L AGRANGIAN METHODS



WHY LAGRANGIAN
METHODS!

(Gradient descent

Smooth functions Newton's method
minimize f(x) | Quasi-newton
Conjugate gradients
SjEei

Non-differentiable
minimize f(x) — Proximal methods

Constrained problems?

minimize f(x)

subject to g(z) < 0 —p Lagrangian methods

h(x) =0 2



L AGRANGIAN

Simple case "Saddle-point” form
minimize f(x) LSS el max f(x) + (), Az + b)

subject to Ax +b =0

Lagrangian




L AGRANGIAN APPROACH

minimize f(x) subjectto Ax +b=0

Dual approach: maximize dual function A

d(N) = min f(z) + (A, Az + b)

using conjugate

d(X) = (b,A) — f* (A" )
Lagrangian approach: directly find saddle point of Lagrangian

max min f(x) + (A, Ax + b)




UZAWA'S METHOD

minimize f(x) subjectto Ax +b=0

max min f(x) + (A, Ax + b)

Uzawa's method
minimize A1 = argmin_ f(x) + (\*, Az + b)

oradient ascent AT = A" 4 7(Az" T +b)



UZAWA'S METHOD

minimize f(x) subjectto Az +b=0

Uzawa's method
minimize  gF Tl — argmin_, f(x) + (\*, Az + b)

oradient ascent A"t = A% 4 7(Az" T +b)

dua

d(A) = (b,\) — f* (A" X)
optimality
fedfiz A

—ATAk c af(ilfk—l_l)
T =G A
B b A9 (AT
élual gradient



GRADIENT ASCENT

minimize f(x) subjectto Az +b=0

Uzawa's method
minimize  gF Tl — argmin_, f(x) + (\*, Az + b)

oradient ascent A"t = A% 4 7(Az" T +b)

dua

d(X) = (b, A) — f*(=A"))
B b AQF (A N T

dual gradient

AP = AF 4+ rBd (")

stepsize restriction?



CONVERGENCE

My b ADF(=ATXT)
dual gradient

Nifty Theorem: Strong Convexity = Smooth Dual

If f is strongly convex with constant m,
then f* has Lipschitz continuous gradient
with constant L = 1/m.

B ohiascent T =) L r(Azh D)
| A7 Allop

m

Laual = HATAHLf* e

2m

| A% Allop

- | ity
Problem: requires strong convexity!

= 2/Ldual —



AUGMENTED LAGRANGIAN

idea: add curvature to the primal problem

minimize f(x)
subject to Ax +b =0
Lagrangian
Lz, \) = f(z) + (A, Ax + b) Bt

curvature
Augmented Lagrangian
o
Lo(w,)) = f(2) + (\, Az + b) + 2| Az + 2

eoptimality for A: Ax+b=0
flisslliccd eneroy: (o)
*saddle point = solution to constrained problem

®,




e HOD OF MULTPEIESS

minimize f(x)
subject to Ax +b =0
Augmented Lagrangian

minmax f(x) + (\, Az +b) + %HAx + b2

Method of Multipliers
minimize 2" = argmin, f(z) + (A%, Az + b) + Z|| Az + b]|?
oradient step AT = A% 4 7(Az" T +b)



VY 1S 1 HIS BE T TERS

minimize f(x)

subject to Ax +b =0

Method of Multipliers

"t —argmin, f(z) + (A%, Az +b) + Z|| Az + b||?

minimize &
oradient step A*TH = AF 4 7(Az" ! 4 b)

dual
d(A) = (), b) — f (= A
B Ofiz ) AT LA (A0

i
e 0/(c") + AT + (AT L B
)

e Of (') + ATAk“



VY 1S 1 HIS BE T TERS

minimize f(x)

subject to Ax +b =0

dual
d(x) = (A, b) — (A" X

iterates satisty...
0€df(z"t1) + AT X*H

— AN e Bl
ZEk+1 c af*(_AT)\k:—l—l)

s b ADF (A N
dual gradient

17



MM=BACKWARD GRADIENT

minimize f(x)

subject to Ax +b =0

dual
d(X) = (A b) = fr(=AN)
method of multipliers
minimize Tt = argmin,, f(z) + (\*, Az + b) + Z|| Az + ||

oradient step AT = A¥ 4 7(Az" T +b)

W b AQfH (AN
dual gradient
backward gradient ascent

B oo



CONVERGENCE

minimize f(x)

subject to Ax +b =0

backward gradient ascent
A = rodA T

Works for any stepsize!

problem: requires solution of problem on every rteration

" = argmin, f(z) + (A%, Az + b) + Z|| Az + b]|?

