PROXIMAL METHODS



v PROXIMAL METHCHESS

(Gradient descent

Smooth functions Newton's method
minimize f(x) | Quasi-newton
Conjugate gradients
SjEei

Non-differentiable
minimize f(x) —p  Proximal methods

Constrained problems?

minimize f(x)

subject to g(x) <0 = Lagrangian methods

i ="0



PROXIMAL OPERATOR

1
proxs(z,7) = argmin f(x) + — ||z — ||
- i

J proximal
objective penalty

Sltay ClosENozs




PROXIMAL OPERATOR

prox(z,7) = argmin f(x) A

prox(z,t) z



GRADIENT INTERPRETATION

1
|z — 2|7
T

prox(z,7) = arg;nin f(x) - 5

assume differentiable

Vf(x)+ %(az—z) =0

h— e N ()
Two types of gradient descent

Forward gradient r=2z—7V[f(2)

Backward gradient r=2z—1Vf(1)



A AITIPLE T

1
prox,(z,7) = arg;ninm | 27_H$—ZH2

s sub-differential unique? Is solution unique?

prOXf(Z7 t) E



FROPERTIES

backward gradient descent forward gradient descent
prox¢(z,7) = argmin f(z) + %Hx — ||
: r=2z—7V[f(2)
s 70f ()
Existence
Exists for any proper Exists only for smooth
convex function functions

(and some non-convex)

Uniqueness

Sub-gradient unique If
Always unigue result differentiable




EAAMPLE B

1
proxs(z,7) = argmin |z| + —||z — R
. 2

1+%(x*—z)—0, oG (U
1+3(z*—2)=0, if2* <0
Ta*—2)e[-1,-1], if z* =0

pit=uz e ()
Shriﬂk(Z,T) — > =2z+4+T, if 5 < 0

0, otherwise



SHRINK OPERATOR

y = shrink(x, 1)




NUCLEAR NORM
-

I [l Z IAil  Singular values

Why would you use this regularizer?

if X 1s PSD, we call this the "'trace norm’

| X[l =) As = trace(X)



NUCLEAR NORM PROX

1

—||X - 2]
b

Same singular vectors

1
minimize ||[USxV?' ||« : [USx V' —USzV*|?
T

N

1
minimize |Sx|+ §HSX — Sz||?

minimize || X«

Sx = shrink(Sz, 7)
X = U shrink(Sz, 1)V’



CHARACTERISTIC
FUNCTIONS

(' = some convex set

0, fxzel
Xc(.il?){

o0, otherwise

proximal

1
minimize Xgo(x) + Q—tHf - ZH2

What does this do?
Diciesigie suslplls faeinei



EXAMPLES

2-norm ball

C=By=1{z] |z <1} T
prox,(z) = H—” min{]|z], 1}

infinrty ball .
C=DBy=17 [zl <1} .
prox.. (z); = min{max{z;, —1},1}
o
GRRRS. < ©

positive half space
@y >0} o
prox_ (z) = max{z,0}



HARDER EXAMPLES

semidefinite cone

C =5+ ={X|X =0}

proxg, , (£) = U max{5, 0V

L el
C =B ={z| |z <1}

Eeelz =777



PROXIMAL-POINT METHOD

minimize f(x)

backward gradient descent

k+1

7 k+1)

— proxf(:zjk, ) =2" —70f(x

k-+1 1 kHZ

T = argmin f(x) H 2 |x — @
T

stepsize restriction?
does 1t depend on the norm!?

VWould you ever use this?



FORWARD-BACKWARD
St | IS

mmlmlze g(x) +

non-smooth —/ k

backward gradient descent forward gradient descent

smooth

FBS

forward step T =a" — 7V f(a")

k+1

backward step """ = prox, (&, 7)



WHY FORWARD BACKWARDY/

mininwlize g(x) + f(x)

forward step =i — )

backward step z*T1

W =l AR — Gl

= prox, (%, T)

fixed-point property
et o N () gl

0 Vf(x™)+ 0g(x™)



GRADIENT INTERPRETATION

forward step Bl el TVf(m’f)

htl _ prox, (&, )

backward step 5

Vi) —age

T @




MAJORIZATION-
MINIMIZATION

minimize h(x)

surrogate function

m(z) = h(z), Va
surrogate “majorizes’” {




MM ALGORITHM




MM ALGORITHM

minimize h(x) = g(z) + f(x)

f(2) < £(@*) + (@ — 25, VI(@) + o=z — *|]

2T
1
minimize  m(z) = g(x) + f(¥) + (@ — 2%, V1 (@) + o lo — 2|2
minimize m(x) = g(x) : |z — 2% + 7V f(z")|[4

i




it ALGORITTE

minimize h(x) = g(x) + f(x)

f(z) < () + {2 — 2, V@) + o-lle — o
minimize m(z) = g(z) + f(z%) + (z — 2", Vf(2")) A ;,erv—:v’fHQ
B - 217_||$—$k V£ (2|2

prox(a:k — TVf(.CBk), T)



SPARSE LEAS T SQUARES

minimize g¢(x) ilaz)

1
minimize u|x| + §HA$ t bH2
non-smooth —/ k

forward step

sMooth

Z =z — V(") =2 — 7AT (A" — b)
backward step g
1 . :
"t = argmin g(x) + Q—Hx — 3| 2" ! = arg min p|z| + EHw — 218
=

"t = shrink(&, ur)
iterative shrinkage / thresholding



BEARSE LOGID TS

minimize g(x) ilaz)

minimize pulz|+ L(Azx,y)

e i — Zlog(l + e Yi%)

forward step

o TVf(xk) I =z — TATVL(A:Uk, Y)
backward step g
1 . -
" = argming(e) + —|lv - 2> @ = argminpfz| + e — 2|
e

