DUALITY



WHY DUALITY?

(Gradient descent

No constraints Newton’s method
minimize f(x) I Quasi-newton
Conjugate gradients
SiEE

Non-differentiable
minimize f(x) —— 11

Constrained problems?
minimize f(x)

ST 227?
subject to g(z) <0

h(x) =0 2



L AGRANGIAN

Simple case "Saddle-point” form
minimize f(x) LSS el max f(x) + (), Az — b)

subject to Ax — b =0 . |
agrangian




SADDLE-POINT FORM

Simple case “Saddle-point” form
minimize f(x) B i) max f(x) + (A, Ax — b)
subject to Ax —b =20 ] .

agrangian
Az —b=0
TS Ji (08 2= (o Al — 0 — (S .
A o0, otherwise

mfgn max flx) + (A Ax — b) = m:gn i)



INEQUALITY CONSTRAINTS

minimize f(x)
subject to Ax —b =20
Cx—d<0

min max f(x) + (A, Az — b) + (v, Cx — d)

x Av>0

ﬂOﬂ-ﬂegat'Ve/ Why does this work!

constraint
Cop—d -0 —10

5



GENERAL FORM
L AGRANGIAN

minimize f(x)
subject to g(x) <0
@) =

Lagrangian

Lz, A, v) = f(z) + (A h(z)) + (v, 9(2))

Saddle-point formulation

f(z”) = min e flz) + A hx)) + (v, 9(2))



CALCULUS INTERPRETATION

minimize f(x)
subject to h(x) =0
oradient of objective parallel to gradient of constraint

—Vf(x)=Vh(ix)» —» Vf(z)+ Vh(z)A=0

contours of
objective

v

Inear
constraint




AL CULUS INTERPRE TATICS

minimize f(x)
subject to h(x) =0
oradient of objective parallel to gradient of constraint

—Vf(x)=Vh(ix)» —» Vf(z)+ Vh(z)A=0

L(,CE, >‘) o f(CE) iy <)‘7 h(il?)>

min gioe s =
x ( optimality condrtion
@l N)i= N (o) - VR e =10

8



INEQUALITY CONDITIONS

minimize f(x)
subject to g(z) <0

L(x,u) o f(:l?)

e

Inactive: v =20 Active: v > 0




INEQUALITY CONDITIONS

@l V="V [(z) - Vgmr—

| Active: v >0
et v = ( ks



BT IMALLTY CONDIFCORSS
KKT SYSTEM

minimize f(x)
subject to g(z) <0
asli— 10
Lz, A, v) = f(z) + (A h(z)) + (v, 9(2))
necessary conditions

Karush-Kuhn-Tucker
Vf(x*) + Vh(x*)\+ Vg(z*)v = 0 Primal/dual optimality
) <
g(z”) <0 } Primal feasibility

Dual feasibility

Comp slackness



DUAL FUNCTION

d(A,v) = min L(x, \, V)

X

= min f(z) + (A, h(2)) + {v.9())

Dual Is concave \*

Why?
Does this depend on convexity of f ¢



DUAL FUNCTION

d(A,v) = min L(x, \, V)

X

= min f(z) 4 (A, h(z)) + (v, 9(2))

X

Dual 1s lower bound to optimal objective
min £(z) + (A, h(z)) + (v, g(2)) < f(z*)

)\*

Why!
(because optimal x satisfies constraints)

55



GEOMETRIC INTERPRETATION
OF LOWER BOUND

minimize f(x)
subject to g(z) <0
nag)i—
Implicit constraints
minimize f(x)+ Xp(h(x)) + X_(g(x))

e (z) = O 7z =0 —
| s etlierree Py
14

0



GEOMETRIC INTERPRETATION

minimize f(x)
subject to g(z) <0
nag)i—

Implicit constraints
minimize f(x)+ Xp(h(x)) + X_(g(x))

limear
7 il lower bound

X (z) = (z, v rE il




GEOMETRIC INTERPRETATION

minimize f(x)
subject to g(z) <0
nag)i—
Implicit constraints
minimize f(x)+ Xp(h(x)) + X_(g(x))