Can we solve the whole problem in one shot?

1



oLl OBJECTIVE

just like we did for FBS...
minimize f(x) + g(y)
subject to Ax+ By +c¢=0

Lr(w,y,\) = f(z) + 9(y) + (A, Az + By + o) + || Az + By + ||

method of multipliers

. T
2"ty = argmin f(x) + g(y) + (A", Az + By +¢) + 5| Az + By + c||?
L,Y

)\k—l—l _ )\k —|—T(A£Ek+1 + Byk—l—l + C)



ADMM

minimize f(x) + g(y)
subject to Az + By+c=20

method of multipliers

. T
2"y = argmin f(x) + g(y) + (\*, Az + By +¢) + 5| Az + By + c||?
T,y

)\k—I—l _ )\k: +T(A£Ck+1 + Bykz—l—l + C)

l

alternating direction method of multipliers
"t = argmin f(z) + (\¥, Az) + %HAw + By" + ¢||?

Xr | .
y" " = argming(y) + (A, By) + 5 [|Az"" + By + ¢
Y

)\k—l—l _ )\k —|—T(Ail7k|_|gl 4+ Byk—l—l 4+ C)



RESIDUALS

Lagrangian
L(z,y,A) = f(z) + g(y) + (A, Az + By + ¢)

How do we measure closeness to a saddle point!

optimality conditions

x-residual: 0¢c 0f(z) + A"\
y-residual: 0 € dg(z) + B\

Axresidual: 0= Az + By +c

157



RESIDUALS

Lagrangian
L(z,y,A) = f(z) + g(y) + (A, Az + By + ¢)

alternating direction method of multipliers
"t = argmin f(z) + (\F, Az) + %HAZC + By* + c||?

€T | 7_
y" 1 = argmin g(y) + (\*, By) + §HA£L"““ + By +¢|?
Yy

Mol — \k T(Aka Bka c)

B 00(y" ") - BT)* L 1B (Ax"Tl L By"" N
0 € 8g(y™t!) + BY (\* + 7(Az" ! + By*t! + ¢))

y-residual: 0 c dg(y“*') + B \FH!

18



RESIDUALS

Lagrangian

alternating direction method of multipliers
"t = argmin f(z) + (\F, Az) + %HAZC + By* + c||?

x | :
yk—l—l — argmmg(y) i <)\k,By> 4 §HA$I€—I—1 4 By+cH2
Y

)\k-|—1 _ )\k T(A.I‘k—l_l Byk_|_1 C)

0 € Of (%) + ATV 4 7(AzF+! + By® + ¢))

0 € Af (1) + AT 4 7(AzF+! & ByF+! 4 o)) + TATBy* — 1 AT ByF+!
0 € Of(x"t1) + AT N 4 7 AT By* — 7 AT ByFH!

x-residual: 7ATBy*t! — TATByF ¢ af (zFt1) + AT AFH!




RESIDUALS

Lagrangian
L(z,y,A) = f(z) + g(y) + (A, Az + By + ¢)

alternating direction method of multipliers
"t = argmin f(z) + (\F, Az) + %HAQ? + By* + c||?

€T | 7_
y" 1 = argmin g(y) + (\*, By) + §HA$"““ + By +¢|?
Yy

Mol — \k 7‘(Awl€+1 Bka c)

lambda-residual: Az*t! + By*t! + ¢

20



CONVERGENCE

Lagrangian
L(z,y,A) = f(z) + g(y) + (A, Az + By + ¢)

x (primal) residual: TA' By*t! — 1 AT By*

lambda (dual) residual: Az"*! + By*™ + ¢

Theorem (He and Yuan '|2)

For any fixed stepsize 7, ADMM converges in the
residuals with rate

1
ITAT Byt — 7 AT ByF||? + || Az T + Byt 4+ ¢||? < O (E)

2|



LASSO

1
minimize u|z|+ §||A$ o bH2
Y

l

“split Bregman' form

1
minimize ply| + §||A$ G b||2

subject to £ —y =0

l

augmented Lagrangian
1 2 e 2
plyl + SllAz = bl" +(A 2 —y) + S llz — yl



LASSO

1
minimize u|x| + 5“1433 5 bH2

augmented Lagrangian

1 T
plyl + 1Az = BlI* + (X 2 — y) + o lle =yl
ADMM lasso
| T
pFtl = arg min §HA£C — bH2 + <)\k,x> + in — kaQ
. T
y" T =argmin ply] — (A%, y) + St — gl
Yy

)\k—l—l _ )\k 4+ T(iUk_l_l . yk—l—l)

how do you solve these sub-problems?