"t = shrink(&, ur)



ERANMPLE: DEMOCRATS
REPRESENTATIONS

1
{ minimize §||A113 g b||2
subject to ||z|leo <

1
(minimize XFE (z) + 5“1437 — b||?

forward step ®
5=z _ TAT(Axk —b) i
backward step : ._D
"t = argmin X* () - 5 |z — 2|

= min{max{Z, —p}, pu}



EAAMPLE: LASSES

1
{ minimize §||Af17—b||2
subject to |z| <

implicit constraints

1
minimize X (x) + §HA$ — b||?

forward step
& =¥ — TAT (Az" — b) S
backward step

1
zF 1:argmin?(1“’(:li) I 5 HiU—fi’HQ ©
T




TOTALVARIATION

minimize u|Va|+ §||$ S f“2

Dualize the easy way...

7| = L iEhC o [hiz| = e
AE[—1,1] AE[—p, ]
min max (A, Vz)+ —Hx — £l

ANE[—p, ]
why? \/ x_/ VT, )

max min{V* )\, z) + —HZE — fII
AE[—p,p] 2

e



TOTALVARIATION

minimize p|Vz|+ §||$ = f”2

1
iz AN e A= =l — 7l
NE =l 2

Vid+z—f=0
= ="V

optimality condrtion

1
st (T A E = §||VT)‘H2

AE [ —pb, ]

s (OO = N VT>\> _HVTAHQ

AE[—p, ]
b OV f>——||vT)\H2
AE[—p,p] |
max —=[V7A— f|

AE[—p,p]



FE> FOR T

minimize p|Vz|+ §||$ ' f”2

max ——||VT)\ il Dual = =" )

AE[—p, 1]
O; = -_:uv :LL]
Al B = { S
00, oOtherwise

1
minimize X, (\) + §||VT)\ —

forward step
= =PV = )
backward step

N = argmin A, (\) H)\ )\H2

= min{max{—pu, )\}, ,u}



SVM

1
minimize §||wa2 + Ch(Y Xw)

h(z) = max{l — z,0}

use the trick

Uiz = ML=
(z) = max A(1-2)

1
min max =||w|]*+ A\, 1—Y Xw)

W a0
optimality w— X'YA=0
1
maximize — §HXTY)\||2 RS

subject to A € [0, C



SVM

1
maximize — §HXTY)\||2 SRR
subject to A € [0, C]

forward ASCENT step
B (Y XX

backward step

A**1 = min{max{0, \}, C}



NETHLIX PROBEERS

people

movies . -

__f"-f

data “imputation™: fill In missing values

low rank assumption:
everyone described by affinity for horror, action, rom-com, etc. ..

“matrix completion”



NUCLEAR NORM FORM
/—mask

minimize rank(X) + _H M - DH2 data
relax ( X
1
minimize || X ||« + §HM XL e

\_@rdinate multiplication

forward ASCENT step

A

X:Xk—M-(M-X"“—D) why not
transpose!

backward step

. 1 X what's this
Xk—l—l = arg min HXH* | 27-HX i XH2 do?




MATRIX FACTORIZATION

minimize —HXY D||?
X,Y

subject to X, Y >0
forward step
X =X*—r(xX*Y* — D)(Y*)T
vk A IXST (Y

backward step

X5 = max{X,0}
Y+ — max{Y,0}



CONVERGENCE

by reduction to proximal-point method

minimize h(z) = g(z) + f(x)

Theorem

Suppose the stepsize for FBS satisfies does not
depend on g

<2
< 2
<7 /

where L is a Lipschitz constant for V f. Then

h(z®) — h(z*) < O(1/k)



BRADIENT VS, NES TTERCHES

Gradient Nesterov
To L0

P L1
2 1
4 PN 5

4

1 1 .

O P O 72 )€ Optimal

Nemirovski and Yundin



FIS TA

“Fast rterative shrinkage/thresholding” - Beck and

FISTA
pFTl = PTOXg(?/k — va(?/k)a T)

ot = % (1 + \/4(ak)2 + 1)

RN SRl SO TSR
— T | ak—l—l (ZE — L )

Y

momentum

eboulle ‘09



SEARSA [ FAT T

idea: adaptive stepsize outperforms acceleration

liae) B %ZBT$

secant equation

Vf(") = Vi) = o™ - z¥)

Ag = aAx

least-squares solution
S 1 >
minimize |aAx — Ag|

o Azl Ag e | Azl
T ——

8



BACKTRACKING

based on MM interpretation

F@hTh) < £5 4+ (@ — ok, Vi) + o

27—k

=

ka—l—l o kaZ

behaves like Lipschitz constant

FBS+Backtracking

e Choose stepsize ty
o 2"t! =vprox, (¢ — 7, Vf(z"), )

o While f(ah+1) > f% + (M4 — 2, Vf(ah)) + gL [lah ! — 2k

T — Tg /2

it = proxg(:z:k — 1V f(2"), )



STOPPING CONDITIONS

minimize h(z) = g(z) + f(x)

stop when “residual” Is small....but what's the residual??

k+1 1

e o i () o Il — 2|7
1
0 € 9g(z*!) + =(z"T! — %)
T

i
;(x — ka) - 89(:13’““)

form the derivative
1
e ;(:i: — ") + Vf(z*1) € Oh(z"T)

Og(z" 1)



FOVY SMALL 1S SMARSS
RELATIVE RESIDUAL

minimize h(z) = g(z) + f(x)

: residual
PP — e e B = S
i
Og(z"*)
1
e o — = () SV
s

1

T

or equivalently (& — 21 = —V F(zF )

relative residual

k
r
ohtl

¢ A g L — ) SN G




