
SEMIDEFINITE PROGRAMMING



WHAT’S AN SDP

minimize
X

hX,Ci

subject to hAi, Xi = bi, 8i
X ⌫ 0

minimize
x

hx, ci

subject to Ax = b

x � 0

linear program

semdefinite program



WHAT’S AN SDP

minimize
X

hX,Ci

subject to hAi, Xi = bi, 8i
X ⌫ 0

semdefinite program

minimize
X

hX,Ci

subject to hAi, Xi = bi, 8i
uTXu = huuT , Xi � 0, 8u

LP with infinite constraint



WHY DO WE CARE?

Y =

0

@
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y1 y2 . . . yn
| | | |
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A

Is this convex?

constraint: kyik = 1

minimize f(Y )

subject to kyik = 1



WHY DO WE CARE?

Y =

0

@
| | | |
y1 y2 . . . yn
| | | |

1

A

convexify

constraint: kyik = 1

minimize f(Y )

subject to kyik = 1

Let X = Y TY Xii = kyik2

minimize g(X)

subject to Xii = 1



EXAMPLE: STRUCTURAL 
PROGRAMMING

I tell you the length of all vectors

Y =

0

@
| | | |
y1 y2 . . . yn
| | | |

1

A

kyik = li

Let X = Y TY

I tell you the distance between vectors

I tell your the angle between vectors

dlij  kyi � yjk  duij

alij 
hyi, yji
kyikkyjk

 auij

Find a structure given the following…



EXAMPLE: STRUCTURAL 
PROGRAMMING

X = Y TY =

0
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yT1 y1 yT1 y2 yT1 y3
yT2 y1 yT2 y2 yT2 y3
yT3 y1 yT3 y2 yT3 y3
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A

I tell you the length of all vectors kyik = li

Xii = li

convex
constraint



EXAMPLE: STRUCTURAL 
PROGRAMMING

X = Y TY =

0

@
yT1 y1 yT1 y2 yT1 y3
yT2 y1 yT2 y2 yT2 y3
yT3 y1 yT3 y2 yT3 y3

1

A

kyi � yjk2 = kyik2 + 2hyi, yji+ kyjk2

= l2i +Xij + l2j

convex constraint

I tell you the distance between vectors dlij  kyi � yjk  duij

(dlij)
2 � l2i � l2j  Xij  (duij)

2 � l2i � l2j



EXAMPLE: STRUCTURAL 
PROGRAMMING

X = Y TY =

0

@
yT1 y1 yT1 y2 yT1 y3
yT2 y1 yT2 y2 yT2 y3
yT3 y1 yT3 y2 yT3 y3

1

A

Xij

lilj
= aij

convex constraint

I tell your the angle between vectors alij 
hyi, yji
kyikkyjk

 auij

lilja
l
ij  Xij  lilja

u
ij



EXAMPLE
Find “largest” X that satisfies structural constraints

maximize log detX
subject to

↵ij  Xij  �ij

Xij = lij

X ⌫ 0

length constraints

angle/distance constraints

SDP constraint
why?

X = Y TY

recovery solution using Cholesky factorization

what if the problem is infeasible?



SOLUTION SYMMETRY 

I tell you the length of all vectors kyik = li

I tell you the distance between vectors

I tell your the angle between vectors

dlij  kyi � yjk  duij

alij 
hyi, yji
kyikkyjk

 auij

Is it possible to find a convex problem in Y that solves this?

recovery solution using Cholesky factorization
X = Y TY = Y TUTUY = (UY )T (UY )



CONVEX RELAXATION

relaxation

replace a non-convex set
with a (larger) convex set



FAMOUS EXAMPLE:
MAX CUT

vj

Value of cut  =  
number of edges sliced vi = 1

vi = �1

maximize
X

(ij)2E

1� vivj
2

subject to vi 2 {�1, 1}

easy relaxation

vi 2 [�1, 1] why is this bad?



GOEMANS-WILLIAMSON
maximize

X

(ij)2E

1� vivj
2

subject to vi 2 {�1, 1}

subject to kvik = 1

maximize
X

(ij)2E

1� hvi, vji
2

+1�1

kvk = 1

integer program

relaxation



GOEMANS-WILLIAMSON

subject to kvik = 1

maximize
X

(ij)2E

1� hvi, vji
2

+1�1

kvk = 1

relaxation

maximize
X

(i,j)2E

1�Xij

2

subject to Xii = 1, 8i

X ⌫ 0

SDP



GOEMANS-WILLIAMSON

maximize
X

(i,j)2E

1�Xij

2

subject to Xii = 1, 8i

X ⌫ 0

SDP

+1

�1Use random rounding 
to convert to original solution

Expected value = 0.87856 (optimal)

This is the best polynomial-time approximation
 if you believe the unique games conjecture