ERAMPLE: SPLIT BREGIMEATS

1
minimize u|Va|+ §HAQZ‘ e sz

l

“split Bregman' form
1
minimize p|y| + 5“1433 — fII?

subject to Vo —y =0

l

augmented Lagrangian

1 7
ulyl + 5| Az — flIZ+{\Vz —y) + IV - y||?



ERAMPLE: SPLIT BREGIMEATS

1
minimize p|Vz|+ QHACC = fH2

1 T
ulyl + 5| Az — flI?+ (A, Vz —y) + IV - y||?

Split Bregman TV

1 T
T = arg min §HA$ — fII* + (\F, Vz) + §HV:U — "2

X

. T
y T = argmin ply| — (A", y) + 5\\V:vk“ —y?

Y

)\k—l—l _ )\k 4+ T(Vil?k_l_l . yk—l—l)

25



X-UPDAIE

1
minimize u|Vz|+ §HA:13 —
1 2 T 2
ly| + §HA:E — |7 2 0 Ve = ) §HW — g

! X-update
"™ = arg min §HA$ — Al N Tl - gva — "
optimality condition

B VI VI (Ve
iInear system

(ATA+7VIV)z = AT f - VIX + 7V

26



X-UPDAIE

1
minimize p|Vz|+ 5“1433 = sz

iInear system
(ATA+TVIV)z = AT f - VA" + 7V
deblurringg A = FEDF
(F'D"DF + 7V*'V)x = rhs

(FT|D|2F + 7-\/T\/)x = rhs
W= A
(F'|D|°F + 7F* |K|*F)x = rhs
FY(|D|? + 7|K|*)Fx = rhs
z** = FY(|D)%H 7|K|*) = F(rhs)



Y-UPDAIE

1
minimize p|Vz|+ 5“1437 = sz

1 T
ulyl + 5| Az — flI?+ (A, Vz —y) + IV - y||?

y-update
: T
y" T = argmin ply| — (A%, y) + S[|Va"T -y’
Y
complete square
: 7 1
y T = argmin ply| + Z[ly - V&£ - =A%
Y

proximal operator

1
 —chrink(Ve T S e
T

28



DEBLURRING ALGORITHM

minimize u|Vz|+ %HA:C —
uly) + 314z — £ + (A, Va —g) + 2 [Ve — g
Split Bregman Deblurring
2" = FH(IDP? + 7|K|2) ' F(FEDRE P f — VTN + 7V k)
y* T = shrink(Va" T + %)\k, w/T)

)\k—l—l _ )\k + T(VCE‘k_'_l o yk—l—l)

i



INVERSE COVARIANCE
SELECTION

Graphical model:
*nodes are random variables

dependent variables connected by edge

Example: “gene finding”
*measure mMRNA expression levels
*try to find mRNA strands regulated by same genes

Variables are conditionally independent i there is no path from

one to another
30



INVERSE COVARIANCE
SeLEC TICO

A Inverse covariance

T; = b; matrix 2
Cq 1 1 e
d; p(z) = exp(—s2" X7 x)

(2m)P |22 g

31



EIKRELIHOOD MODIES

1 L g
e — —exXpl—=x" 2
p(x) PRV P(—3 )

1

1
1:I (2m)P |32

exp(—§x;-r2_1xi)

)

5 1 TPl
[1(X) = —nplog(27) — S log det > — . sz Y

multiply by -1 to make 1t a minimization problem

1
[ootdet D = i
og de +nz$7’ X

R



EIKRELIHOOD MODIES

1
log det > 4+ — Z i D s

L F T -l 5 - (T

negative log |||<e||hood \
logdet ¥ + (S, %71)

empirical
sparse model covariance

minimize logdetY + (9,271 + |27
S lei:

change variables

miniI}}ize = log det X0 - 105 A SiPie



nOMIM FOR SICE

minix}q(ize —logdet X + (S, X) + | X]|

split Bregman form

minir)rgize —logdet X 4 (S, X) + |Y

subject to X =Y

augmented Lagrangian

mgxr)r{ﬂ}r/l —logdet X + (S, X) + Y|+ A\ X -Y) + gHX ~-Y|?