Lower bound
minimize f(x) + (A, h(z)) + (v, g(z))



FAX OF DUAR

A,v>0 Av>0

max d(\, ) = max min f(x) + (A, h(z)) + (v, g(x))

L(z, A\, v)

1

v

max d(\, ) = max min L(x, A\, ) = min max L(x, \, V)
A, v >0 Av>0 @ x A\v>0

Solution

Does maximizing dual = minimizing primal ¢/



WEAK/STRONG DUALITY

Weak duality
max d(\, v) < f(a™)

A,v>0

Always holds: even for non-convex problems

Strong duality
gaEbie @A) — giila ]

A,v>0

Holds “most of the time” for convex problems



SLATER'S CONDITION

minimize f(x

: ) “Constraint
subject to g(z) <0 qualification”
Ar—Hh
flz) < oo
Slater’'s condition holds if
there Is a strictly feasible point g(z) <0
A=l

Not strictly Strictly

feasible/ feasible .




SLATER'S CONDITION

minimize f(x)
subject to g(z) <0

Slater’'s condition holds if

there Is a strictly feasible point

Convex

Ari—1b
flz) < oo
s g(z) <0
A=l

Theorem

(linear equalrties)

(Slater’'s condition) = strong duality

max min L(xz, A\,7) = min max L(x, A, V)

Av>0 @

A,v>0

max d(\,v) = f(x™)

A,v>0

20



NON-HOMOGENOUS SVM

G P e i
minimize §||w\| + C’Zh[yz(xz w — b)

w,b
Choose line with largest margin:
2

A
|w]| X2

Push data to “right” side of line:
h(l;[z; w — b))




DUAL: THE HARD WAY

G I i
e 5 |wl||* + C Z hly;(z; w — b)]
/ h(z) =max{z — 1,0}

1
minimize §Hw||2 + C’Zmax{l — y;(zi w—b),0}

w,b

|[dea: make this differentiable

1
minimize §Hw||2 + C’Zmax{l —YXw+ yb,0}

w,b

Standard form

1
minimize 5 |w||* + C{(1,v)

w,b,v

subject to v>1—-Y Xw + yb
v >0



DUAL: THE HARD WAY

miningize 5 |lw||* + C(1,v)

subject to v>1—-Y Xw + yb
v>0

Positive multipliers

d( 7/7)_m1n_Hw||2_|_C< >—|—<Oé,].—YXfLU—|—yb—U>—|—<’}/,—’U>

'wav

Break it up!

d(e, ) = min 2 Hw\|2+0<1 v) + (1) — (o, Y Xw) + (o, )b — (@, v) = (7,0}

wbv

285



DUAL: THE HARD WAY

d(e,7y) = min = Hw\|2+0<1 v) + (1) = (@, Y Xw) + (o, y)b — (@, v) = (7,7)

wbv

This is too complicated. Let’s reduce it...

Put all the v terms together
1
d( 7,7) I m1n§HwH2 <Oé, 1> o <Oé,YX?U> o <&7y>b i <C]' e e ,77U>

w,b,v

derivative for v
C’l—oz—*y:O, Withoz,*yZO

remember th|s constramt'
24



DUAL: THE HARD WAY

d(e,7) = min_ [l + C{1,0) + o, 1) — &, Y Xu) + (@, 9)b — (@, ) — (1,7)

w,b,v

This is too complicated. Let’s reduce it...

1

d(aafy) i mgn§HwH2 i <C¥, 1> o <C\£,YXU)> o <&7y>b i <C]' e e ,77U>
1

(o) = min o]’ + (a,1) — (0, Y Xu) + (o, y)t

derivative for b

A\ P -
o e e

refnEimleE s Cons aln
25



DUAL: THE HARD WAY

d(e,7) = min_ [l + C{1,0) + o, 1) — &, Y Xu) + (@, 9)b — (@, ) — (1,7)

w,b,v

This is too complicated. Let’s reduce it...

