w(2 — wzx) - e®® > 2/3 for all x € [0,1]. Since we™?*
is increasing and (2 — wx) > 1, it suffices to have w €

(2/3,1).

The inductive step uses the recurrence:

7mt)
= pihey—m, (M1, ..., mp_1)+

(1 —Pt)hul,v—mt (ml, e ,mt71)

hew(ma, ...

By the inductive hypothesis, both terms on the right are
minimized when m; = --- = m;_;, and a symmetric
argument shows this must equal m;. O

5.3. Approximation Guarantee

Theorem 5.2. The modified algorithm with scaling function
g(x) = xe ™" for w > 2/3 achieves approximation ratio:

o 1- e—r(l—ze)
el r(l—z) ¢

—wze

In the worst case (z. — 0 and k — ©0), this approaches
l—e "
T

Proof. For an edge e with color c., the probability that all
vertices tentatively select ¢, is g(z.) = z.e™"* (since we
now threshold at g(z¢¢) instead of x¢¢).

By Theorem 5.1, given an edge e with color ¢, such that
ce 1s tentatively chosen by all v € e (causing there to be
one preexisting tentative color), the probability that e is
satisfied in phase 2 is hq ,(m,...,m;) where t = k — 1
and v = r(1 — z.) represents the total “mass” from other
colors.

Furthermore, Theorem 5.1 shows this is minimized when
my=-=mp=v/t=r(1—2.)/(k—1).

Setting p = g(v/t) = %e*““’/t, we can compute a closed

form for h; ,,. Since all m; are equal, all p; = p:

Lower bounds on the approximation: In the appendix,
we prove that the approximation factor is minimized as
k — oo (equivalently, ¢ — 00), and provide graphical
analysis for z. — 0 as a necessary condition to minimize
the approximation for specific values of w € (2/3,1) (the
analytical proof of which will be in the full paper).

First, observe that

lim p

t—o00

= lim r(l—2) lim —w(*52)
t—00 t t—o0



Edge-Coloring in Hypergraphs: A MaxECC Approximation

and

lim e~ (")
t—oo

_ e—w limtﬁw(T(l;Z))

— e—w*O =1
1-— r(i—z)
= lim ( ?) lim e_w( =)
t— 00 t t—00

=limp=0%x1=0.
t—o00
Moreover,

lim ——
t=oo p(t +1)
1
= lim —2—:
t—oo t+ 1
limt+1=00
t—o0

and

lim — = o0
t—oo p

since p is nonnegative and lim;_,, p = 0. By L’Hospital’s
rule,

1 —ze 1— 2z,
:limi(ewr(lt )) 1—7107"( ze) :
t—oo (1 — 2.) t

_elimt - wT(lt—ze) _ 60 1
and
lim 1 — (1= %)
t—o00 t
1 e
P A Gk S
t—o00 t
Thus,
1
im —2—
t—woot+ 1
0 (1
— lim 2 (2
t—o0 Ot P
= 1x1
r(1—z.) *LE
1

We then calculate lim; o, 1—(1—p)t*! = 1—lim; oo (1—
p)t*1. We see that, denoting A = lim; (1 — p)**t,

_ 1 o\t
lnA—tlLHololn((l p)T)

= tlglolo(t + 1) In(1 —p)

;1_1)%(15 + 1) In(1 —p)

Notice that ¢ — oo if and only if p — 0, and

lim, o @ = im0 @ = 1.

Therefore,

In A
= Zl)lg%)(t—i- 1) In(1 — p)

In(1 —

= lim —p(t + 1)u
p—0 —

. . In(1 —p)

= —lel_r}%)(t—&— 1)p[1)1£1%77p

= At

r(1— ze)e_

wr(l—ze)
t

= At

. t+1 1
=—r(l—2) (tliglo P W(12e>>

lim; oo™ ¢
1

. 1—
im0 M

=—1r(l—2)x1x1=—r(1—z)

=—r(l —z¢) % 1x

giving us that lim; o 1—(1—p)tt =1-A =1-€4 =

1 — e "(1=2¢): our approximation factor is T(lize)(l —
1

1 —
p(t+1) = r(1-ze)"

e~"(1=2¢)) since limy_, oo

As the approximation factor is minimized when 2z, — 0, it
is therefore

flze)(1 —e7r(177))

I
B! r(l— z)
= lim — - (1-— efT(l*Zﬁ))