b7



MM FOR SN

augmented Lagrangian

mgxr)lélilrfl —logdet X + (S, X) + Y|+ N\ X -Y) + %HX = YH2

s e el e

minir{/lize a6 =0 ) 4 %HY X

1
minimize |Y|+ ZHY — i — P
¥ 2 i

solution
g hel (@ cabi

515



MM FOR SN

augmented Lagrangian

mgxr)lélilrfl —logdet X + (S, X) + Y|+ N\ X -Y) + %HX = YH2

St 2 aAlAlpzE el <

minir)l%ize —logdet X 4+ (S, X) + (A, X) + %HX - Y|?

minir)rgize — logdet X + %HX a0

B U\ U Z =UAzU"

36



MM FOR S

SiER s aallalgalEEaelr <

minir)r%ize —logdet X 4+ (S, X) + (A, X) + g”X ~-Y|?

minir}rl(ize — log det X + %HX e a0 O
=0 Z =UAzUS
o . = . .
Y —logo + > (0% —0%)—» T Lok —o

1
; O x

o +/(05)* +4/7
2

Oy =

final step: At = M 4+ 7(X - Y)



BCALED ADPTES

minimize f(x) + g(y)
subject to Ax + By+c=0

augmented Lagrangian -
Lr(z,y,A) = f(x) + 9(y) + (A, Az + By + ¢) + 5| Az + By + ¢’

scaled Lagrangian

I 1
Lr(z,y,)) = f() + 9(v) + S|4z + By + c + ;AHQ

These differ by a constant. Why??

penalty function/spring interpretation
38



e ALED A

minimize f(z) 4+ g(y)
subject to Ax + By+c=0

scaled Lagrangian
Lr(z,y,A) = f(z) +9(y) + gHAfB + By + ¢+ %AHQ
=
L(z,y, %) = f(z) + 9(y) + 5| Az + By + c + A
scaled ADMM
2"t = argmin f(z) + %HAx + ByF + ¢+ \F|?

X

: T 2
y" T =argming(y) + S [|Az"T + By +c+ A7

Yy
AL = N\F 1 Agh Tl 4 Byt e




DISTRIBUTED PROBLEMS

minimize g(x) + Z Jlas)

example: sparse least squares

minimize p|x| + §HA:B = s Ay

A
A= ,

1
minimize ,u\x\ - Z §||Az$ o biH2

data stored on different servers

40



CONSENSUS ADMM
minimize g(x) + Z Jlas)

Central server holds global variables: z

Every client gets local copy of unknowns: z;

minimize g¢(z) + Z islass)

subject to x; = z, Vz

4]



CONSENSUS ADMM

minimize g¢(z)+ Z ialasy)

subject to x; = z, Vz

scaled augmented Lagrangian
T
¥ L)) ol =z + Al

consensus ADMM
= arg min g(z —I—Z—Hx — 2+ NP

Z

central server: z*T1

k+1 k+1 AkHQ
)

remote client: ;7" = argmin f;(z;) + 5 ||xz — 2
L4

k+1 k+1
@

remote client: )\fﬂ = \F



CEIN T RAL STES

central server: z"1T1 = arg min g(z) + Z _||le T )\kHZ

<

41 = argming(5) + 3 Fll - ok + X

: NT 1
A — argming(z) + -1z — = 3ok + X

1

average of remote values

nk

: NT
"t = argmin g(2) + — [z — 7°|®

2 %

405

Z



FEXAMPLE: LASSO
minimize p|x| + Z %HA@ B biH2

scaled augmented Lagrangian
L = plz] + Z || iz — bill? + Z oz =z + Al
CONSENSUS I_ASSQ

1
MPI reduce: n* = ~ > oaf+ A
b1 , NT

central server: z — a,rgmm,u|z\ | 5 ||Z — 77||2
e
1
remote client: ka — arg min iHAz% — b;||* + ZHCCZ — 2R Y|

Lq

remote client: )\f“ — )\f + $f+1 _ k1
-



WHY PDHG!

minimize f(Ax) + g(x)

minimize f(y) + g(x)
subject to Ax —y =0

standard augmented Lagrangian
i
L(x,y,A) = f(y) + 9(x) + (\, Az —y) + S [| Az — y|°

how to minimize for x!

415



ERAMPLE: SPLIT BREGIMEATS

1
minimize p|Vz|+ 5“1437 = fH2

1 T
ulyl + 5| Az — flI?+ (A, Vz —y) + IV - y||?

Split Bregman TV

1 T
T = arg min §HA$ — fII* + (\F, Vz) + §HV:U — "2

X

. T
y T = argmin ply| — (A", y) + 5\\V:vk“ —y?