1

d(avfy) i mgn§HwH2 + <C¥, 1> o <C\5,YXU]> o <047y>b 25 <C]' e e ’Y,U>
1

d(07) = min o]’ + (a,1) — (0, Y Xu) + (o, y)t
1

(e, ) = min g Jw]]? + {a, 1) — (@, ¥ Xw)

derivative for w

w—X'Ya=0 orw=XYao

26



DUAL: THE HARD WAY

1
d(a,) = min_[[w]? + (, 1) — (0, Y Xuw)

w,b,v

derivative for w

w—X'Ya=0, orw=X"Ya

1
d(c) :§HXTY04H2 (a,1) — (a0, Y XX Y0
1
d(a) =5 |X"Yal* + (e, 1) — | X" Yo*

1
d(a) = — §||XTY04H2 +{a, 1)

L7



DUAL: THE HARD WAY

Dual problem...
1
max d(a) = — 5||XTY04|2 + {a, 1)
subject to 0 < a < C(C
(a,y) =0
note: w = X'Ya

Solvable via "'coordinate descent”
LIBSVM

28



DUAL: THE HARD WAY

Dual problem...
1
max d(a) = — 5||XTY04|2 + {a, 1)
subject to 0 < a < C(C
(@, y) =0

“kernel form”

1
d(a) = — §&TYXXTY04 + (o, 1)

kernel

i



KERNELS

big, when x; and z; are close
(XX )i = (i, 25) = { :

small, when z; and x; are far apart

kernel function

big, when x; and z; are “similar”
k(.fl?i, Q?j) —

small, when z; and x; are “different”

Dual SVM: only need to know similarity function

Kernel methods: replace inner product with some other similarity

30



ERAMPLE: WO MOCOISS

| want a mapping that linearizes the problem. | can't write down that
mapping, but | can write down a similarity measure for the mapped

points!
d(x)
12 O;% ‘
OO o O o
1+ e
883 o "B, /\
0.8+ o%%% %0
0@90 %O

0.6 %}Q ‘

O O 0 oY

O @ O o)
04r Oa?é O§O ;%O @O(O)O ‘ . ‘

(@)

0.2+ @% ©% S

o ®° O(iéo 0% o0 ‘

O om O O
oF O@O Oo C% R '
o
% &
 qpg X O O
-0.4 éb 029 OOO %@88
0 BSRY o0& 0

-0.6 OQ) S ‘
B i 05 0 0.5 1 15 2 25 .
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EXAMPLE: TWO MOONS

kernel function

k(lI}z‘, ZEj) —

big, when x; and z; are “similar”

small, when z; and x; are “different”

@)
o. ©O o0 O
(©) o)
1+ 0 OC%<%O
%b@@oo o %Kg%)g@)
0.8 OO%% &
@9 @)
0.6 2] 5
oO Q?o O 55
04l & 8 C% o
' o o0 Y0 830 8.0
& g %% far

e > 5 >

. o @O OOD Q% o0

O <80 < P O O |
1 @ d B® > close
Co
ohu%e) cﬁ
_7o) 8 o © Cgog
Lo @ QA
0.4 5 ogg)@o OO %@8 S
o O%Doé%%o@ 0

06}  ©
-0.8 ' I |

15 1 -05 0 0.5 1 15 2 25




1.2

0.8

0.6

0.4

0.2

EXAMPLE: TWO MOONS

kernel function

big, when x; and z; are “similar”
k(lI}i, ZEj) —

small, when z; and x; are “different”

o
X O 0O o 2
iekig Jz—yl
¥ % k(z,y) = exp
S%o 0 ? 2 2
& © & o
@)o
o Q? o oo
°s 8. & 2
oY%o e
e & « 2 <o far
o@(;% O% O% g%o |
o w® © < » 0O
E o % % close
©)
o141 d@
o © 000
Q® 30 ©
9. o o %
? 029%0 O 0088
00?906@00080
% ©
» 05 0 05 1' 15 > 25

B5)



EXAMPLE: TWO MOONS

maximize d(a) = — %aTYXXTYoz + (a, 1)
kernel
subject to 0 < a < C(C
@ el K, = k)

1
minimize d(a) = §ozTYKYoz — {(a, 1)

(84

subject to 0 < a < C(C
ot =10

Return to this later!!