METRIC LEARNING
learn a similarity measure between data point

that preserves classification

prototype

prototype

nearest
di

Ldi

L

S(di, dj) = kLdi � Ldjk2



LARGE-MARGIN NEAREST 
NEIGHBORS 

given data with multiple labels 

di 2 Rn li 2 {1, 2, 3, . . . , c}
feature vectors labels neighborhood

Ni = {dj}

Every point should lie closer to “neighbors” 
than members of another other class 

S(di, dj)

S(di, dj) + 1  S(di, dk), 8(i, j) 2 N, li 6= lk

S(di, dk)

i

j

k

S(di, dj) = kLdi � Ldjk2
remember



CONVEX FORMULATION

minimize
X

(i,j)2N

S(di, dj) +
X

i,j,k

⌘ijk

subject to S(di, dj) + 1  S(di, dk) + ⌘ijk, 8(i, j) 2 N, li 6= lk

⌘ijk � 0

neighbors should be close together

classes should be far apart

convexify
S(di, dj) = kLdi � Ldjk2 = (di � dj)

TLTL(di � dj) = (di � dj)
TM(di � dj)

<latexit sha1_base64="SzmMA+dHMJ4PeAQ148UitgSmACY="></latexit>



minimize
X

(i,j)2N

S(di, dj) +
X

i,j,k

⌘ijk

subject to S(di, dj) + 1  S(di, dk) + ⌘ijk, 8(i, j) 2 N, li 6= lk

⌘ijk � 0
convexify

CONVEX FORMULATION

minimize
X

(i,j)2N

kdi � djk2M +
X

i,j,k

⌘ijk

subject to kdi � djk2M + 1  kdi � dkk2M + ⌘ijk, 8(i, j) 2 N, li 6= lk

⌘ijk � 0

M ⌫ 0 linear

linear objective / linear constraints

SDP

S(di, dj) = kLdi � Ldjk2 = (di � dj)
TLTL(di � dj) = (di � dj)

TM(di � dj)
<latexit sha1_base64="SzmMA+dHMJ4PeAQ148UitgSmACY="></latexit>



GENERALIZATION

L

S(di, dj) = kLdi � Ldjk2

prototype

prototype

learn prototypes and mapping at the same time



GENERALIZATION

Data matrix: D Prototypes: P

Given

Learn the linear transform

forward model

column selector

L = argmin
L

kPJ � LDk2 + �kLk2
ridge

penalty

A

L = PJDT (DDT + �I)�1 = PA

L = argmin
L

X

i

kpi � Ldik2 + �kLk2

L is a function of P



PROJECTED DATA

A

L = PJDT (DDT + �I)�1 = PA

in matrix form

Projected data: LD = PAD = PD̂

bD

kpli � Ldik2 + 1  kplj � Ldik2, 8lj 6= li

kpli � PAdik2 + 1  kplj � PAdik2, 8lj 6= li

kpli � P d̂ik2 + 1  kplj � P d̂ik2, 8lj 6= li

kPeli � P d̂ik2 + 1  kPelj � P d̂ik2, 8lj 6= li



FORMULATION

kPzk2 = zTPTPz = zTMz

minimize
P

X

ijk

⌘ijk

subject to kPeli � P d̂ik2 + 1  kPelj � P d̂ik2 + ⌘ijk, 8lj 6= li

convexify

minimize
M

X

ijk

⌘ijk

subject to keli � d̂ik2M + 1  kelj � d̂ik2M + ⌘ijk, 8lj 6= li

M ⌫ 0

SDP



NUMERICS

minimize
X

hX,Ci

subject to hAi, Xi = bi, 8i
X ⌫ 0

semidefinite program

minimize hX,Ci � µ log detX

subject to hAi, Xi = bi, 8i
X ⌫ 0

� log detXbarrier :

log barrier

XS+



NUMERICS

minimize hX,Ci � µ log detX

subject to hAi, Xi = bi, 8i
X ⌫ 0

log-barrier form

solve by Newton’s method

n⇥ n matrix n2 ⇥ n2 system

barrier (primal) method

primal-dual method

O(n6) complexity

n2 ⇥m matrix

#constraints = m

n
⇥

n
m
at
ri
x

O(n2
m

2)

SVD

in practice

Why IP methods?
you’re doomed to 

factorization



ALTERNATIVES

minimize f(X)

subject to X ⌫ 0
L(X,Y,�) = f(X) + XS+(Y ) +

⌧

2
kX � Y � �k2

FBS / ADMM methods

Approximation methods
X = LTL

minimize
L

f(LTL)
minimize f(X)

subject to X ⌫ 0

example:  Wiberg method 

simple methods
may be faster for specific problem forms



WHEN TO USE SDP?
Only when you have to!

your problem is non-convex

can be effectively relaxed

you have a great solver

small number of unknowns:   

m constraints, n⇥ n matrix: O(mn
2) runtime