Y

)\k—l—l _ )\k 4+ T(Vil?k_l_l . yk—l—l)

X-update

(A A+ TV V) =A"f - VX + Vg



FDHG: SADDLE-POINTE
FRODBLEMIS

min i il as e — i)

» Convex functions: f and @
Bl icrm: (Az,y)

* We can evaluate “proximal operators”

1
JrF(2) Zangerglcinf(x) a5

|z — 2||°

| : 1 3
Joc(§) = argmin g(y) + 5 ly — 92
yeyY g

47



HOW PDHG WORKS

min max f(x) + (Ax,y) — g(y)

xeX yey
Gradient descent T =T — TATy
| . . 1 A 112
Primal Proximal Try1 = argmin f(x) 4 5 |x — 2|
Predict T = Thy1 T (Zk_|_1 o ZIZ‘k)
Gradient Ascent ?) o oAT

| . 1 A
Dual Proximal Yk+1 = arginin g(y) | o Hy = ?/H

48



FORMING THE SADDLE-POINT
FRCIBE BN

minimize f(x)+ h(Ax)

v

minimize f(x) + h(y)
subject to Ax —y =20

minimize f(x) + <>\,¢A$> — (A y) + h(y)
reminder
h*()‘) — man<)\, y> o h(y) —> —h” ()‘) — myin _<>‘7 y> T h(y)

minimize f(z) + (A, Az) — h*()\)

455



ERAMPLE.

min max f(z) + (Az,y) — g(y)

* [he problem: Vz|+ gHAZL’ - fI

Note: [l =Sz
ly| <1
* Re-write TV W B — e ()
[yl oo <1

= man@a V$> — Xoo (y)

e Saddle-Point form:
m;mxmgn gHA$ — fII? + (¥, V) — Xoo (y)

50



RESIDUALS

min max f(z) + (Az,y) — g(y)

» Primal residual  p(z,y) = 8f(z) + Ay

* Dual residua d(xz,y) = 0g(y) — Ax

k+1 1

= argmin f(x) + -l — &

X

S|



RESIDUALS

min max f(z) + (Az,y) — g(y)

* Primal residual  p(z,y) = 0f(z) + Ay

* Dual residua d(xz,y) = dg(y) — Ax

k+1 1

¥ = argmin f(x) 2T||x—£||2
1
0 € Of(z"t1) + = (2T — &)
7
i af(xk—I—l) 1 (ij_l_l e ij) ATyk:
T




RESIDUALS

min max f(z) + (Az,y) — g(y)

BNERlnal residu

al  p(z,y) =0f(z) + Ay

* Dual residua

p(z,y) =

d(z,y) =

explicit formula

1
;(il?k o lel<—|—1) ) AT(yk i yk—l—l)

1

=~y ) -4 .
oz

i



EXAMPLE: DENOISING

107>

T Big g 1

1 T a
10' 4 | 10° il |
‘\ : == Primal Residual ;
A Y e )
100 a ‘.\; ............. ........... Dgal Residual B
o - ;
=10 o - = 5
= 10 E |
= < :
O g% :
_2 :
Sé 10 " B S'-% |

10 | =—— Primal Residual .§"~~_
» = =7 Dual Residual ~~“~~
10 T T 10_3 I I I~ ,
0 50 100 150 0 50 100 150 200

Iteration 54 Iteration



Residuals

ERANMPLE: DENCQISIPNES

R(I)F Conlvergenlce Curlves, po= 0.05

Adapt:Backtrack |

10°4 3\ e —_— - R
3 A s P Rt Adapt:to = L
L 4 S R Const:7 = /L
105_”; ............................................... CQnst;T-ﬁn.al -
% 4
O 107+ -
P>
20
S A3
= 10 A e | |
o N i f
101_ ................................................ - %
100 | | | — | l
0 50 100 150 200 250 300 a |
Iteration 0 200
55 TTCTOreTOTE




ST OO

Tk — Tk+1 Ok — Ok+1
gbk:max ] ,O
Tk Ok

Theorem

PDHG converges if the following conditions hold:
A The stepsizes {7} and {0} are bounded.

B The sequence {¢;} is summable, i.e., ) <.

k>0
C One of the following holds:

C1 There is a constant L with
Lo < L < ,O(ATA)_l.
C2 EFEither X or Y is bounded, and

Y Y
EHI‘!«H — zp||* + g_kHka —ykll” > 2(A(@k41 = Th), Yht1 — Yk)-

26 Goldstein, Setzer, Baraniuk. 201



PDHG

BACKTRACKING

Pick 7,0 with 70 > ||[AT A||~} v =0.75
While p* and d* are “big:”
Do PDHG, get "t and y**!