B



EEASSIFYING TES T DA

1
maximize d(a) = — §aTYXXTYoz + (a, 1)

1
minimize d(«a) = §ozTYKYoz — {(a, 1)

84

Recall w=X"'"Ya«

For a new data point, x

wa g XTYO‘ ZIZ‘ E :yzaz xza E :yzO‘z 37@7

515



POLYNOMIAL KERNEL

K(z,y) = (z'y+1)°

— (1 i Zﬂfzyz)2 =1+ Z T;Y; T Z az?yf = Zmixjyiyj
Z ¢ i
= (¢(z), 9(y))

¢(ZC) i (171307' : wnax()f ?LafmoxlafxOxZa \/émn—lmn)
T First order Second order
Constant
In general

Klryr=(zys+1p

36



HEX T KERINEES

Based on...

Edit distance between words/paragraphs

Bag of words models

Genome mutations

B



CONJUGATE FUNCTION

f*(y) = max y"z — f(2)

7/
/
7/
/ /
7/ /
/ 7/
/ /
/ 7/
/ /
/ 7/
/ /
/ 4
/
7/
/ 7/
/ /
/ /
/ /
7/ /
7 7
/ /
7/ /
/ /
/ 7/
/ /
y »
’ (0, =)
/ / I
, , 7 Y
/ /
/ 7/

(St cg%nvex?



CONJUGATE OF NORM

dual norm Holder inequality

lyll = maxy”z/| x| yTz < |yll«lz
[ =1— f" =0 why?
lyll« >1— f* =00 why?

o0, otherwise
B9



EXAMPLES

40



HOW TO USE CONJUGATE

minimize g¢(x)+ f(Ax + b)
write this as...

minimize g¢g(x)+ f(y)
subject to y= Ax + b

d(\) = min g(z) + fy) + (\, Az + b —y)
=ming(z) + (A, Az) + f(y) — (A, 9) + (A, b)

L,Y

= (A, b) —max —g(z) — (A" X\, z) — f(y) + (A, y)

L,Y

d(A) = (A b) = g" (=A™ N) = f*(N)

4]



ERAMPLE: LASSES

1
minimize p|x| + 5”1415 i bHQ

L how big?

minimize ¢(x)+ f(Ax + b)
d(A) = (A, b) — g™ (=A™ N) = f*(N)
note: (ud)™(y) = uJ™ (y/ 1)
. L (1
maximize (X, b) — Xo ( . A )\> QH)\H
change variables to eliminate negative sign

1 1
maximize (A, b) — X <—AT>\> = §||)‘H2
L

27



ERAMPLE: LASSES

1
minimize p|x| + 5”1415 i bH2

1 1
maximize (A, b) — X <—AT)\) i §H)‘||2
L

complete
square

1 1
maximize — §H)\ — Bl - §Hb|\2

sulpjec o A0 Al =

405



ERAMPLE: LASSES

1
minimize p|x| + 5”1415 i bHQ

dual problem

1
magsemigs . — [0 = |5 = §Hb||2
subject to ||AT Aleo < p
Zero Is a solution when the optimal objective Is

1 1
0| + Z||A0 — b||%2 = = ||b||?
1] |+2H | 2H |

This coincides with dual variable X =5

w> || A7 Y|

44



e AMPLE: L ASTES

1
minimize pu|x| + 5”1437 — b||?
Solution is zero when > || A" b

1
Hguess — 1_0 ”ATbH

415



FAAMPEETN

1
minimize §H$ — flI* + p|Ve|
minimize ¢(x)+ f(Ax)

f(z)=plzl — [ y)=Xy/p)