2e—=0 17(1 — 2¢)

e~ lim., 0 ze

— 1— —r(1=lim., 0 2e)
r(lim,, 01 — z¢) ( € )
1

=Z(1—e").
Y-

O

For graphs (r = 2), we have 1*26_2 ~ 0.432, a substan-
tial improvement over 1/3 from our refined analysis and
0.245 from Crane et al.’s hypergraph algorithm, additionally

surpassing Crane et al.’s specialized 0.38 graph algorithm.
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6. Conclusion and Open Problems

We have presented three approaches to approximating MAX-
ECC: (1) an improved analysis achieving =, (2) a depen-
dent rounding algorithm achieving ﬁ, and (3) a scaling

1—e "
r

technique achieving approximately

Several interesting directions remain:

 Optimal scaling: Is f(z) = e~** the optimal scaling
function, or can different choices further improve the
ratio?

¢ Combining techniques: Can dependent rounding be
combined with scaling to achieve better guarantees
when both £ and r are small?

e Hardness: What are the optimal approximation ratios
achievable for MAXECCas a function of 7 and k? Are
there improved hardness results?

» Extensions: Can these techniques be adapted to over-
lapping or robust variants of ECC studied by Lee et al.
(Lee et al., 2025)?
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Edge-Coloring in Hypergraphs: A MaxECC Approximation

A. Full Proof of Theorem 5.1

We restate the theorem for completeness:

Theorem A.1 (Theorem 5.1 restated). Let f(x) = e™™* withw > 2/3 and g(x) = x - f(x). Forany £ > 1, ¢t > 2, and
v > 0withv < t(1 — z.), define:

hgﬂ)(ml,..., ZS—I— Z HpJH 1_pj’)

SClt]jeS ;g8
|S|=s

where p; = g(m;) and Zle m; =vwith) <m; <1— z foralli.

Then hy(ma, ..., my) is minimized when my = --- = m; = v/t.
Proof. We prove by induction on ¢ that V¢t € ZT \ {1}, V¢ € Z, hy(m1, ..., m;) is minimized when m; = --- = m; =
v/t.

Base case: t = 2

We start with ¢ = 2, and are given that m; + ms = v. In order to show that V¢ € Z™T, I, 1s minimized when m; = mao
(in which case, m1 = ms = v/2), we must show that if without loss of generality ms > my and ms — ms + € and
my — mq — € for some € > 0 (thus preserving my + me = v), then the value of kg , (M1, m2) increases.

Note that the change in the value of h, when my — my + € and m; — my — €is €(hy"? — hy"}), where hj  denotes

Ohu.
oxr
Observe that
hé,v (mla m2)
I pi(1=p2)+p2(1 =p1)  pip2
(1 —p1)( P2)€+ 11 )
B L2 0 LY ()L
TR T Ty ) T TR T T ) T
B 204+1) 2 1 1
_p1p2<12(e+2) £+1> (p1+p2) (e(£+1)>+£
1 1
— 7T _
vy T
where ( )2 (42 0
+ 1) — +2 2p1p
T=2 - 2mp2 .
plpz[ T2 ] (p1 +p2) = £+2 (p1 +p2)
For hzlj — hz,”; > 0 to hold, we must have T5 — T} > 0, where T, = 83:
Moreover,
o 2p1 ’
2 = €+29 (mQ) g (m2)7
_ 2p2 / /
T, = €+29(m1) g'(m1),

= To —T1 = g'(m2)g' (m1) (p(m1) — p(ma))

where p(m;) = 5 (ﬁ’Q — 1).

As g(x) is an increasing function on [0, 1], ¢’(mz2)g’(m1) > 0. Thus, To — 77 > 0 if and only if p(m1) — ¢(ma) > 0: this
holds if () is a decreasing function on [0, 1].
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Letting f(x) = e~ ** where w € (0,1), we have g(x) = ze~"* and ¢’'(z) = (1 — wz)e ™%, so:

o()

2ze™ 1
= —1)- :
L+2 (1 —wzx)e—w=

wx

2x e

1—wz)(f+2) (1—wzx)

Taking the derivative, we have:

¢'(x)
_(l—wz)—a(-w) 2
(1 —wx)? £+2
(1 — wz)we™® — e**(—w)

(= wa)?
e —1wz)2 (6 i g W@ wx)) ‘

For ' () < 0 on [0,1] to hold, observe thatas £ > 1, 7% < § and as w € [0, 1] implies 75> > 0, we need w € [0, 1]

such that we"®(2 — wz) > 2 forall # € [0, 1]: it suffices to have w € [0, 1] such that we®” > 2 for all « € [0, 1], since
w,x € [0,1] makes 2 —wz >2—-1-1=1.