IF 2ok + — ol + Ly — gl < A — 2,54 —
T T/2, 0+ 0/2,
Redo PDHG, get z*T! and y~t!

57



backtracking

BACKTRACKING

RBiEleN G with o > [[AfA|F° v =0.75
While p* and d* are “big:”
Do PDHG, get "t and y**!

If b+ Ly — gl < A — 2.
T T/2, 04 0/2,
Redo PDHG, get z*T! and y~t!

58



VAT S A GRAPH CORE
cut function e ‘

r:V —{0,1}
W '\

@hEneroy

Z T — mj|wg 5 + inf(i)

must be can be

positive anything
(why?)

D)7



MIN CUT PROBLEM

Cut graph into parts
such that s and t lie
in different chunks

oraph cuts solves this

minimize ¥  |Ti — %j|wij + Y @i f (i)
e i
Sllject to ¢, — 1. ;. =0

60



EXAMPLE: SEGMENTATION

6l

o~ llvi—v;]% /0

i
similar pixels
oet big welght

differing pixels
oet small weight



BS TOGRAM MODEES

build gaussian mixture model
of regions

user marks up Image

GREEN

RED
f(i) =% 10%]0(%' = Ro) s logp(vz- c Rl)

B

minirgize Z s — 5 s 2 Z T

1,9 1

62 Rother et. al, “GrabCut,” ‘04




SAMPLE RESULTS

B s (SIGGRAPH '04):

*Iterative segmentation & GMM
update

*faded alpha channel at edge

*anti-aliasing

63

Rother et. al, “GrabCut,” ‘04



NUMERICS

oraph cuts solves this
minimize Z 2By = b0 7 Z ;i f (%)
i, i

subject to zs =1, =0

classical methods: dual LP

dual(min cut) = max flow

drawback:
hard to Implement

does not parallelize wel
(bad for GPU)

64



FDHG APPROACTH

oraph cuts solves this

minimize E x; — %’\wz‘,j e E sG]
i\ i

saddle-point form

max min NiilXT: — X Za:' )
— Wi SAij Swij 0SSy <1 4= @J( : ]) 4 , if(0)
1,7 (/

use graph gradient

' A
_wijgli'}jcﬁwij OSIirBlilg'n§1< ,VLU> 8 <£13‘, f>

65



FDHG APPROACTH

use graph gradient

] oA
o YR

minimize for x

A k T\ k
g e AVED)
g ) All entries of

- minymax{z,0}, 1} primal/dual variables
predict updated simultaneously
() (GPU)
maximize fory /
= e o

)\fj—l_l = min{max{j\ija _wm}a wz]}

66



WHY LINEARIZED PDHG!

ADMM
.
Lr(z,A) = f(2) + (\, Az + b) + || Az + b

< must minimize this
PDHG

min max f(x) + (Ax,y) — g(y)

evaluate prox

What If you can't do this?

note: linearization applies to_all methods discussed above



MODIFIED PROX STEP

1

F@) + o=lle — &)
G replace this distance metric
ezl
f(z) < () + (@ — 2*, V(@) + oo — ¥
e

enough

Valid distance metric

d(z,a*) = f(z*) - f(z) + (& — 25, VF() + o -llo — ¥
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MODIFIED PROX STEP

1
F@)+ 5=l — 2

new prox step
7 = min f(z) + d(z, z")

d(z,*) = f(z*) ~ () + (o — 25, VF@E) + o -llo — ¥
simplify
o1 = argmin f(2*) + (z — ¥, V(@) + o= |la - 2* |

2

W = g — o )
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BINEARIZED PSS

iz il (Bl ap SRS (A i — @il )

Yy X
Gradient Descent T mk — T(Vf(zk) + ATyk’)
Primal Proximal pFTl = prox;, (:i‘, 7‘)

Predict W= | (xk—|—1 & wk)

Gradient Ascent =l S AT

. 2 | 1 12
Dual Proximal Yk+1 =— argimin g(y) | o Hy g y”
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CONVERGENCE THEORY

myax m:gn i) e i) = e ) — gl

Algorithm In dense form

e —orox, (2 — (Y f(z ERe

gl = proxg(yk O — )

Theorem

he iterates of linearized PDHG converge if
the stepsizes satisty the stability condition

1 L
~ — 0| AT Allop > <
-

- Condat,’| 3