\ /

() (y) = pJ " (y/ 1)

1 1 1
92) =5l =P —  g®) =l + fIP = 51

form dual problem

d(A) = —g"(=A" ) = f*(})

1
maximize —§||VT)\46— ille =2 O/ m)



PAAMPELE T

1
maximize —§||VT)\ — flI” = X (N )

1
maximize — §HVT)\ — fII*«

A \
subject to ||A|lco < 1
smooth
Lsimple

47



NON-CONVEX PROBLEM:
BEEC | RAL CLUS TERIFNSS

Non-linearly separable classes

Two moons Swiss roll

48



BEEC | RAL CLUS TERIFSS

Non-linearly separable classes

Two moons

(Dis)similarity matrix
Wi, = & — e~ IMi—dsll*/o?

LS {—1, 1}

Dissimilar = positive

Similar = negative
255



LABELING PROBLEM

minimize iETWZE: E $i£l?jW7;j
2,7
subject to z% =1

=

BleRv = dllierchiilapels
Small W ——p same label

|s this convex! Why! How hard is this problem?

Dual function
d()\) = minimize z' Wz + () 2% —1)

|s this convex! Why! How hard is this problem!?

50



L ABELING PROBLEM

Dual function
d()\) = minimize z!Wz+ () 2% —1)

(z:' T2 =z dido ey
d()\) = minimize z' (W + diag(\))z — (A, 1)
. {()\, 1), W +diag(A) =0

—00, otherwise

S|



LABELING PROBLEM

Dual function
GO inimize 5 (W diagz o
i {()\, 1), W +diag(A) =0

—00, otherwise

Pick the dual vector to be smallest constant we can get away with
T
: min(W), Vi smallest

dir) =10\ eigenvector

r = arg min xT(W — Amind )2+ N, L) =€ J

il



LABELING PROBLEM

Approximate solution
St in o (W — Al )z = O 1
Final step: Integer rounding

*

e — round(€,in )




EVERALL STRATECHE

minimize ! W
convex

subject to z% =1 -
relaxation

T

Dual function
Why s - ;
approximate? d(A) = minimize z* Wax 4+ (A, z° — 1)
L’ Approximate solution
it (U A L (Ol .

Final step: Integer rounding

T ppros — round(eq i, )

note: we could also definite SIMilargty matrix, and use largest eigenvalue



NEWTON'S METHOD

smooth problem
minimize f(x)

quadratic Approximation

1
minlmize 5(:17 — xk)TH(CC =i CCk) relan — 33k7 g)

What about a constrained problem!?

minimize f(x)
subject to Ax =0

)5



CONSTRAINED NEWTON

Constrained problem
minimize f(x)
subject to Ax =0
1
minimize 5(33 — ")V Hz— 2"+ (o~ 2

subject to Ax =0b

W) — %(x N Hz—z) - (p—zt g S OT A

KKT Conditions

Hz—z%)+g+AT"X=0
Ax = b

56



CONSTRAINED NEWTON

KKT Conditions
Hz—-z")+g+A"X=0
Al—0

Newton direction d =1 — 2"

Bl A N —q

e 0 N
Solution Is approximate minimizer

Solution satisfies constraints

57



NEW TON ALGORITHM

* Compute Hessian and gradient
* Solve Newton system
(3 ) (3)= (5
Al N = Al
* Armijo search

f(z" +7d) < f(2")
* Update iterate

phtl — ok + 7d

When stepsize= |, constraints are satisfied exactly

58



NEVY [ON COMPLEXTSE

minimize f(x)
subject to Ax =0

Theorem

Suppose the Hessian of f is Lipschitz continuous. Then
after a finitely many constrained Newton steps the

unit stepsize is an Armijo step, and
(T=1)
|z — 2| < Cll2” — 2|7

Furthermore, the constraint are exactly satisfied.

59