Note that we™? is an increasing function on [0, 1], since a%(we“””) = w?e"® > 0 forall z € [0,1]. Thus, we*® >

we 0 = w, so it suffices to have w > %

As p(x) is decreasing on [0, 1], 75 — T > 0, and therefore h;"2 — hy"} > 0. In order to minimize hy ,, we therefore must
have m; = mag, and as my + mqy = v, this gives us my = mg = v/2 for h , to be minimized.

Inductive Step

We will prove the following recurrence:

hﬁ,v(mla cee 7mt)
:pthﬂ,v—mt (mh cee ,mt—1)

+ (1= pohes1,o—m, (ma, ..., me—1).

Observe that hg (M, ..., my) is the probability, conditioned on the fact that outside of colors in [¢], there are ¢ preexisting
tentative colors for the edge e, that edge e is satisfied in phase two of our modified algorithm. This gives us that

Pehev—m, (M1, ..., m_1)
= Prle is satisfied | ¢ is tentative and |[W,| > /]

and

(1 = pe)hes1,v—m, (M1, .., my—1)
= Prle is satisfied | ¢ is not tentative and |[W,| > /]

By Bayes’s rule, our recurrence holds.

Recall that if hg ,(mq,...,m;) is minimized when m; = --- = my, then as Ziem m; = v, we will have mq = --- =
my = v/t.

10
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In order to show that hg,,(m1, ..., m;) is minimized when m; = --- = m,, similar to the base case, if given any two
variables my and m; with m; < mg such that my — mg + € and m; — my — € for some ¢ > 0 (thus preserving
mq + mg = v), then the value of hy ,(m1,ma, ..., m;) increases. We will proceed in cases.
Case 1: Suppose that both my,mg € {m1,..., m;—1}. Here, we will have that

hew(ma,...,mg)™2 — hgp(my,...,my)™

= (1 - pt)(hﬂ,v—mt (mh ce 7mt—1)m2 - hZ,U—mt (mh . 7mt—1)ml)

+ pt(hf-&-l,v—mt (ml, s 777%—1)7”2 - he+1,v—mt (mh cee 7mt—1)m1)-

By the induction hypothesis, both by y_m,, (M1, ..., m¢—1) and hgt1 4—m,(M1,...,ms_1) are minimized when m; =

co=myo1 = . Since mg > mq, 1 — p; > 0, and p; > 0, both terms are positive, thus

heo(ma,...,mg)™? — hep(ma,...,me)™ >0
when mq, mg € {mq,...,m;_1}. Thus, to minimize hy ,(m1, ..., m;) we must have my = --- = my_;.
Case 2: We need to show that minimizing ke ,(m1, . .., m;) requires m; = m; for some j € [t — 1], as this would make
my =---=my_1 =my = v/t. Let us choose j € [t — 1] given that one of m1, mq is m; and mq, mg # m;.
Denoting V' = {m,...,m:} \ {m;}, notice that
heo(ma,...,my)

=1 = pj)hev—m;(mi | mi € V) + pihei1o—m,; (m; | m; € V)

since hg (M1, ..., m¢) is symmetric in the variables my, ..., m;. Thus following a symmetric argument as above, we
see that in order to minimize hy ,(m1, ..., m;), we must have Vm;, my € V, m; = my. As {mq,...,m;_1} and V have
nonempty intersection, we have that in order to minimize hg ,,(mq, . .., m;), we must have m; = --- = m; = v/t. O

B. Tightness of Approximation Ratios

We now demonstrate that both the ﬁ approximation (Theorem 3.1) and aspects of the scaling-based approximation are
tight in the sense that there exist instances where these bounds are achieved.

. 1 ops . .
B.1. Tightness of - Initial Approximation

Proposition B.1. There exists a hypergraph instance where the approximation ratio of Algorithm 1 is exactly ﬁll
Proof. Consider a hypergraph H with rank r and & colors where k = r + 1. Consider an edge e with color ¢, and |e|] = r
such that in the LP solution, max,c. ;¢ = € for all v € e and some small € > 0.

Moreover, configure the LP values for all other colors ¢ # ¢, and vertices in e as follows: let e = {v1, ..., v, } and let the
other colors be {cy, ..., ¢} (Where we renumber so c. is excluded). As shown in Table 2.

Table 2. LP Values for Tight Instance

| ce 1 C2 Cr
v1 | <€ Ty 0 e 0
ve | <€ 0 Toug,co 0
<e
v | <€ 0 0 Lo, cp

By the LP constraint ) x5 = 1, we have Vi € [r], Zy, ¢, = 1 — 2y, c. > 1 —€ex 1.

Since each v; € e has exactly one potential tentative color ¢; (besides c.) with z,, ., > 1 — €, each v; will tentatively select
¢; with probability approximately 1. Thus, with probability at least (1 — ¢)” ~ 1, edge e has all r + 1 colors tentative
(including c.), giving:

Pr[edge e satisfied | ¢, tentative]

11
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= Pr|c,. comes first among tentative colors | ¢, tentative]
1
r+1

Q

Thus, for this configuration, the approximation ratio is exactly ﬁ (in the limit as € — 0). O

B.2. Worst-case for Scaling Algorithm

For the scaling algorithm, we showed that the approximation factor is minimized when z, — 0 and k — co. We now verify
this is indeed a worst-case by providing graphical analysis for minimization as z. — 0 (the analytical proof will be in the
full paper) and proving that, given the approximation’s minimization as z, — 0, that the approximation is thus minimized
when & — oo as well.

Proposition B.2. For the scaling algorithm with f(x) = e="* and w > 2/3, the approximation ratio is minimized when
ze = 0andt — .

Proof. We start by providing graphs of the approximation factor increasing as a function of z, on (0, 1) for specific values
of w, demonstrating our claim of the approximation’s minimization as z, — 0 for select values of w: it suffices to choose
any of the listed values of w, since the final approximation factor does not include w and these values satisfy both w € (%, 1)
and r < w(k — 1), equivalently r < wt.

a(z) for r=100, t=1000

a(z) for r=10, t=100 a(z) for r=10, t=10000
— w=0.7333 — w=0.7333 wig ;:;;
045 W=0.7500 045 Ww=0.7500 bl - w:u 7667
— W=0.7667 — w=0.7667 "=
040 — w=0.7833 040 — w=0.7833 — w=0.7833

a(z)

01

a(z) for r=1000, t=10000 = =
a(z) for r=100, t=100000 a(z) for r=1000, t=1000000
— w=0.7333 | — w=0.7333
— w=0.7333 | 020 W=0.7500 020 w0750
0.4 — w=0.7667 — w=0.7667
— w=0.7833 — w=0.7833
015 015
03
= —
s T 010 = 010
® 02
0.05 005
01
0.00 0.00
00 0.0 02 04 0.6 038 10 0.0 02 04 06 08 10
0.0 02 0.4 06 08 10 z 2

Figure 1. Approximation ratio for z. € [0, 1]

i

1_(1_m67wm) m L
(me*wm)(%-i-l)
%, if we can show that our approximation factor is an increasing function of m on (0, 1), thus minimized
1—(1—77167“”")%"'1

(me*wm)(%+1)

r(l—=z.)

Moreover, we denote m = ——;

r(l—=z.) _
t

, where t = k—1, making our approximation f(z)- LAslim,, _,om =

liInze—>0

as m — 0, this proves that our approximation is minimized as ¢ — oo. It suffices to show that a(m) =

is minimized as m — 0, since f(z.) involves z. alone.

Taking the derivative of a(m) with respect to m yields

12



Edge-Coloring in Hypergraphs: A MaxECC Approximation

= (me=""™) (% + 1) ((% + 1) (e7™™) (1 —muw)- (1 - me‘wm)%)
+ ((1 - me*wm)%Jr1 - 1) (e™™(1 —w(v+m))).

The first term is always nonnegative, since mw < 1, me™ "™ is nonnegative, increasing on (0, 1), achieves a maximum
value there of e < 1, and .= + 1 > 1. In order to show that a(m) is increasing on (0, 1), we must show that the second
term is nonnegative as well.

—wm

As me is increasing and positive on (0, 1), we see that ((1 - me*“’m)%—H - 1) < (1 —1)=*! —1) < 0, requiring

us to show that (e=*™(1 — w(v +m))) is negative. This reduces to showing that 1 — w(v + m) < 0, since e~*™ is
nonnegative.

We have that 1 — w(v +m) <0 <= 1 <w(v+m) <= 1< wr(l— z)"L. Observe that since our approximation

factor is minimized when z, — 0, it suffices to show that 1 < lim,, o wr(l — z.) 54t = %ﬂ) Since 1 > 1, we

simply need to show that 1 < wr: this holds because w € (%, 1) and r > 2: thus, wr > % > 1.

Therefore, our approximation is minimized when both z, — 0 and £ — oo (equivalently, ¢ — co) occur. O
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